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ON THE LOCUS OH THE FOCI OF THE CONICS WHICH PASS 
THROUGH FOUR GIVEN POINTS. 

[From the PhilosopMoal Magazine^ vol. xxxil. (18CG), pp. 362 — 3(15.] 

The curve which is the locus of the foci of the conics which pass through four 
given points is, as appears from a general thooroin of M. Oliaslos, a sox tic curve 
having a double point at each of the circular points at infinity \ and Professor 
Sylvester, in his “ SupptGinontal Note on the Analogues in Space to the Oarteaian Ovals 
in piano"' {Phil. Mag., May 1866), has further remarked tliat the linos (eight in all) 
joining the circular points at infinity with any one of the four points arc all of Limin 
double tangents of the curve ; whence each of these points in a focus (more nccuriitoly 
a quadruple focus) of iho curve. It is to ho added that, besides the eiroiiliir points 
at infinity, the curve has 6 double points (3 of bhoao are the centres of the t(uadranglGH 
formed by the 4 points), in all 8 double points; the class is therefore =14. Hence 
also the number of tangents to the curve from a circular point at infinity is =J0; 
viz. these arc the 4 double tangents each reckoned twice, atid 2 single tangents ; and 
the theoretical niiuiber of foci is = 100 ; viz. wo have 

16 quadruple foci, or mtorsoctions of a double 
tangent by a double tangent , 

16 double foci, or intersections of a doublo 
tangent by a single tangent 

4 single foci, or intersections of a single tan- 
gent by a single tangent , 

100 

To verify the foregoing results, consider any two given points /, and the soiios 
of conics which pass through four given points A, B, Q, D; wo have thus a curve 
C. VIL i 


1 16x4. = 64 
1 16 X 2 = 32 
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the locus of the intersections of the tangents from I and the tangents from J to any 
conic of the scries; which curve^ if 7, J are the circular points at infinity, is the 
required curve of foci. Taking V + X.F — 0 for the equation of a conic of the series, 
the pair of tangents from I is given by an equation of the form 

(\, lf{x, y, ^)^ = 0 , 

and the pair of tangents from J by an equation of the like form 

(\, iy(a>, y, = 

and by oliiiiiiiating X from these equations, we obtain the equation of the re(iuircd 
curve. This in the first instance presents itself as an equation of the eighth order ; 

but it is to be observed that in the series of conics there arc two conics each of them 

touching tlie line IJ, and that, considering the tangents drawn to either of these 
conics, the line JJ presents itself as part of the locus; that is, the lino IJ twice 
repeated is part of the locus ; and the residual curve is thus of the order 8 — 2, = 6 ; 
that is, the required curve is of the order 6. The consideration of the same two 
conics shows that each of the points 7, J is a double point on the curve. Moreover, 
by taking for the conic any one of the line-pairs through the four points, it appears 
that eaclt of the points (AB,OD), {AG.BD), (AD.BG) is a double point on the curve: 
this establishes the existence of five double points. The two conics of the series which 
touch the lino I A are a single conic taken twice, and the consideration of this conic 
sliows that the line I A is a double tangent to the curve ; similarly each of the 

eight linos 7 (A^ (7, 7^) and J (-4, B, C\ D) is a double tangent to the curve, 

Instead of seeking to establish directly the existence of the remaining three double 
points, the easier course is to show that, besides the four double tangents from I, the 
number of tangents from 7 to the curve is ~2; for, this being so, the total number 
of tangents from 7 to the curve will be (2 x4h- 2=)10; that is, 7 being a double 
point, the class of the curve is =14; and assuming that the depression (6x5 — 14=) 10 
in the class of the curve is caused by double points, the number of double points 
will be — S. But observing that in the series of conics there is one conic which 
passes through 7, so that the tangents from J to this conic arc the tangent at J 
twice repeated, then it is easy to see that the tangents from 7 to this conic, at the 
points where they meet the tangent at 7, touch the required curve, and that these 
two tangents are in fact (besides the double tangents) the only tangents from 7 to 
the curve ; that is, the number of tangents from 7 to the ciuwe is = 2, 

Considering 7, J as the circular points at infinity, and writing A^ 7, 0, D to 
denote the squared distances of a point P from the four points 5, (7, 7) respectively, 
then, as remarked by Professor Sylvester, the equation 

\^/ A ‘\‘ii VB -h V Vo + tt VD = 0 

(where rr are constants) is in general a curve of the order 8 ; but the ratios 

\ \ ^ \ V i IT may be so determined that the order of the curve in question shall be 
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= G ; the I’GSLilting curve of the order G is (not one of a group of curves, but the 
very curve) the locus of the foci of the conics through the four points. And the 
determination of the ratios X : /w. : v : tt is in fact quite simple j for writing 


and therefore 


A = -«i)= 

= p- - 2 (uic + u,y) + &e. 
(if = + 

p 


with similar values for Vi), it is easy to sec that, considering X, fi, v, tt as 

standing for + X, ± ± v, + tt respectively, the conditions for the reduction to the 

order 6 are 

X +1/ — 0, 

\a ’{'fib 4- + TTc/ = 0, 

Xai + fxbi 4" PCi 4- Trrfi = 0, 

and hence that tlie rocpiircd oquation of the curve of foci is 


2 f ! 1, 1, 1 

b t 0 , d 

&i ) Cii d\ 




or, as this may also be written, 

2±(J1. G, i))VJ = 0. 

where (Z), (?, D), &a arc the areas of the triangles J?, (7, Z), &c. 


I remark, in conclusion, that the number of conditions to bo satisfied in order that 
a curve may have for double points tAvo given points Z, may have besides six double 
jDoints, and may have for double tangents (^ight given lines, is (3 -H 3 + 6 4* 10 — ) 28 ; 
the number of conslaiits contained in the general oquation of the order 6 is =27. 
'I'he conditions that a curve of the order 6 shall have for double points tAVO given 
points J, /, shall besides have six double points, and shall have for doublo tangents 
four given lines through I and four given lines through »/, are more than sufficient 
for the determination of the scxtic curve ; and the existence of a scxtic curve satisfying 
these conditions is therefore a theorem. 

In the case whore the points J, J lie on a conic of the series, the consideration 
of this conic ahoAVs that the curve has a ninth doublo point, the pole of the line 
IJ in regard to the conic in question ; in this case the sextic curve, as is knoAvn, 
breaks up into two cubic curves. [It need not do so, for a proper sextic curve may 
have nine (or indeed ton) double points.] 


1—2 
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P*S, In general the curve Xs/yl-f^Vij-i-i/VC + Tr Vi) = 0 has (exclusively of 
multijrlc points at infinity) six double points ; viz. these are situate at the intersections 
of the pairs of circles, 

(X V-A + VjS = 0, v VC'+tt Vi) = 0), 

(X Vyi -H VG=:0, /aV/i + 7rVi)=0), 

(X Vyl -h7rVj[) = 0, ^Vi?+j^ V(7=0), 

In the case of the curve of foci, the first, second, and third pairs of circles intersect 
respectively in the points (AB.GD)^ (AG,BD)^ (AD.BG), which, as mentioned above, 
are double points on the curve; and they besides intersect in three other points, 
which arc the other three double points mentioned above, 

Professor Sylvester reminds mo that lie mentioned to mo in conversation that he 
had himself obtained the foregoing equation S i (5, G, D) \/A — 0, for the locus of tho 
foci of tlie conics which pass through the four points ^1, J?, C', D, 


Cambridge, October 10, 1860, 
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A REMARK ON DIFB’ERENTTAL ICQUATrONS. 


[From the Philosophical Magazine, vol. xxxii. (L<S0(>), |))). .‘)70 — 


Consider a difforoiitial oriimtion /{x, g, p)=0, of the litwt order, but of tlio ile/'nfo 
n, where f is a rational and integnil function of (®, p, p) 110(1 rutioiially docjoiiiiioHablo 
into factors: tlic integral equation contains an arbitrary constant 0 , and rcin'i'smitH 
therefore a system of curves, for any ono of wliioh curves tlu: differential einiiitinn is 
satisfied : the differential equation is assumed to bo such that tlie curves are algebraical 
curves. The curve, s in question may bo considorcil ns undccninponuble curves ; in fact, ii' 
the curve ... =0 (coinposccl of the uudocomposablo curves U ■^0, V-=>0, IF~0,,.) 

satisfies the differential equation, then either tho curves IT = 0, E = 0, IF^O, .. each 

satisfy the differential equation, and instead of blio curve U'']^Wy wo have 

thus tho iindccom posable curves Z7 = 0, K=0, 1F = 0, .. each Hatislying tlie dilfoi'cntial 
equation; or if any of thoso curves, for instance 1F=0, Ac., do not satisl'y the clifliireutial 
oiiuation, thou Wi, &c. arc mere extraneous factors which may nud ought to he nsjeoled, 
and instead of tho original curve = 0 , wo have tho niulecomposahle ’ciivves 

(7 = 0, F= 0 satisfying the differential equation. Assuraing, ns ahovo, tliu existenco of 
an algebraical solution, tliis may always be expressed in the form y, o):^(), where 

^ is a rational and integral function of (to, y, c), of the ilogron n as regards the 
arbitrary constant 0 : this appears by tho consideration tliat for given vulncs y„) 
of («, y) the differential equation and tlie integral equation must ivich of tliem give 

tho same number of values of p. It is to be observed that 0 regarded as u fimctiori 

of {ai, y, 0 ) cannot be rationally decomposable into factors; for if the oqiiation wuro 
= =0, <[>, y, &c. being each of thorn rational and iiilogi'al functions of («?, y, 0 ), 

then the differential equation would be satisfied by at least one of the oipiations 
cl) = o, '? = 0, ... tliab is, by an equation of a degree less than n in the arbitrary 
<;onstant g. 
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But the equation <56 (a'j y, c?) — 0 is not of necessity the equation of an luidecom- 
posable curve, and the undecomposablc curve which constitutes the proi)cr solution of 
the difiTei'cntial equation cannot always be represented an equation of the form in 
quostioii. b'or although <f> regarded as a function of (a?, y, c) is not rationally decom- 
posable into factors, yet it very well hapjion that (f> regarded as a function of 

(io, 1/) is rationally decomposable into factors (geometrically the sections by the planes 
js = c of the nndecoin posable surface y, z )^0 ina}' each of thorn bo composed of 
two or more distinct curves); and assuming that the function (}> is thus decomposed 
into its prime factors, then each factor equated to 0 gives an imdecom posable curve 
satisfying the differential equation, and constituting the proper solution thereof. 

It may bo obsorved that, by the foregoing jn’oeess of decomposition, we sometimes 
reduce the original equation cf) (a?, y, c) - 0 into a like equation cj)^ {os, y, Ci) = 0 of a 
more simple form. Thus, fur instance, if we have y, c)= — c — 0 , U being a 
rational and integral function of (os, y), then instead of <;/>= ( 7 '^ — c = 0 we have the 
equations C/'-f-Vc = 0, ?/'— /c = 0, each of which is an equation of the form i[ 7 *-Ci = 0, 
or wo pass from the original equation </> (a?, y, c)^ W—o — O to the simplified equation 

<fyi y. ci)= 

Again, to take a somewhat more complicated instance, if the given integral equation bo 

then the equation ? 7 q- ir Vc + 1 =0, writing therein and therefore 

Cl ^ i 

Vo + 1 = %r^ , becomes 

Gi^-X 

U(e^ - 1) + r, 2c, + ir (Ci^+ 1) = 0 ; 

so that WG pass from the original equation ^ (co, y, c )-0 to the simplified equation 

01 («?. y> Oi) = U (cr - 1)-|- F. 2o, + If (Ci^ 4- 1) = 0, 

But obsei'vo that the possibility of the rationalization depends on the form of the 
radicals Vc and Vc + l; if we had had Vc and VoHl (or c and Vc^*f 1), the rationali- 
zation could not have been effeoted. 

Returning to the case of an integral equation <p (os, y, 0) — 0 , whore 0 regarded as 
a function of {w, y) is decomposable into factors, thou equating to zero any one of the 
prime factors of 0, we obtain au integral equation 2/, c,, Cg, Cjs;) == 0, where 

(Ji, arc irrational functions (not of necessity representable by radicals, and without 

any sui^erior limit to fclio number of these functions) of c: here 0^ regarded as a 
function of («?, y) is of course tuidecomposable, and the cquatioi;i '0(i», y, o,, Co, — 0 
belongs to the imdecomposablo curve which is the proper solution of the differential 
equation, The result may be stated under a quasi-geometrieal form ; viz. regarding 
Oil as the coordinates of a point hi /i?-dimonsional space, then as these are 
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functions of tlio single parameter c, the point to which tlicy belong is an nrbitmry 
point on a certain curve or (i— l)fold locus O in the /u'-cIimeiiHional space. And ihin 
curve must be such that to given values of ((c, y) tlioro shall coiTcspoud ii points on thii 

curve ; that is, treating (a?, y) as constants, the surfaeo or onefold locus //, C], 

and tlio curve or (i; — l)foId locus G, shall meet in n points. The conclusion slated 
in the foregoing quasi-geometrical form is, that the solution of the difforontial et}imiion 
may be exhibited in the form Cj, Cj ... 0 ;.) = 0 ; viz. \}r m ix. rational and inti^gral 

function of y, where (Cj, (?j...Oa 0 arc the coordinates of an arbitrary or 

variable point on a curve or (/j— L)fo]cl locus C in a /j-dimonsional space, which cuiwo 
meets the surface or onefold locus ^(o), y, Ci, in n points, and whore 

regarded as a function of (a), y) is not rationally decomposable into factors, 


Gamhidge, October 13, 1866. 
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A THEOREM ON DIFEERENTIAL OPERATORS. 


[From a by Pnop. Sylvester, ‘’Note on the Test Operators which occur in the 

Galculus of Jnwmunts, tfcc.,” Philosophical Magazine, vol, xxxii. (1866), pp. 461 — 472, 
see p. 471.] 


The paper coirchules wiLh an Observation from Professor Cayloy as follows: 
"In the case of two variables, if 

Pi = (ux + by) + {ox + dy) , 
then in tl^e notation of matrices, 


(*■■!'>(£■ !)• 




(I, b 

Of d 


whence also 


fi <*' *’(*’ <0 ’ 

which accords with your thoorem, 


I have taken the liberty of WTiting in the above 


d ^ 
dx* dy 


for Sgj, S^, and P for S 


in the original It will be nscfiil to bear in mind that in any operator such as 
or i? 3 *, the a^tmish foims an integral part of the symbol. Thus Ej^-Eq^, if wc 
choose, may be written under the form of Ei^ multiplied by E^^^ i.e. {Ei^)x{EQ^)f 
where the cross is the sign of ordinary algebraical multiplication. 
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ON RICCATrS EQUATION. 


[From the Philosophical Magazine, vol, xxxvi. (1868), pp. 348 — 3.)1.] 


The following is, it appears to me, llie proper form in which to present the 
solution of liiccati’s equation. 


The equation may be written 




which is intograblo by algebraic and exponential functions if (2V+1)</ = ±1, i being zero, 

1 

or a positive integer. To effect the integration, writing we have 

li d/X 

ilhi 


The peculiar advantage of this well-known transformation has not (so fiir as I am aware) 
been explicitly stated; it puts in evidence the form under which tlie sought-for function 
y contains the constant of integration. In fact if it — P,u=Q be two particular solutions 
of the equation iu then the general solution is ^-DQ^ and denoting by 

P\ Q' the derived functions, the value of y is 

^ GF^nq 
y' GP ■\-Dq ’ 

showing the form iindor which the constant of integration G-^D is contained in y. 
To complete the solution, assume 

u =; ze ^ ; 

C. YU. 2 


ar*^ 
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IWX\ If xx'ipv 

Reverting to the etjuafcion in z, we hfivc next (i partieiilixr aolution ol the loiin 
z — ziw + Bai^ + Ox "^ ' ' + -I- iSie., 

giving between the coefficients the relation 

((2r + l)yl + ((y + l) tiB-i), 

('Sq + i) Zi + (2(/ -I- t) 2q 0 = 0, 

(Sq + r}0 + m -hi) ^B^O, 

{1q + l)J) + (iq + 1 ) ‘Iq E = 0, 

&c. 

If A = I, we have 

1. 

D 1? + 

P-r _0j+i)(3'j+n 

7) == _ (v + 1 )<■! '/ + !•) ('>7 + 0 

(7 + J J 7 (27 + T) 27 G»7 V < )' % ’ 

(fee., 

whei'c, as in tlic former case, the .series is consitlorctl to lentiinute as hdou as there 
is an evanescent factor in the numomtor, without rogmrd t<» tlio siihseiiiienl 

coefficients which contain in the denominators the same ovauo.scont factor, [fn jmrlieiilui', 
7 = ~ 1, we have the solution z = .*.] 

Hence if we have (2f + l )7 = — J, tim soricn Lornunatos, and wo have Ini' ii tlii' 
finite particular solution, 

7 + -I _ (7-M)(:i7-l-l) - \ ?>' 


^ (7 + l)7'^’ ' (7+ 07(27-n)"27 


, + rrf-iv fVro " S'®- « " 

' (7+0 7(27 + 1)27 J 

from which, changing the sign of aA, wo deduce the other finito purtiiiiilar snluLion, 


'll — Q \ J- “f’ ■ ' — :i''v 

V "^(7 + 1)7 

Hence, in fche ecjuation 


'.'11 1 5 + ^ a;v I (7 + l)(%+l) 


-H &c, 


\ - 
(? . 




where 7 (2 f +!) = + !, wo have (writing 7) = 1) 


y 


_GB'+Q' 
~ GP +~Q ' 


2—2 
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where G is the constant 
are the derived functions 

of integration, P, Q arc finite series as above, and P', Q' 
of P and Q. Writing sncccssivoly i = 0, i=:l, i = 2, &c., we 

may tabulate the solutions 




P = e* 

Q = e-'*, 


I 



P=:A'e'*, 

Q ^ ive ' , 


P = (l-3a!i) 

Q = (l^-3a;l)e-a*^ 


P = .v(l-h3a!-'^)e-‘>^~K 



P = (l-5a-'' + ^a’'^)e«'<^’ 



&c, 


It is hardly necessary to make the linal stop ot calculating P' and Q and sub- 
stituting in (/; but, as an example, take the above equation ^. + 2/** = ®"^= have 

^ ” a (1 - 3®^) + (1 + 3«J) e-8*^ ’ 

which is readily identified with the solution, p. 98 of Boole’s Piffevential Equations 
(Cambridge, 1859), 

Gamhridgey September 29, 1868. 



421 ] 


13 


421 . 

NOTE ON THE SOLVIBILITY OF EQUATIONS BY MEANS OF 

RADICALS, 


[From the Philosophical Magazine, vol. xxxvr. (1808), pp. 880, 387,] 

In regard to the theorem that tlio general (]nintiG Cfination of the ath order 
not solviblo by radicals, I believe that the proofs which have been given depend, or 
at any rate that a proof may bo given that shall depend, on tlio following two 
lemmas : 

I, A one-valued (or symmetrical) function of n letters is a perfect ith powei*, 
only when the Ath root is a one-vatuecl function of tlie a letters. 

There is an exception in the case A = 2, whatever be the value of « : viz, the 
product of the squares of the differences is a onc-valiied function, a perfect S(iuavo; 
but its square root, or the product of the simple differences, is a two- valued function. 
It is ill virtue of this exception that a <(uadric equation is solviblo by radicals; wo 
have the onc-valued function («?i — the square of a two-valucd function and 

thence the two roots are each expressible in the form 

IL A two-valued function of ii letters is a perfect kth power, only when the 
&th root is a two-valued function of the n letters. 

There is an exception in the case k = 3, when n = 3 or 4 : viz, for a = 3 wo have 
(^1 + 4- (ce) an imaginary cube root of unity) a two-valucd function, and a 
perfect cube; whereas its cube root is the six-valued function a’a And 
similarly for = 4 we have, for instance, 

(fl?iA/'2 -f 4- <t) 4- 4 ft)^ (iJGiQJi + 
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a two-valued fuiictiou, and a perfect eube, whereas its cube root is a six-valued 
function. And it is in virtue of this exception that a cubic or a (piavtic equation 

is solvible by radicals. But I assume that for ?j>4 the lemma is true without 

exception. 

The course of demonstration would bo something as follows: Imagine, if possiblo* 
the root of an equation expressed, by means of radicals, in terms of the coofficioiits ; 
the expression cannot contain any radical such as 'i/ Xy p>% where X is ii one- valued 
(or rational) function of the coefficients, not a perfect pth power, for the reason that, 
expressing the coefficients in terms of the roots, such function is not a rational 

function of the roots; if it wore so, by lemma I. it would be a onc-valucd (that is, 
a symmetrical) function of tlic roots; consequently a rational function of tlio cocfficiunls, 
or X expressed in teims of the coefficients, would be a perfect ^}th power. 

The expression may however contain a radical VX, X a onc-valucd (ur rational) 
function of the coefficients, not a perfect square; viz. X may be any acjuaro funclion 
multiplied into that function of the coefficients whicli is equal to the product of the 

squared differences of the roots, or, say, multiplied into the diseviminaut ; that in, we 
may have or '/X = Q\/V. 

We liave next to consider whether the expression can contain any radical ^ X , 
where X, not being a rational function of the coefficients, is a function expro^siblo by 
radicals. Bub the foregoing reasoning shoWvS that if this bo so, X cannot coul.tiin any 
radical other than the radical or QVV, as above; that is, X must bo 

— P+QVV, where P and Q are rational functions of the coofficientb, and wlion? we 
may assume that P + QVV is not a perfect jj)th power of a function of fcho like form 
P'-fQ'VV. But then, expressing the coefficients in terms of the roots, wo have 
P + Q V V , a (rational) two-valncd function of the roots ; and tliorc is no radical 

v^P + f^JV^V, which is a rational function of the roots; for by lemma II., if such 
radical existed we should have v^P + QVv a (rational) two- valued function of the 
roots; that is, it would be —P' + Q'VV, P' and Q one-valued (symmetrical) functions 

of the roots, consequently rational functions of the coefficients; or F+Q^/V would 

be a perfect ^>th power 

The conclusion is that for ?i>4 there is not (besides the function 
any function of the coefficients, expressible by moans of radicals, which, when the 

coefficients arc expressed in terms of the roots, will bo a rational function of the 
roots, and consequently there is no possibility of express'ing the roots in terms of the 
coefficients by means of radicals. 


QcmbHdge^ October 1, 1868. 
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422 . 

ON TI-IE GEODESIC LINES ON AN OBLATE SPHENOID. 


[From tho Philosophical Magazine, vol. xi.. (1870), p]). 829' — 840.] 

The theory of the geodesic lines on an obhitc spheroid of any cxcentricity wliat- 
cvcr was investigated by Legendre (’); and the general coui’sc of tlioin is well known, 
viz. each geodesic line undulates between two pamllcis ociuidisUint from tlio eqinilor 
(being thus either a closed curve, or a curve of indofinito length, aceording to the 
distance between tho two parallels) : at a point of contact with tho pandlel tlto ourv(! 
is, of course, at right angles to tlie meridian ; say this is V, a vortex of tho goodoRic 


Fio. I. 
G 



lino, and let the meiidian through F meet the equator in A ; tho goodc.sie lino proeneds 
from V to meet the equator in a point A] tho node, where AN is at mo,st — 90" ; 
and the undulations are obtained by the repetition of this portion FiV of tho gu<)de.sic 
line alternately on each side of the equator and of the meridian. 

1 Mim. rf<! Vlmt. 1800; see also tlw Jixer, tie Gakul Integral, t. i. (1811), p. 178, and Iho Train! lien 
J^onctioiis JSllijjiiQueSj t. i. (1825), p, S60, 
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ON THE GEODESIC LINES ON AN OELAXJS Sl’IIEltOlU. 

I consider in the present paper the series of geodesic linos which cut at rights 
angles a given meridian AC, or, say, a series of geodesic normals. It may be ronmikocl 
that as V passes from the position A on the equator to the polo G, the angular 
distance iliV increases from a certain determinate value (equal, afl will appeal, to 

j 90^ if C, A are the polar and equatorial axes respectively) up to the value 90" ; 

and it thus appears that, attending only to their course after they first meet the 
equator, the geodesic normals have an envelope resembling in its general appearance 
the evolute of an ellipse (see fig. 1 and also fig. 2), the centre hereof being the point- 


Fio, 2. 
0 



B at the distance and the axes coinciding in direction with the o([iiator 

BA and meridian BG\ this is in fact a real geodesic evolute of the nicridiau GA. 
The point a is, it is clear, the intersection of the equator by the gooclosic line for 

which V is consecutive to the point A (so that / 90'") ; and the point 

7 is the intersection of the meridian QB by the geodesic lino for which V in con- 
secutive to the point G\ and its position will bo in this way presently determined. 
I was anxious, with a view to the construction of a drawing and a model, to obtain 
some numerical results in relation to a spheroid of considerable cxcculricity, and I 

Q 

selected that for which (polar axis equatorial). 


Before proceeding further, I remark that Legendre's expression ^'reduced latitude 
is used in what is not, I think, the ordinary sense ; and I propose to sub.stiluto ttio 

Fig. 3. 



term “parametric latitude”: viz., in fig. 3, referring tho point P on the ellipse by means 
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of the ordinate MPQ to a point Q on the circle, imliiia OIC (— OA, fig. 1), amd diwnig 
the normal PT, then wc have for the point P the three latitudes, 

X =/.PTK^ normal ladfcudc, 

X*' = ^ POK^ central latitude, 

X' parametric latitude; 

viz. X' is the parameter most convenient for the oxj)rcssion of the values of tlio 
coordinates «?, y (iv-AcosX\ y—G sinX') of a point P on the ollipso. The rohvtioim 
between the three latitudes are 

G CP 

tan X" === -r tan 'h! — rr tim X, 

A A^ 

so that X\ X are in the order of increasing inagniludo* I use in like iniinnor 
/, l\ V* in regard to the vortex V, Tlio coiirso of a geodesic lino is dotorinincd by tin? 
equation 

cos X'' sin a “ const,, 

where V is the reduced latitude of any point P on the geodesic lino, and a is at 
this point the azimuth of the geodesic lino, or its inclination to the moruiium lloiico, 
if V bo the parametric latitude of the vci'Lox tJic equation is 

cos X' sin (X = coa V 


(whence also, when X'=0, a — 90“—^'; that is, the gcodosio lino cuts the equator at 
an angle = l\ the parametric latitude of tlm vertex). *^rho equation in <(iieHtiou, 
cos X' sin a- cos i', loads at once to Legendre's other ociuations: viz, taking, as above, /I, G fm* 


the equatorial and polar semiaxes respectively, and S for the oxcontricity, 



(P 


and to determine the position of P on the meridian, using (instead of tlic paramotric 
latitude X^) the angle 0 determined by the equation 


coa (f> 


si n X^ 


and writing, moreover, s to denote tho geodesic distance VP, mid A to donoL (3 the 
longitude of P measured from the moridiau OA which passes through ilio vortex V, 
these are 

ds = VC7“ H- sin® cos'*' tjb, 

dA — — ^ + A^8^ sin ^ 1* cos^ ^ ^ 

A i — siii^ r cos® ^ ' 

Avhich differential expressions are to bo integrated from (/) = 0; and tho equations thou 
determine X', s, and A, all in terms of tho angle that is, virtually s and A, tho 
length and longitude, in terms of the parametric latitude X'. 

0. VII. 


3 
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Writing, with Legencli'C, 

® ~'G^ + A^h^smH” 


sin“ I, 




0 ’ 




j,, =l~8^sm“i; 


also 


n = tan»l', 


then the foimilse become 

ik = j V] - (jf), 

(lA = M — -r~; > ."l '^ ' 

1 + ?i sin^ c/) 

Hence integrating from (^5=0, anrl using the notations Fj H of elliptic functiouH, 
we have 

G 




A = ^ {(n + 0 ®) n (n, 0, ~ d‘F(o, (ft)]-, 


viz. these belong to any point P whatever on the geodesic line, parametric latitude 
of vertex and if we write heroin (/) = 90'^, then they will refer to the node JV, 

or point of intersection with the equator. 


The position of the point a is at once obtained by writing i' = 0 ; vizi thin gives 

0 0 
c = 0, 6=1, a = 0 ; the differential expressions arc (Is — clA ^ Ov 

0 G 

integrating from 0 = 0 to we have ,9=^4 . A=5^»-^7r, agrooing with each 

other, and giving longitude of a = ^ ; or, what is the same thing, aOJi fi — . 


r* 

Writing in the formulae ^=90^ wc have c= 8 , — = 0 ; whence (ZA = 0 , or 

A 

A = const, =^ 7 r, since the geodesic line here coincide.^ with fclie inerhliaii OjS ; and 
moreover 0 ); via. this is merely the expression of the distance from 0 of 

a point P on the meridian OR But we do not thus obtain the position of the point 7 . 

To find it we must consider a position of V consecutive to 0, say, where 

€ 18 indefinitely small ; n is thus indefinitely large, and the integml H (n, 0 , 0) is not 
conveniently dealt with* But it may be replaced by an expression depending on 
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have 


U ^ , c, (j)^, where ^ is indefinitely aniall; viz. (Legendre, Fonot. Ellipt, vol. i, j: 

n («, c, (j)) — F{c, + 7- tftn~' - u(-, 0 , 

\ > > YJ '''*'' Vl-c=shi=^ \n V 

a = (1 + n) . 


where 


We thus have 
M 


. M 1 r ,. \/nVc^ + ?i, ValanA ^ tt /c” ,\] 

A = — d>) 4 Un * -D - (c’ + ») IT ( - , c, <i I k 

n] ^ ^ V.H-W Vl-c"8m“(^ ' \n’ • ^1]' 


(j 

where, - being small, 

Ql ° 


n (f , 4 ,) ./ 


diji 


^14-^ siir* Vi — c''’ siu’ (j> 


0). 


And expanding also the tan"’ term, wc thus have 
V w Vc^ 4-« I j Vl — c’ sin® ^ 


A 


f 17/ . v« Vc®4-« r, 

«+ [i,r- 


V?i 


,] 


tmi> V(l+H)(c® + ?t). 

which, in the term in { j neglecting negative powers of becomes 


A-Mi 

n 


V»i .^TT + }PF{p, (f))— E(o, <f>)-~ cot ^ Vl ~ c® sin®^| . 


We may moreover Avrite c=S, &==-?, (/>=90‘'-V, « = ^, ilf=6, and therefore — = 
that the formula is 

A = e ■ J , ^TT + b^F{G, 90"" - XO “ (c, 90'' — X') — tan xWl — cos^ V * , 

= i-TT - e {tan V Vi“^^;mSa' + E (e, 90“ ~ X') ~ b'‘F (o, 90“ - V)). 

/ G 

where I retain o, b as standing for 1 ^ A 

3—2 


I. 69) 


6i SO 
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Writing herein V=0, we have 

A = ^TT - 6 0 - c), 

where the coefficient E,c — h-Fc is 


= f Vl - 0^ siii^ 0 - -j l-X A = C» f 

V VI- casin'’ 0/ Ji 


cos**^ 6 dd 

0 Vl — 0 


consequently positive; that is, A, the longitude of the node, is loss than OO'', as it 
should be. Hence in order that A may be =:90*’, we must have V negalivo, say, 
V = — /Lt', where is positive; and, observing that we may under the signs E, F 

’Write 90"^ — ja' instead of we thus have 


^TT =-|7r -f € jVl — ij!)^¥F{o, 9{r — 

that is, we must have 

tan^Wr-.c^co“sV' = i?(c, 90" -- /i') ^ (c, 90" 

viz. / is here the parametric latitude (south) of the intersection of the meridian GB 
with the consecutive geodesic line— that is, of the point 7 , As ^x! increases from 
0 to 90°, the left-hand side increases from 0 to co; and the right-hand side, beginning 
from a positive value and either attaining a maximum or not, ultimately decreases 
to 0 ; there is consequently a real root, which is easily found by trial 

Thus ■2 = h (angle of modulus =60°), i = ^; oi- fcho equation is 

tan cos“ n' ~E (90° - fi') ~ (90° - //), 

Using Legendre's Table IX., 'we have 



90'^- /fc'. 

E. 

F. 

E^iF. 

tan fjt,\ 

O'* 

90" 

1-21105 

2^15651 

•6719 

’0 

10 

80 

M2248 

1'81252 

•6693 


20 

70 

1 •02663 

1 -19441 

•6630 


30 

; 60 

•91839 

D21263 

•6153 

•3819 

40 

50 

•79638 

•96465 

•5642 

•6278 


so that we see the required value is between 30° and 40° j and a rough interpolation 

gives the value / = 37°40'. But repeating the Ccalculation with the values 37° and 
38 , we have 



dOO-/. 


F. 


tan/tVl'SooB^/. 

37" 

38 

53" 

62 

•833879 

•821197 

1 '036870 
1-011849 

•67419 

•56823 

•64426 

•67108 


whence, interpolating, / = 37 ° 55 '. 
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Tlie soniiaxcs of the gGodesic evoliite, measured according to thoir longitude and 
parametric latitude respectively, are thus long, of a ==45''; param. lat. =37'' oo''. 
But measuring them according to their geodesic distance, the equatorial radius A being 
taken =1, wc have 

5a = i7r =-78540, 

Z^7 = - /J(52'’ 5')} = l'2n06 - -8222.5 = -38881. 


Reverting to the general formuIsB for s, A, but writing therein A = 1, and therefore 
(7 = Vi — writing also (^ = 90'' (that is, making the formula9 to refer to the node 
iV of the geodesic lino), wo have 


\/l-S» „ 

,9 = A, C, 

Vl — sin - 1 


Vl'^T^ 

n cos I 


{(n-f O') o)-c‘-*^’,oj; 


but for the calculatioji of the second of these formula by moans of Legendre's Tables 
it is necessary to express c) in terms of the functions F, 


The proper formula is given in Fonot Elliot vol. i, p, 137 ; viz. this is 


sin 9 cos 6 


n,(«, 


.sin 6 


+ 6)F,o^F,eF{k 6 )-F,gE( 1>, 6)-E,oF{h, 




where A (6, 5) = Vl — 6^sin^ ft 6 is an angle given by the equation cot0=V?^; we 
have ?i=staii2i'; consequently 6 — Substituting this value, except that for 

shortness I retain A (ft 6\ F(b^ 9) in place of E(b, 1)0'' -1% F(b, 90° — /'), we have 

A (ft ^) = Vl - 6® cos=* l\ 

= Vl - (1 - sin^ /) cos^ , = sin ft 

and thence 

tan 6 A (fi, 9) = cot I sin I =? ; 

^ ' Vl-S' 

whence 

n,(«, = + + 0)~E(b, e^~E,oF{J>, 

But 

-P (jQ = tan^ V + sin^ / = sin^ / sec^ I 


Hence 


{n + d^) ('«-, c) — o^Ff c = sin^ I {sec^ /TI^ (n^ o) — &^F, o} ; 
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and miiltipb-ing this by 


the exterior factor is 


and we have 


Vl - 8= Vl -2°coaf _ 

jicos^ ’ tan’i^cos^f 

Vl — 8-cositan®/ _ cos I 
tan’f ’ Vl — 8’ 


A = 


-2^{.sec=ra,(«, c)-8=i’,cj, 
Vl-8^ 


which is the formula I used in the calculations. It would, however, have boon bottor 
to reduce a step further; viz. we have 


, , tan^' I 

sec“in,(n,c) = ^-jjj;^^| 


Vl - S'" I 


cos/ 

vr-Tgi 


+ e)-E{b, e) -E,cF{h, 6) 


COS 


±[\r^^F,c[F{k e)-E{b, e)]--E\oF{b, 


and theuce 

kec-ril,{7i, {l'ir'i-F,c[^T^^C03l + F{b, e)~-E(b, 0)]~E,oF{b, (?)) ; 

or, finally, 

A = ^ 7 r + ^’,oJi’(i, 0)-P,cE{b, e)-E,oF{b, d) + VT^S“ cos /i>. 


It is easy with this ex'pression of A to obtain the results already found lor the 
extreme values = ^ = 90^ 


As Legendre’s Tables have for argument, not the modulus o, but iho anglo of Uii; 
modulus, say x sm% = o = S8in/), it is conveniont to replace Vl— by 

its value cos;!^; and the formulae thus are 


where 


s 


E,c, 

cos% 


A=:i7r4-i^,c[Vl-8^cos/+/(6, 0)^E{k d)]-E\oF(b, 0\ 


(7= sin;;^=8sinZ, tan/' =: Vl -S^tau/, 90"^ — /' ; 


and in the case intended to be numerically discussed, S — ^V3, Vl““8®==^. I take I' 
as the argument, giving it the values 0°, 10°, .,.90°, and perform the calculation an 
shown in the Table. 



422] 


02^ THE GEODESIC LINES ON AN OBLATE SBIIBROIB. 


23 





O 

•M 

}| 

X 

N 

11 

X 

\ 

o 

0 

01 

O 

to 

tT 

fcT 

CO 

o 

tS 

a 

C 

i 

' "3 '3' 

+1 

. 

a 

o 

0 

10 

o 

80 

o ' 

' 10 26 

lS‘75 

7S‘26 

'47161 

20548 

' 18(580 

vmo 

1-6376 

2-08902 

1'0970'2 

20 

70 

36 3 

ao-es 

59-«7 

■10126 

22814 

1(5632 

l‘(501O 

1-4633 

1*48840 

l-0‘2n02 

30 

GO 

49 e 

40-00 

Ifl'io 

1 -32737 

26'178 

14107 

1-7930 

t-3867 

I-1602'{ 

■mil 

40 

60 

69 13 

48-07 

41-U3 

■26689 

27626 

121(58 

1-8H91 

1'89;52 

•02U1 

•82827 

50 

40 

07 14 

52-08 

»7'02 

■19310 

29936 

10(546 

1 9323 

1*2777 

•71390 

•67998 

00 

[so 

73 64 

68'32 

33-B8 

■13806 

31479 

09667 

2-06J.1 

1-2 MU 

1 ■63983 

■61065 

70 

'20 

1 

79 41 

68-13 

31 67 

•0806-f 

825'10 

08850 

2-1161 

1-2260 

' -iteOi)!) 

•3-1710 

SO 

,10 

84 68 

69'62 

80'38 

■01387 

33109 

0844(5 

2-l.t03 

1-2147 

' •17-176 

-17431 

90 



flO-0 




0881(1 






^ * 


V * 

•s” 

i« 

I 

i 

6 

Q 

O 

Pc^ 

to 

s 

r~^. -eft 

to 

o 

Add log £:,e. 

0*1 5ft 

' 

s 

1 

d 

.a 

d 

P 

ktI 


4 

9 

’ll 

i 

H'l 

0 

0 








‘7354 

tk 

15 



•7864 

10 

1 '52808 

-18272 

•38820 

3*4446 

'02007 

•60003 

3-2183 

•8022 

46 68 

205(59 

1-0068 

•8029 

20 

•86818 

i-936IO 

•10424 

l--16Dfl 

'17272 

‘3S904 

2-1779 

•86-iB 

48 51 

23076 

1*7012 

'8509 

30 

•63647 

1-72874 

1-08352 

'9637 

■06466 

'20022 

1-6078 

-9267 

68 2 

mm 

1-3383 

•1)100 

40 

•31908 

1-54280 

1-81012 

•0591 

3'«6-i.l6 

*08008 

1-2102 

1-0110 

67 60 

29(j(ia 

1-9801 

■0900 

50 

■23260 

1-36672 

1-06607 

■4(596 

I-86G26 

i*9(5370 

•9177 

1-1106 

l03 60 

(52(582 

2-1221 

1-0013 

60 

■16292 

118146 

1-49926 

'3167 

i-72196 

X-83053 

■0016 

1-2260 

I 70 11 

35178 

2-2179 

1-1281) 

70 

■09337 

2-90974 

I- 29614 

'1973 

1-6 1629 

1-68379 

■4303 

1-3876 

|76 39 

3G989 

3-1)410 

1-1706 

80 

■ 01 -iai 

2-6'1650 

2-97819 

•0951 

T-84242 

1-82688 

■2128 

1--1630 

93 17 

38454 

2-4210 

1-2120 

90 








1-6708 

,90 



! 1-2111 

1 


Xf in degrees and clcoimnla of a degree, to eorreapond with IiogCHdro^a Tabloa. 


where the columns marked with an * sliow reapoctivolj the lon^it-udo of tlio node, 
and the length (or distance of node from vertex), for the geodesic linos belonging to 
the different values of the argument I'. 
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The remarks which follow have I’efereuco to the stcreographic projection of the 
ligure on the plane of the equator, the centre of projection being the polo (aaj'’ the 
South Pole) of the spheroid. It is to be remarked that if a point P of the spheroid 
is projected as above, by means of an ordinate into the point Q of tbo sphere radius 
OK{=OA), then projecting stereograpliically as to the spheroid and the sphere from 
the south poles thereof respectively, the points P and Q have the same projection. 
And it is hence easy to show that an azimuth a at a point of the meridian 

^pftiaiiiGtrie latitude V, nornial latitude \ and thoreforo tan ^ ^ ^ j projected 

into an angle (a) such that 

^ . sinX' 

tan («) = -T— tana, 

^ ' sin X 


In fact in fig, 3, if we take therein OK, OG for tho axes of cg, z respectively, 
and the axis of y at right angles to the plane of the paper, and if wc have at F 
on tho surface of the spheroid an element of length PR at the inclination a to the 
meridian PK, then if cg, y, z are the coordinates of P, and y + those 

of P, we have 

— p cos a sin X, 

- p cos a cos X, 


and thence 


p sin a, 

. Sy 

tana^-r ;-— ^ - " , 

vSa;- + S;?- 


Now, if the meridian and the points P, R are referred by lines parallel to Oz to tho 
surface of the sphere radius Oil, the only difference is that the ordinates z arc 
increased in the ratio G \ A \ so that if tho projected angle be (a), wo have 


tair (a) = 






A'^ 


and then jjrojecting the sphere stereograpliically from its south pole, the angle in tho 
projection is = (a). And according to the foregoing remark, the angle (a) thus obtained 
is also the projection of a fi*om the south pole of the spheroid, We have thus 

tan ( a) _ V 

tan a /" ' 

which is the required relation. 

The foregoing equations, 

cos X' sin a = cos l\ tan X' - ^ tan X, 

A 

. , . siiiX' 

tan (a) = tan a, 

^ ^ smX 


Vsin^ X + cos^ X 
W siu^X + -^cos^X 


n 


L + cot“X 
I + GOt^ X' * 


sin X' 
sin X * 
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determine in the steieographic projection tlic ineJiaatiou (a) to the mdiius, or projection 
of the meridian, of the geodesic lino (parametric latitude of vertex ^U) at the point 
the parametric latitude of which is =:A'; viz. they enable the construction (in the 
projection) of the direction of the aucceasivo clomonls of the geodesic lino, There 
would be no difficulty in performing the construction geometrically; but it would, 
I think, be more convenient to calculate {a) numerically for a given value of V and 
for the successive values of V. Observe that for X'=:0 wo have (as above) 90” = and 

then consequently tan («) cot : but wo have also cot 

sni X tan X ^ (J 

so that this equation becomes tan(«) = cot^, or wo have 9{f — (a) — i; viz. in the 

projection, the geodesic lino cubs the equator at an angle I == tlio normal latitude of 

the vertex of the geodesic line. 


The iirGceding formulm and rosiills have onahlcd tno to construct a drawing, on 
a large scale, of the stcreogra]ihic projection of the geodesic linos for the spheroid, 
])olar axis equatorial axis, 


0. VIL 
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ON THE PLANE EEPRESENTATION OF A SOLID FIGURE. 

[From the Philosophical Magasvie, vol. xLi. (1871), pp. 286 — 290,] 

We represent in piano the position of a point P whoso coordinatoH in spaco arcj 
(.V, z) by drawing these coordinates, on the same scale or on different seal oh, and 
in given directions from a fixed origin in the plane; — = P^P'^^z, But 

observe that the point P'^ alone does not completely reprosout the point P ; in fiuit 
P" represents a whole series of points lying in a lino ; any one Huch point is tln^ 



point whose coordinates are Om, vip\ For the complete rcprcsonlation of P wo 

require the two "^its P\ F* \ these might bo distinguished as the projection F\ and 
the foot-point P\ The two points P\ F* are obviously such that the line joining thorn 
is in a given direction. 

The preceding is, of course, the ordinary method of orthogonal projection, oi’ 
geometrical delineation of a solid figure : it may be used under various forms ; for 
example, the coordinates ic, z may be taken on the same scale and in directions 
inclined to each other at angles of 120'" (isomctrical projection) ; or the coordinates w, y 
may be drawn on the same scale and at their actual inclination, OO"", to each other; 
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and the coordinate z on the same or an altered scale in any given direction; the 
points P' then give a true groaiid.-plan of the solid figure, and the lengths of the 
linos PP"' give the altitudes of the several points P; this is also a method in 
ordinary use. 

But it is to bo observed that the points F, P" arc both of them 
and that tho general theory is as follows: wo represent the iDosition of the point P 



by jiicaus of its projections P', F\ from two fixed points Xl', respectively; tlie 
lino joining these points passes, it is clear, through a fixed point XI which is tho 
intersection of tlio piano of projection by the line which joins the two points Xi" 

Hence wo say that a point P in space is represoiiterl in jilano by any two points 
P'> F' which arc such that the line joining them passes through a fixed point XI. 
And wc have thus a system of consimetive geometry which is the more simple on 
account of the generality of its basis, and which is at once applicable to any of the 
special projections above referred to, I establish the fundainoiital notions of such a 
geometry, and by way of illustration apply it to tho solution of the well-known pro- 
blem of finding tho linos wliich meet four given lines in space, 

A point P (as already mentioned) in given by its projections F^ F\ which arc 
points such that the line joining them passes through the fixed point 

A Hue L is given by its projections L\ which are any two lines in the plane. 
We speak of the point iJP\ P'')» i^^eaning the point P whose projections arc F, F' \ 
and similarly of the line {L\ meaning tho line wlioso projections are L\ 

If F, F' coincide^ then the point P is in tho plane of projection ; and so if 
L', F coincide, then the lino L is in the plane of projection. 

If through XI wc draw a line meeting L\ in the points P', F^ respectively, 
these arc tho projections of a point P on the line i. In particular the intersection 
of L\ F (considered as two coincident points) represents the iiitersoction of the line 
L with tho plane of projection. 


4—2 
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The line through the points (P\ P") and (Q', Q"") lias for its projections the lines 
P'Q^ and F'Q". 

Two linos (L\ L") and (JP, ilf") intersect each other if only the intersections L'M' 

and are the projections of a point 7 ^— that is, if the line through the points 

L^M* and passes through fl. And then clearly P is the intersection of the two 

lines, 

A plane IT is conveniently given by means of its trace ® on the plane of pro- 
jection, and of the projections (P\ P") of a point on the plane; or, say, by moans 

of the trace 0, and of a point P on the plane, 

Suppose, however, that a plane is given by means of a lino L and a point P 

on the plane. The trace 0 posses through the point of intersection of the lino L with 
the piano of projection — that is, through the point of iutevsection of the projections 
A', IJ\ To find another point on the trace, wo have only to imagine on the line L 
a point Qy and, joining this with P, to suppose bho lino PQ produced to meet the 
plane of projection, The construction is obvious; but by way of illustration I give it 
in full, Through Xi draw a line meeting L\ A" in Q\ respectively (then these are 
the projections of a point Q on the line A) ; the lines P'Q and are the pro- 
jections of the line PQy and the intersection of FQ' and is therefore the required 

point oji the trace 0 . 

The line of intersection of two planes passes through the point of intersection of 
their traces 0 i, ©a; whence, if the planes have in common a point P, the lino of 

intersection is the line joining P with the intersection of the traces @i, @ 2 , 

In what precedes we have the solution of the following problem: — Given a point 

P, and two lines Aj, Aa, to find a line through P meeting the two lines Ai, A 3 .” The 

required line is in fact the lino of inter.soctiou of the planes (P^ Ai) and (P, Aa) ; we 
have seen how to construct the truces 0 , and ©3 of those planes respectively ; and 
the required line is blie line joining P with the intersection of ©j and 03 . 

I proceed now to the problem to find the two lines, each of them meeting four 

given lines, Aj, A^, (these being, of course, given by means of their projections 

(A/, A/') &c.). The question is in effect to find on the line Ai a point P such that, 
drawing from it a line to meet Ag, Ag, and also a line to meet Ag, L^, those shall 
bo one and the same line, 

Now, considering in the first instance P as an arbitrary point on the lino Aj, 

the line from P to meet A^, Aj is any line whatever nieoting the lines Ai, Ag, A 3 : 

say it is a generating line of the hyperboloid whose directrices are A^, Ag, As, or of 

the liyperboloid AiigAg, Hence projecting from any point Xl' whatever, the generating 

lines and directrices are projected into tangents of one and the same conic. We know 
the projections Ag', of the directrices; to find two other tangents of the conic, 
we take two arbitrary positions of P on the line Ai, and construct as above the pro- 
jections of the lines from these to meet the lines A 2 , A 3 . The conic is then 
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given as the conie touching the five lines Z/, i/, i/, M\ N* : say this is the conic 

S'. Similarly, instead of VL\ considering the point ft", we have the lines X/', X/', X3'' 

and the lines ilX', iV" which are the other projectioiLS of the lines through the two 

positions of V ; and touching those five lines we have a conie 2" Each tangent T' 

of combined with the correspondhuj tangent T" of 2", represents a line T meeting 
Xi, Xi 3 , X 3 ; to establish the correspondence, observe that, inasmuch as the line T meets 
Xi, the intersections of T\ L( and of must lie in a lino with fi; if T* be 

given, the point {T\ X,") is thus unit|ucly determined, and therefore also X" (since X/' 
is a tangent of S'); and similarly if T” be given, T* is uniquely determined; the 
correspondence T\ T" is thus, as it should bo, a ( 1 , 1 ) correspondence. 

Considering in like manner the lines which meet X,, X^f, X,, wo have touching 

X/, X/, i/, jJf, iV' a conic 2'; and touching X/', X/', Jf', iY" a conic 2"; each 

tangent T' of 2 ', combined with the corresponding tangent T” of 2 ", ropresonts a line 
meeting X,, ijj, X^, the correspondence being a (1, 1) correspoiidencc such as in the 
former case. 

The conics S^ S both touch X/, X/; hence they have in common two tangents. 

Say one of these is T = T\ the corresponding tangents T* and will coincide 

with each other and be a common tangent of 2", S' (those conics both touch X/', Xg", 
and have thus in common two tangents). Wo have thus T ^T\ and T ' as the 
projections of a line mooting Xi, Xg, X 3 , Xi; and taking the uthor common tangents 
of 2 ^ 2 ' and of 2 " 2 '^ wo have the projections of ilio other lino mooting Xi, X^, X^, X;. 

The wholo process is : — Constriiot M\ M^* and W', iY" each of them the projections 
of a line through a point V of Xi, wliich moots X^, L^; and M” and N\ N" each 

of them the projections of a lino through a point P of Xi, which nn'ots Xg, X 4 ; wo 
have then the conics 

2', S' touching X/, X/, N\ and X/', Xg" X 3 ", M*\ N" respectively, 

2', 2" » X/, XX /;/, IP. iT. >, L/\ AX AX F' „ ; 

and then the projoctions of each of the required linos aro a common taiigont 

of 2 ', 2 ', and the corrospondiug common tangent of 2 X 2 ". 

Tt is matorial to remark how the construction is simplified when there is given 
one of the lines, say, if, which meets Xj, Xg, Xa, Xj. Here if is a common directrix 
of the two hyperboloids; wo may for tlie hyperbolas S and S' consider, instead of 
Xi, ig, Xs and two new generating lines, the lines Xi, Xg, X 3 , if, and a single new 
generating line JY; and similarly for the hyperbolas 2 ', X'' the lines Xj, Xg, X^, if and 
a single new generating line iY. 2', 2' have thus in common the three tangents 
X/, Xg', if', and therefore only a single other common tangent, T=^T'\ and similarly 
2X S' have in common the three tangents X/', XgX ifX and therefore only a single 
other common tangent, and we have thus the other line cutting the four 

given lines. 
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I tate the opportunity of mentioning the following theorem : 

If in a given triangle we inscribe a variable triangle of given form, the envelope 
of each side of the variable triangle is a conic touching the two sides (of the given 
triangle) which contain the extremities of the variable side in question/* 

We have thouco a solution of the problem {Principia, Book I. Sect, V, Lemma 
XXVn,}> in a given quadrilateral to inscribe a quadrangle of given form* The (.[uestion 
in effect is : in the triangle ABC to inscribe a triangle of given form ; and in 
the iriauglo ADE a triangle ct'fi'y of given form, in such wise that the sides (xy, a!y^ 


n 



may be coincident. The envelope of ay is a conic touching AD, AD, and the envelope 
of a conic also touching AD, AE : there are thus two other common tangents, either 
of which may bo taken for the position of the side ay^cf!y^ \ and the problem admits 
accordingly of two solutions, 
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ON THE ATTRACTION OF A TERMINATED STRAIGHT LINE. 


[From the Philosophical Magazine, vot, xi.i. (1871), pp, 358 — 8C0,] 


WniTE for shortness (a, b, o-, e) to denote the .shell included between the ollip,soids 


£C^ 




a" 


(where e is indefinitely small); then, if the ellipsoids 




^ + ^ + ^ 3 '=^ 


= 1 


arc confocal, tlie attractions of the shells (a, If, o; e) and (a'j o'; e) upon any exterior 
point P are proportional to their masses. Hence, considering a prolate spheroid of 
revolution, c — the attractions of the shell {a, 6, 6 j e) will bo proportional to those 
of the shell — A, — A, e); or if, as usual, (1 “ e®), then, if li increases 

and becomes ultimately equal to those of the shell {ae, 0, 0 ; <•) ; viz. this last 

is the portion of the axis of ic included between the limits = + or say 

it is the terminated line iv = ± ; and I say that the mass is distributed over this line 

imiformly. 

To see that this is so, observe in genei'al that, in the spheroid + — = L the 

volume included between the planes {o = a, ai==a + da, is = {y^ + da, = ir ^ da ; 

and thence, writing a' (1 + e), b' (1 + e) for a'j b', in the shell («', b\ b ' ; e) the volume 
included between the planes a; = a, oi=a-\-da is — •jrft'J . 2e'da ; viz. this is indopondent 
of «, and simply px’oportional to da. Hence, writing &' = 0, Avlicn the shell shrinks 
up into a line, the mass must be disturbed uniformly over the line, It follows that 
for a line of uniform density the equipotential aiu'faces are each of thorn a prolate 
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sphci'okl of revolution having tho extremities of the line for it^ foci, aud that, if 
wo have a shell bounded by any such surface and the consecutive similar surface, with 
its mass equal to that of the line, then such shell and the line will exert the same 



atfcraclionfl upon any point P exterior to the shell. ’'Phe attractions of the line are 

obtained most easily by means of its potential ; viz. taking H for the extremities 
of the line, and, au above, the origin at the middle point, and the axis of in the 

direction of the lino, and writing 2ae for the length of the line, a;, y, z for the 

coordinates of 1\ and s for the values of //P, SP (that is, r— 

then the j)ofcential is at once found to bo 

V = log ; 

® (G- ae^r 

and we can hereby verify that the oquipofcential surface is in fact a spheroid of 

revolution having the foci S, H ; for, taking the equation of such a sidieroid to be 


{a is an arbitrary parameter, since only the value of ae has boon defined), wo have 

&• - a CtT, ?’ a — ecv 


and thence 


cie + 19 == (1 + e) {(c + a), 
ft? aed* r - (1 - e) (ft? -h a). 


. . 1 + 6 

and the quotient is a constant value, as it should bo, The equation const, 

may in fact be written 


vk, this equation, apparently of the fourth order, breaks up into the twofold plane 
i/-‘=0, and the spheroid + *• 

The foregoing results in regard to the attraction of a line are not now. Sec 
(ireeids Pssay on Kleotiioity^ 1828, and Oolleotecl Works, Cambridge, 1871, p. 68 ; also 
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Joachhnsthfil, "On the Attmctioii of a Stmiyhl Line/’ with Sir W. Thomson’s Note, 
Camh, and Buhl. Math. Joiirn., vol. rii. (1848), p. 93; but it does not appear to have 
been noticed that they are, in fact, included in the theory of the attraction of 
ellipsoids. 

The like considerations show that the attractions of tho ellipsoidal sliolJ (a, b, o; e) 
upon an exterior point arc equal to those of an elliptic disk z = 0, s d' jT^'a “ 1> 
the mass of which is equal to that of tho sliollj and which has tho density at the 
point (a!,y) proportional to (l “ • 

Sir W. Thomson informs me that tho foregoing results have long boon familiar to 

him, 


0. VII. 


f) 
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NOTE ON THE GEODESIC LINES ON AN ELLIPSOID. 


[From the Philosophical ifagazine, vol. xli, (1871), pp. 534, 635.] 


The general configuration of the geodesic linos on an ellipsoid is establi.shed by 
means of the known theorem (an immediate <ion.sequcnco of Jacobi’s fimdamonlal fornudii', 
but which was firat given by Mr Michael Roberts, Gomptes Rendus, vol. xxt. p. 1470, 
Dec. 1845) that every geodesic line touches a curve of curvature ; that is, attoudiiig 
to the two opposite ovals which conslitule the curve of curvature, the geodesic lino i.s in 
general an infinite cuiwe undulating between these oppo.silo ovals, and so touching each 
of them an infinite number of times (but possibly in particular cases ib is a reentrant 
curve touching each oval a finite number of times). The geodesic linos thus divide 
themselves into two kinds, accordingly as they touch a curve of curvature of the one 
or the other kind ; and there is besides a third limiting kind, the lines which 2 )as.H 
through an umbilicus : any such geodesic lino passes through the opposite umbilicus, 
and is in general an infinite cinve passing an infinite number of times alternately 
through the two umbilici; bub possibly it is in particular coses a reentrant curve 
passing a finite number of times through the two umbilici. I annex a figure giving 
a general idea of the configuration of the geodesic lines drawn in dilTereut directions 
A given point P on the surface of the ellipsoid : this is drawn (as it wore) on 
lane of the greatest and least axes; but it is not a perspective or gooinotrical 
ntation of any kind, but a mere diagram for the puiqiose in question. Wo have 
Q, G the extremities of the axes; f/j, U., U„ U, the umbilici; P the point 
iirfaee; 1P2 and 1P4 the curves of curvature through P, vis:, these are ovals 
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containing the umbilici ?7i, and U^, Ux rospoctiv(3jy. hon 

the limiting geodesictj passing iliroiigdi the umbilici; the Huo II iipuninH a 



geodesic lino of the one kind, viz. this at T touches an oval (curvo (if eurvjiliuro) lT%Ux, 
and at 'F the conjugate oval Similarly Sl^S' is a gcodoHic liii(3 of tlni oilier 

kind, viz. this at S touches an ova! (curve of curvature) UiU»j, niid at iS*' the (innjiijpilu 
oval UJIa\ tho dotted figure-of-cighi eurves arc the loci of the ])oin(H of 

Tx r, s, js'. 
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ON A SUPPOSED NEW INTEGRATION OE DIFFERENTIAL 
EQUATIONS OF THE SECOND ORDER. 

[From the Philosophical Maffazine, vol. XLli. (1871), pp. 197 — 199.] 

Tins I’efeifl to a papGi\ Clmllis, *»On tho Application of n now Integration of DifiovciUinl KQuations. 
of tbs Second Order to some unsolved Problems in tho Caloulus of Variations,’’ l*hlL Ma(}. saniQ voUinnj, 
pp, 28" 4 0, 
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ON GAUSS’S PENTAGRAMMA MIllIFICUM. 


[From the Fhilosoj)hical Maffazine, vol. xui. (1871), pp. 311, 312,] 

Take ou a spliere (in the northern hoinisphoro) two points, A, B, wlioso longitucJos 
differ hy 90“. and refer them to the equator by the mcridiiina AJU and B(J respectively; 
join A, B by an arc of great circle, and take in the southern hoinisphoro tlio polo 
D of this circle ; and join J) with E and G respectively by arcs of groat circle. Wo 
have a spherical pentagon ABODE, whicli is in fact the “ Pontagrannna inirificiun,” 
considered by Gauss, as appearing voL lir. pp. 481 — 490 of the GoUeoted Works, Among 
its properties wo have 

the distance of any two non-adjacent summits 
the inclination of any two non-adjacent sides 

so that each summit is the pole of the oirposite side, or Iho i^eiitagoii is its own 
reciprocal. 

Each angle is the supj^loment of the opposite side. 

If the squared tangents of the sides (or angles) taken in order ai‘o «, / 3 , 7 , S, e, then 

l4-a = .y3, 1+^=:36, 1 + 7 = va, l4 3 = «/S, l + e = ; 87 , 

equivalent to three independent equations, so that any three of tho quantities may ho 
expressed in terms of tho remaining two. (This agrees with the foregoing construcliou, 
where the arbitrary quantities are the latitudes of A, B respectivoly.) 
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ON gauss’s PENTAGEAMMA MIBmOUJI. 

Projecting from the centre of tlje sphei’c upon ivny pliiiie, wo liii\o ii 

pentagon which is such that the perpendiculars let fall from th (3 HUnumtH upon tlin 

(ijjposite sides lespectively meet in a point. This (as etusily soon) iin))li('.M that t lo two 
portions into which each perpendicular is divided by the point ill (pu'Htion havo thn 
i^anie product. 

Conveiijely, starting from the plane pentagon, and erecting from this point id iiitor- 

MiCtion a perpendieiilar to the plane, the length of this porpcudicular being oipuil tn 

the feipiare loot of the product in question, we have the contro of a sphiu'i^ Hindi (rhat 
tho projection upon it of the plane joolygon is the pontagramma niirihcunu 

I remark as to the analytical theory, that, taking tho origin at tho inttu’scoticni 
of the perpendiculars, and for the coordinates of the summitH (cti, /^J, n'Hpoidd voly, 
then we have 

+ A A = 4* /9,/95 = a^ct^ + pSi ^ ^.1^3 + ^1^3 = offlOfa + 

where 7" is the above-mentioned product, or 7 is tho radius of tho Hjihoro. 

Cambridf/e, Sejytemher 14, 187L 
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NOTE SUR LA COBRESPONDANCE DE DEUX POINTS SUB UNE 

OOUBBE. 


[From the Goin^tes Memlvs de I'Acaddmie des Sciences do Pan's, tom. lAti. (Jwnvio )' — 

Juin, laOC), pp. 686—690.] 

Tixib is to tlio same offeot witli tho payor 985, "On tho Corrospondonoo of tivo Points on n Oiirvo”; 
four oxamploB of tlio fclioory avo given, tlio first, Bocond, and third of Uiom tlio aaiuo os in this papor — tlio 
(oiu'tli oxainpfo is ns follows: 

4“ liechercke du nombre des points sextaetiques, c'esfc-t\-dtre doa poiats qui aont tels 
quo par cliiioim pn,sao uiic couiquo qiii a dans co point un eoatact du cinqiiihino oi'dre 
avoc la courbe. II faut pronclro pour loa points P Ics intoraeotiona aveo la courbe do 
la coniquo qui n au point P' un eoivtuct du quatriime ovdre : los points unis sevont 
coux dont il a’agit. La courbo 0—0 cafe la conique qui a au point P' un coutaot 
du quatribme ordro. On a ainsi }mrmi Ics intersections lo point P' 5 fois j done h == 5. 
A chaque point P' corrospondonb 2m — 6 points P; i\ ebaquo point P lOm'" — 20m - 5- 208 
points P' (j’omprunte lo terme — 20S d’unc formule quo vicut de donner M. Zovxthen) ; 
done la forniido donno pour lo nornbro des points unis 

IQm” - 18 m- 10 - 20 S + 10 J), 

c’o.st-il-diro 

16m*-S3m-30 8 , 

Mais cello expression coinprond Ic nombro 3m(m — 2) — 6S des inflexions ; en cffefc pour 
un point d’infloxion la coniquo avec contact du quatribme ordre so rdduit it la fcau- 
gentc prise doiix fois, co qui csl uno coniquo avee contact du cinquibnio ordro. Done 
enfin lo nombre dos points soxlactiquo,s sera 

m (12 m -27)- 248, 

ou, pour uno courbo aans poiuts doubles 

— 27), 

ce qui s'accorda aveo la valeur quo j'ai trouvdo par cl’autros inoyeos. 
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SUE LES OONIQUES DETEBMINEES PAE CINQ CONDITJONS DK 
CONTACT AVEC UNE COURSE DONNEIC. 

[From the Gomptes Rendits de I’AmUmie des Sciences A Pcms, lorn. liXiii, {Juillei — 

D^cembre, 1806), pp. 9 — 12.] 

This paper (dated Cambridge, 2C June 1866), contains (lie oxprosBiont! for tiio luiinliorH (5), (I, 1), (II, 2) 
(8, 1, 1), (9, 2, X), (2, 1, 1, 1) and (1, 1, 1, 1, 1), of tlio conios whioh satisfy Avo oonditUms of ooiUniit willi ii 
given omve, ns obtained in the paper 406 "On the Oni'vos whioh satisfy given condilloiiK,'' hom )>, 214, and 
which expressions were found by the same process, viz, by consideration of fnnotional {'(pialions obliiiiicd i)y 
supposing the given curve to break up into two curves of tho orders m and «i' rospcotivoly j Ihi’ro was in 
the expression tor (1, 1, 1, 1, 1) a numerical error as mentioned in tho footnote of tiro saino page. Tim 
paper contains also the formula ii''-^v"+y-c"=0, and tho oxpr-ossiorr for (2A’, By,) given, pp. 9011, 904. 
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430 . 

NOTE SUB QUELQUES FOBMULES DE M. E. DE JONQUIEBES, 
BELATIVES AUX OOUBBES QUI SATISEONT A DE8 CON- 
DITIONS BONN EES. 


[From the Oomptes Rendm de VAcademie des Sciences de Perns, tom, r4Xirr. {Juillet’-- 

Ddcemhrei ISO 6), pp. 666 — G70,] 

Le>S for mules dont il s^agit soiit publicoa duns Ics Coinptes liendns, sdauecs rlu 3 
Gt dll 17 aeptombre 18(56, En faiaant nue simple transformation algebrxtjuo pour y 
introduirc la classe M{^m^-in) cle la courbo doiini^e et en changeant un pou la 
forme, les thdor^mos de M. de Jouquierea peuvent s'^noncor comnio il suit: 

1"*. Lo noinbre des contacts dos conrbos qui ont uu contact de Tordre n avco 
line courbo fixe U^\ ot qui passont cn outre par + points doiuidS; csfc 

J (w -f 1) [oiM + (2r — %i) wi], 

OBSERVATroN", l^aoucd fie cefcte manifere, le thdorfeme s*appiiquo in6me au cus n^O. 
En effet, pour n-0, le nombre doniid par le thdorfeme esfc ^vir, qui est le iiombre 
des contacts do Tordro 0 (intersections simples) de la courbo domide 1/”^ avee mie 
Gourbe ddterminde de Ibrdre r, 

2^ Le nombre des Gontacta de Tordre n' au <?i) des courbea qui ont deux 

contacts des ordres n ot n' respectivement aveo uno courbe fixe et qui passcut 
en outre par Jr (?"+ 3)— points donnds est 

1) (n' + 1) q- (2r — 2n) vi\ [n'M + (2r - 2n') m\ 

— 2 (ii^ + nn' -b 4- -i- n*) M 

q- [— {n q^ q- 1) q- 4 + nn* 4- q- q- nO] w}. 


0. VIL 


6 
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Observation* Iilnonc^ cle cette inanifere, le thdoreine s^applique inSme aux cas 
== 0, et = n. En offet, pour n' = 0, le nombre donnd par lo theorem e cst 
= (rm — n — 1) . ^ (?i+ 1) [nM + (2r — 2rt) m], ce qui eat dgal an nombre dcs courbes G^' 
qiii ont avec Ja coiirbe domide im contact do Tordre n, mnltiplid par 
nombre des contacts de Tordre 0 (intersections simples) do chacuue de ces courbes avec 
la conrbe Et pour == h, le nombre des contacts ost le double du nombre des 

courbes G*', 


Je rcmarqiie que les deux thdorfemes pcuvent se ddmontrer de la manibro dont 
je me suis servi en cherchanfc lo nombre dos coniq\ics qui satisfout k cinq conditions 
donndcs; car, en rempla^ant la courbe m par rensemble de deux courbes m et 
on trouve que pour le thdorbme 1*^ le nombre cherchd est 

= aM H- 

ok les coefficients (a, jff) ne ddjiendent que de (?*, n); et puis, en supposant que ce 
thdorbme soit connu, on trouve que pour le thdorbme 2° lo nombre clicrchd cat 

~ J (^i "f 1) (n' 1) {nM 4 - (2?’ - 2?i) + (2r - in] + aM + /3??i, 

oil de meme les coefficients {a, 0) ne dependent quo de (r, n). 


Or voici comment on pent determiner les coefficients dans les deux thdorbmos: 


Pour le thdorbme I"", on demontre quo pour une droite, le nombre clicrchd 
est = (ti - f 1) (r — n) ; ot que pour imo conique, le nombre chorohd sc ddduit do 
\k en dcrivant 2r an lieu cle r; c'est4-dire> quo pour la conique, le nombre cst 
= (n 4- 1) (2r - n). On a done 

/8 = (71 4- !•) (r - n), = (?i + 1 ) (2r - 27i), 


2a 4- 2/3 = (?i + 1) (2r - 7i), 

ct de la 


a = ^ (rt + 1) /I ; 

CO qui achbve la ddmonatration. 


l^our le thdorbinc 2"", on ddmontre que pour line droite, le nombre cherchd 
est — (714- 4-1) (r O' conique, lo nombre 
cherchd se cldduit do Ifi en dcrivant 2r au lieu do r ; c^est-il-dire, pour la conique, 
le nombre est 

= (n -f 1) (/i' 4* 1) (27* - 71 - n') (2r — 71 - n' — 1), 

On a done 


(71 + 1) (m' + 1) ( r - n- 7i') ( r — n-n'-l) = ( 71 4 - 1) (n' + 1) ( r - 71 ) ( r - 71 ') 4- A 

(?i 4- 1) (n' + 1) (2r - 71 - 7?0 (2?’ --- ti 7 ^' - 1) - (71 + l)(n'^l) (2r n) (2r ^ 71 ') 4 - 2a 4- 2^ ; 

cela doiine pour a ct /3 les valours 

a ^ ^ (n 4' 1) (7i' 4 - 1) 2 (?i^ + n7i' 4 - 7i'^ 4- K' 4- 

/3 = i (n 4- 1) (fi' 4- 1) [*” 4?* (?i 4 - 71 ' 4 - 1 ) 4 - 4, (71,3 ^ ^ 4 - 71 + 7 ?')] ; 

et la ddmonslration est ainsi achevde, 
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Je re marque C[no sous lei^ formes ici douiides les deux thdorcnies s'appliqueut k 
line cotirbe avec cics points doubles, niais sans poinb de rebroussoincnt. 

Le tlidorfeme clout jo me suis servi pour la detormiimtioii des coefficients pent 
s’en oncer sous la forme plus gdndralc (pio void, savoir: 

En clduotaut pm* fp0'> Ic nombre des courbes (?' qiti ont avec uno droifce 

donnde des contacts clofl ordres n, ct qui passent en outre par + — 

points don lies, alors si, au lieu cle la droito donneJo, on a unc conique Jonnee, lo 
nombre des courbes sera n, 

Ell effetj r^quation do la courbo cliorchco 0 ^' coutieiit des coefficients iiidi^terniiiida, 
J esq tie Is, par Ics oonclitions do passer par les points clonnds, so rdduisoiifc lindairemenfc 
a , 4* 1 coefficiouts ; on ddnotant par (-4, ces cocflicicnts, rdquation do la 

courbo contieiiclra Undtiiremout (A, ii, ol sera aiusi do la forme (A, 

Liquation de la clroilo donudo est satisfaito on preiiant pour ((v, i/, des fonctions 
liiieairea ddtermiiides crun jiarambtrc variable 0 ; dune, eix coupant la courbo 0 ^ par 
la droite donnee, on obtieiit uno dquation (A, i?, ct cn cxpriniant quo 

ootto equation ait qi lucincs dgalcw, a' racines dgalea, etc,, on obliciit ontre (^l, J?, C^,,) 
des dquations, Icsquellcs, on dliiniaaut tons los coofficients, exceptd deux quelconqiics 
(A, BY concluisent k uno dtpiatiou finale (i'l, £y^0, et lo degrd j) do cetto dqimtion 
est oe qiril s'agissaifc do trouvor, le nombre des courbes G*\ Si au lieu d'une droite 
donndo on a unc coniquo <loundc, il rdy a rien ii changer, siiion quo les coordonndes 
{,v, y, z) doiveiit etre remplacdes par des fonctions quadratiques de 0\ on a ainsi une 
dquation (A, (pii conduit k une dqiiaLiou finale (A, By^' — O^ oti p' 

est la memo foncfcioii do (2r, n, qii'est p do (r, w, nombre des 

courbes 0^ est = p\ Lo tlu^orbine ost done il(iinontr(^. Et, prdcisdmGiit do la mcme 
manifere, on ddmontre lo tlidorfemo ebcoro plus gdndral: 

En ddnotant par <f> (r, 7i, it',..,) le uombro dea courbes G^’ qui ont avec une droite 
donnde des contacts des ordros ♦,,,ot qui passent en outre par 0" + S) • 

points donnds, alors si, au lieu do la droite ctounde, ou a une coiirbe unicursale donude 
de I'ordre vi, lo nombre cics courboa G^' esl 7 i\ ,.♦)■ 

On anrait pu se servir directemont do cola pour ddmontror lea thdorSmea 1"* ct 
Par exemple, pour le thdorbinc 1°, la considdratioa cle la coui'be iinicursale domic 

<xM + = a - 2) 4- 07n = (n + 1) (mr — n ) ; 

e'est-A-dire 

== ^ (« 4 1) (2r - Sa), 

com me a u para van t, 


6—2 



SUE LA TEANSFOBMATION CUBIQUE D’UNE EONC'I'JON 

ELLIPTIQ0E. 


[From the Gomptes Rendus de I’Acadimie des Sciences de Paris, tom. LXlv. Janvier — 

Juin, 1867, pp. 560 — 563.] 


SoiT [7= (a, b, c, d, ej®, 1)^ une fonotion quartique quclconquo do /, J Ioh 
deux invariants: 

(I = ae - ibd + 3c“, J = ace — ad? — b^e + 2bod — o“), 

P — 27/“ 

et prenons fl = — ^ — pour I’invariant absolu de U. Soiont do mOmo U' == ((t', b', 1)* 


et 




I'i 


I’invai'iant absolu de U'. 


En supposant quo V{/, VI/’ Roioiit hi.s 


radicaux des deux fonctions elliptiques lides par la transformation du broisibrno orilro 
ou cubique, on peut se proposer la question quelle cat la relation tsuLro los doiix 
invariants absolus 11, fl'? J’ai trouvd cetto relation d’abord par doH considdratiojiH 
ge'omdtriques qui me furent suggdrdes par une lettre de M. Sylvostro; puin jo I’ai ddilnif.o 
des fonnules pour la transformation cubique donndos par M. Hormito, Grelle, t. r.X., I H(S2, 
p. 304), et enfin, ^ I’aide d’une considdiation tirde de cos formulc.s, j’ai rduHsi it 
I’obtenir h. moyen des fonnules des Fundamenta Nova. Jo vais donnor ici coLlo dornibro 
investigation de la relation dont il s’agit. 


En supposaut que les fonctions U, U' soient trnnsformdes liiidairoinonfc ini 
(l~a'“)(l-A-W), (l-y’)(l -Xy) respectivemont, pour oxprimor la liaiHou ontro Ich 
modules k\ \\ au lieu de I’dquation explieito ontre \?Tc, \/X (Fimd. Nova, p. 23), jo 
me sers des formules, p. 25, lesquelles en y dcrivant 
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c’est-^l-dire 


2ay3 + a + /3 = 2, 


deviennent 


/a»=-a3/9, V=-«/33. 


Les transformations lindairos donnent sans peine 

(jl;< + 14A!’ + l)“’ (X‘ + 14\»+ 1)*' 

et ii s’agit entre ces Equations d’diiminoa' or, j9, Ic, X do manforc & obteuir une Equation 
entre XI, O'. 


J’doris 

i(2«+l)(a+2)(«-'l> ,K2/3 + 1)(;S + 2)(;S-1)^ 

(a^ + d^+l)* <P--- + 


L’^quatioii entre a, j8 donne 


2/3 + 1 = 


-3 

2a + l' 


/3 + 2 - 


3a_ 
3a + l’ 


/3-1 


- 3 (a + 1) 
3« + l ’ 


/3^ + 4/3+l = - 


3 


(a^ + 4a + l) 
(28 + 1)> 


et on a do lit 

^a(« + l)> . 

^ (a<‘ + 4a + l)»’ 

puis, en faisant attention it ridoiititd 

(2a + 1) (a + 2) (« - ly + 27a (a + 1)^ = 2 (a» + 4a + 1)«, 
on obtienb entre a', J5', la relation trbs simple a' + jS' = 1. 


L’expression do donne 

aHa+2) 

^ ~ 2a + 1 ’ 

,, {a~l)(a+iy 
^ ^ 2a + 1 

^■‘ + + 1 = (« + 2)” + + 2) (2a + 1) + (2a + 1)«J, 

== + 4a + 1) (a“ + 3a^ + IGa^ + 3a« + 1)), 

et on a do la 

^ _ 1 OSa* (2« + 1) (a + 2) (a - ly (a + 1)« 

~ (a^ + 4a -+ 1)‘ , (a« + 3a< + 16a» + Sa^i + I)» ‘ 
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Oi' on a 

, •|(2a+l)(a + 2)(a-l)‘-(aH4a + l)» ^-f.a(a + iy 

* ^ ■" (a'> + 4a+i> - ' ■ > (a2-['4a + l)’ 


o ' I 1 — + 1) (a + 2) (a — 1)* + («® 4 4« + 1)’ _ 9 (a* + 3a* 4 16a® 4- Sa^ 4 1) 

aa 4 1 ^2+-^ 4li)’” ’ (a=4 4a+l)® 


et do ]£l, en fonnaiib rexjDrcpsion de la fonction — 4galo it 
la valeur qui vient d’etre donnee pour fl eii tormea do a: on a done 


_ 64a' (a' -1)’ 

“(.Sa'+l)® 

et de m&ne 

64;9'(/3'-l)» 


Avec la relation a' + fi' = l, I’dlimination de a', /S' entrc cos 
pas de difficult^. 


equations no prdsouto 
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THEOBfiME BELATIP A LA TEEORIE DES SUBSTITUTIONS. 

Extrait d\ine lettre adreasde k M, J, Seuiiet, 

[From the Go7}iptes Hendns de VAcadeinie des Soiences de Paris^ tom. lxvil {Jidllet — 

Deoemhrej 1868), pp. 784, 785.] 

On peut enoncer par rapport aux substitutions iin thdor^me qui compreml les 
trois thdorfemes Hi. iv. V., t, IL pp. 260 — 263 do votre Gours d'Alg^bre Siipdrieiires 

Pour un nombre qiielconque ^ on peut former avcc les nombres infdricurs 

et premiers h p plusieurs systbmes de nombros losquels aout cliacuu un sysfcbme 
conjugiid (mod. fi)\ c^ost-iVdiro que le procluifc cle deux nombros quelconques dhni tel 
systbme est congrii suivant lo module h \m nombie du systbme. Comme eas 
0 xtr 6 mc.s, Ihinitd ost un tel systbme. et les nombres ferment aiissi un systbine 

conjugui^. 

Pour fM premier, eii ddnotant par a une racino primitive de p et par / un 
diviseur quelconque do /- 1 , les nombros ^ (mod. p), a dtanfc im enlier queleoiique, 
fonnent un syafceme conjugud. Et gdndralement pour un nombre p quelconque ce 
nombre a des racines qnnsi-primitives a, 7 , ‘.-j aux oxposaiits A* B, (7,..., tels que 
a'^^1 (mod, p), 1 (mod. p.), ... et -^15(7 ... = (j> (fi), Eii choisissaut une combinaison queh 

conque, par exemplc a, 0 de cos racines, soient f, g de.s diviseurs quelconques cle A, B 
rcspectivement, les nombres s (mod. p) ferment uu systeme conjugud, Tordro dii 

systemo on nombre des termes dbant ~ » 

Cela dtaiit, on a ce thdorbmc : 

Xfne suhstitidion T quelconque de Vordre p (itant forniee aveo 7i IcUreSf I'ofi forme 
toutes les substitutions S telles que le produit se ridiiise d itne puissance de T 

dont Vexposant soil un nombre quelconque appurtenant d mi sgsthme conjiigud {mod. p)) 
les substitutions 8 constitueront un systhne conjugiid de Vordre od 6 denote Vordre 
du systhme mijugui (mod. p) et M le nombre des siibstitutions eckangeahles aveo T. 

Xa demonstration est tout k fait la mSme que celle qiie vous donnez p. 02 pour 
votre thdorbme iv, en y ajoutant sculement que les nombres % j qui apiDai'tieniient 
au systbme conjugue (mod. p) auront lour prdduit ij congru k un nombre do eo mSme 
systbme conjugud 
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sun LES SURFACES TETRAEDRALES. 


[Abto io the work He la Gouraerie, “Reoherohes ,mr les surfaces rdyUes UtruMraks 

si/tn^triques,” 8vo. Paris, 1807.] 


Premier Mimoire. Notes pp. 190 — 193. 


1’. L’eiquation 
0 = + 


Equations de cebtaines 




••• -2(?bf{af~hg)«f'f 

+ 2c-a^ (a/-6«/)jr«.-f= 

- 2J=a/t (c/t - af) + 2a?bh {bg ~ oh) zY 

+ %} 'gh ko ~ ) w*'®' + ^gVif (oh — af) luY 


+ (6y + cy - iibgch) + J'* (cVt” + 

+/® (^y + 0%^ - ibgch) H- g^ (cVi“ + «» f 


■ • • + 2y (afbg + c®/t* — 2c/ij^) 

— 2ag (afbg + — ^ohf) . . . 

+ 2a/i (c^a/ + 6y - 2%) - 26/^ (bgch + a“/» - 2a/%) 

- 2gh (hcgh + af^- 2afx) -u^xf^ ~ 2hf(cahf + 6y - 2%%) wW 

+ 2nir’/2V 
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SCBFACES DU UUITlfellE ORDBE. 

+ + fyk^u^ 

4- 26®c^ (c/t — a/) - 2bof’‘ (bg — ch ) 

— 2a®c^ (bg — ch ) yiP - 2cay“ (c/> — a/) 

... ~2ahh^(cif — 

+ 2/i-^ (ty^- bg) vfz^ 

— 4ichaf) + c® (a®/® + - ^(^bg) cd^i/ 

— ‘ischaf) vj*if + A® («®/® + by — Aafbg) vi^z* 

— 2of (ehaf + by — ^bg^O ic^wy 4 2bo (bogh 4 a®/® — 2«^) 

4 ^cg (bgch + a?f^ — 2a/%) 4 2ca {cakf-\- by — 2&5^;)j;) 

... 4 2ab (abfg 4 c’A® — 2c/i%) 

— 2fg (abfg 4 c®/t® — 2chx) 


0, Yii, 


7 
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(ou, pour abr^ger. on a 6cvit x = af + hg + oh. efc O cat line quantity quclcoiu|no) eat 
cello d’une surface clu huitibme ordre qui a pour courbes doubles lea quatro coiiKiuiiH 

a;=0, +cg^ -h^+/'iv^ = 0‘, 

y -0, -coi? +az^ + gW^ = 0 ; 

2 = 0 , arf + huP = 0 ; 

M) = 0, -fa? - gif — hz^ = 0, 

En determinant fl, savoii-, en derivanb A,+/t + i'==0, -V oh? ~() (ee qui 

donne deux systbines de valeui‘3 de \ : /t : v\ et puis 

en = 4^2 (a/+ bgf ch - 22 bgf - 4 («/- hg) (hg - oh) {oh ~ af), 

la surface dovient une surface reglde, savoir, la qmdrispinale do M. do la- (fonrnork) ; 

111 

et, en partienlier, en supposaut obtient 

‘ ^ a/' bg ' oh’ 

et de 111 

on = (~ 2 - 4 =) - 6 (af~ bg) (bg - oh) {oh - af ), 
et la surface sera ddveloppable. 

2°. L’dquation 


0 = + + tw + (?ci?i/ H- /Via' -1- ghfio' q- 

... + - 1ofa?ifv? + Ibox'fz"^ 

- iagifz-^u? ... + '^cgifxho^ -i- ioaxyz^ 

•V 2ah!?tfu? -Ibhz'x^v? ... + 2 a 6 .'uy'' 2 ‘ 

-2gkv?f^ -2hfv?z^a? ~'ifgv}*xY 

+ 2gia?y'‘zhi? 


(oil n e,t ime quantitd qiielconque) est celle d’une surface <lu huitibmo ordro avauf 
pour courbes doubles les quatre courbes du qualribmo ordre ^ 


® - 0 . hi?y? - gwy + ay^z^ = 0 ; 

y => 0 , - hz^w- +/wV + 62V = 0 ; 

^ = 0, + gy^io^ -/wV + ca?y^ = Q ; 

w = 0, - aifz* ~ bi?a? - oa?if ^ 0. 


En dcrivant 
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(ce qui domic quatre systfcmes de valours do X. : /a : v), et puis 
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O == a/^ + ^ + c/i • 


\ — v 


la surface dovient uue surface r^gldo, savoir, la qiiad7iouspidale de M, de !a Gouniorie; 
et, en supposaut 

(«/)* + (&5r)i+(c/i)^ = 0, 
et 

X ; ft : v = (a/)^ ; (bff)^ : (ch)\ 

ce qui doune 

(a/)" - 

la surface devient devoloppablo. 

Cambridge, 18 Octobre 1866. 




Deu<inhne 3Umoi7*e, Notes i)p* 279 — 283. 

Note I Sun la decomposition eu lieu des gEnE^atrioes en surfaces 

tEtraiSdbales distinctes. 


II me somble qu\uio do vos conclusions a besoin d^6tre modifido. Ainsi la surface 

1 

tdtraddrale ddrivde de deux courbos triaiigulaires k exposaut — (m diaiit un entier 

positif), laquelle, selon un de vos thdor^mos, scrait do Tordro 2m®, parait se ddoomposor 
en m surfaces chacunc de Tordre 2vl II y a pour cela uno raison d on elFot, 



pour deux triangulaires de la forme en question, on employant votro construction, on 
peut dtablir une correspondauce non-seulemant entre les deux syst braes de points 

7—2 
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-^1, 5, , et A\ mais anssi entre chaqiie point A et un seul point correspondant 

A\ car rdquation de la premiore coiirbe dtant de la forme 

111 

on satiafait k cette Equation on derivant 

(c : ij ; jsr = « (0 4- cty^ : b (0-1 : 0(6-1 

oil 6 est un paramfetre variable. Do m^,me, liquation de la soconde conrbe dtant 

111 

on satiafait k cette Equation en dcrivant 

w : y : ^ = a^(0' + : h'(6'’lfiY : d/(0'-\-Sy\ 

oh 6' est ausai un parambtre variable. 

Pour la droite OP, on a 

io_a(9 -lay^ 
y“6(0 + /9)’»’ 

et pour la droite O'P^ 

^_a' (O' ^ a' 

y^V ( 0 ' + /3r’ 

done, la condition pour la correspondance des ciroites est 

a (ff-iay^^ ^ a'(0' + a'y'^ 

ee qui donne m valeurs diffdrentea pour en termes de 0, Mais chacuno de ces 
valeui's eat de la forme 

at _ AO -h B 
^GO 

et, en ne faisant attention qu’Jt une seule valour de d\ on a le point 
cff y : z (0 -laf^ i b(0 -l^y^ ; o (0 + 7 
qui correspond k \m point unique 

(c i y : 2u^a'(e'-iaT : b'(0'-l^y^ : 

Pour le cas de Pexposant on a, de cette manifere, une surface de Tordre 6 . 
J^ai vdrifld cela dans le cas particulier do la surface ddveloppable. II cat trbs-singulior 
(c’esb M. Salmon qui m’a fait cette remarquc) qu^en dcrivant dans cette dquation 
y^i lieu de («?, y, 0 , w), on obtient Tdquation d’une surface du douzifeme 

ordre, lieu des centres de courbure d*un ellipsoitde, 


GambndgOy 15 F6drim^ 1866, 
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Note II. A l'occasion de l'oiidiib des surfaces tiiItraj^drales. 

Je cj’oia quo j*ai ndgligd do vous fairo connaitrc iin thdorfenio osscz gdndral an 
811 ] ot de Tordro de ces surfaces. En considdrant deans Tespaco dcnx courbos (planes on 
il double coiirbure) des ordrcs m et 7n' respectivoment, ci en supposant qii*il y aifc 
entre Ics points de ces deux courbos unc eorrcspondance (a^ a'), (c'ost-il'-dire un 

point donnd de la courbe tn correspondent a! points siir la courbe m\ et a un point 
clonnd de la courbe m' corresponclout a points sur la courbe nt)/ alors la surface 
rdglde quo Ton obtient en unissant par des droites les points coiTOSpoiulants clcs eoiirbes 
m et m* sera de Tordro 

Gambridge, 18 Octobre, 18(50, 


Note IIL Suu la surface complementauie. 

Jo puis rcconnaitre, par mes propros formuics, qne, des j)q^ surfaces do l^ordrc 
il n’y on a que pq qni passont par la troiaiiinie direotrice. En elfet, le rapport 
anharmonique lo csb doniid on termes des parambtres dc la troisibnio directrice, ati 

p 

.moyen d^iiio dquation qui coiitiont la quantity irratiounolle . En rationalisant cette 
Equation, on obtient pour k line dquation do Tordre 2^9 > chaquo raeine ki correS' 

p 

pondont q surfaces, savoir celles qui appartionuent aux q valours de ; mais 

£ 

l^dquatiori irrationnollc n'est satisfailo quo par uno scule valour do k savoir la 
t 

valeiir de donndc par rdquation irrationnelle, cn y substituant pour en taut quo 
k y ontro ratioimcllemont, la valour k=^ki. Done, k chaquo raeine !ci correspond imo 
seule surface qui passo par la troisibme directrice. La question k laquollc donne lieu 
cofcto oirconstance paratt trbs-intdressanto. La surfaco ddtcnninco par les trois diroctricos 
est Gomposdo de pq surfaces chaoiino de Torclre 2p% et d'unc surfaco rdsidualo de 
Torclrc Qudlcs sont k nature ct les proprietds do cetlo surface rdaiduale? 

Je serais bien aise de savoir si vous avez fait des rccherches ce sujot, 


Gambridgey 29 Mars 1866. 
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434 . 

ON CERTAIN SKEW SURFACES, OTHERWISE SCROLLS. 

[From the Transactions of the Oamhidge FhilosojMcal Society, voh xi. Part ii, (1869), 

pp. 277—289. Bead Nov. 11, 1867.] 

The investigations contained in the present Memoir were suggested to me by the 
Memoirs of M. De la Gournerio, presented by him to the Academy of Sciences in , 
1865 and 1866, published in extract in the Qomptes Ilendus, and reproduced in his 
work Recherches siir Us surfaces regUes Utraidvedes symitriques, par Jules De la 
Qoumerie, avec des notes par Arthur Cayley,*' 8vo. Paris, 1867. Although the results 
or the greater part of them, agree with those in the work just referred to, the mode 
of treatment is diflFerent, and more general, tlie orders, &c of the different scrolls being 
obtained by considerations founded on the theory of CoiTosponrlencc, and I have thought 
it not improper to submit to geometers in this altered form the theory of the very 
interesting class of Scrolls for whicli they are indebted to M. De la Gouriierie's researches. 


Article Nos. 1 to 10. Geometrical Comtmetion of a Glass of Sci^olls. 

1. Consider any two curves (piano or of double curvature) U, U\ of the orders 

m, ni* respectively, and let the points of U have with those of W an (a, a!) corre- 
spondence ; viis. lot tho points of tho two curves be so related that to each point of 

U correspond points of X}\ and to each point of coiTespond a points of U : 

then the lines joining the corresponding points of U, U' form a scroll the order of 
which is 

2. In particular let U, U' be piano curves in tho planes II, II' respectively ; and 
let the correspondence between tho points of the two curves be established as follows; 
viz. consider in tho plane H a curve XX of the class fM, and in the plane II' a curve 
XI' of the class yx'; and (to avoid useless generality) let tho tangents of these two 
curves Xi, XI' have to each other a (1, 1) correspondence; that is, to each tangent of 
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C there corresponcls a single tangent of fl\ and to each tangent of a single tangent 
of ft (this assumes that the curves ft, ft' are rational transformations one of the 

other, and that they have consequently the same Deficiency). This being so, let the 

points of U which lie on any tangeiit of ft and the points of U' which lie on the 

corresponding tangent of ft' be taken to be Gorrosponding points of tf, U\ The corre- 
spondence is then : in fact through a given point of U there pass fi tangents 

of ft, and the corresponding tangents of ft' meet U' in jj^m' points, that is, to a 
given point of U correspond jic'i'ti/ paints of 27'; and similarly to a given point of U' 
correspond fi'm points of V. And heneo tho order of the scroll fonnod by the linos 
joining the correspoiKling points of 27, U' is = (yw + ^') 

3, This conclusion may be otherwise established as follows ; let TT, /f ' be any two 
correspondiug points of U\ so that the scroll wo are concernod with is that gene- 
rated by the series of linos KK^ \ and lot 7 denote tlio lino of intersection of the 
planes IT, IT'. The line I moots the curve U in m points, and taking one of these 
points for a point K wo may from this point draw p, tangents to the curve ft, that 
is, the point in question is a point K in i^espcct of dilltcront tangents of the curve 
ft; to each of these tangents there eorresponds a single tangent of ft', and such 
tangent of ft' meets the curve tf' in vt* points, that is, to the point K in question 
there correspond pm' points K' and consequently pm' lines KK' in the plane IT' ; 
hence to eacli of the m points K on the line I there correspond pm' lines KK* in 
the plane IT'; and we have thus pmm' gouerating lines in tho plane IT'; there are 
in like manner p'mm' generating lines in the plane 0, 

Take K an arbitrary point on the curve V; there are pm' corresponding points 

and consequently pm' genoniting linos through if, that is, through each point of 
the curve 27; oi' the curve 27 (which is of tlie order m) is a /aw'-tuplo line on the 
scroll ; similarly the curve 27' (whicli is of the order wi') is a ^'?n-tiiplG line on the scroll. 

The complete section of the scroll by the piano IT consists of tlie curve V taken 
pm* times (order pmm') and of the pmm' generating lines in the plane IT ; that is, 
the order of the section is {p’\' p')mm' \ and wo thus ace that the order of the 
scroll is = (/X 4* /i') ma'. Of course in like manner tlio complete section of the scroll 
by the plane IT' consists of tho curve 27' taken p!m times (order p'mm') and of tho 
pmm generating lines in the plane IT', the order of the section being thus — (/x+/x')wm'. 

4f, There are on the scroll certain singular tangent planes ; visj. if we have two 
corresponding tangents of ft, ft' meeting the lino I in the same point, then we have 
m points K and m' points all lying in the piano of the two tangents; and of 
course the mw' lines KK' will all lie in tho plane of the two tangents; that is, the 
iubersectioii of the scroll by tho piano in question will bo mado up of the mm' lines, 
and of a curve of the order (p-^ p* and tho plane in question is thus a 
singular tangent plane. 

5. The number of these singular tangent planes is + in fact considering 
as corresponding points on the line 7, the intorsectiou of this lino by any tangent of 
ft and the intersection by the corresponding tangent of ft', the correspondence is 
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obviously (/t, fi')-, viz. tlirough a given point P considered as belonging to Iho first 
system there pass n tangents of fi, and corresponding thereto we have jj, tiuigonta of 
Q! each intei-secting / in a single point P'; that is, to a given point P corroapoiid 
H points P'; and similarly to a given point P' correspond / points P'. Anil this 
being so, the number of united points, that is, points of I thi'ough wliich ])asH corre- 
sponding tangents of O, Cl', is = /t -P (i. 


6. In particular the ciu-ves 11, H' may reduce themselves each to a point: the 
tangents to the two curves are here the lines passing through tho poiiitn O, fi' 
respectively : and the condition for the (1, 1) correspondence of tho two Laiigoiits is 
that the pencils of lines shall be hoinogi’aphically related ; or, what is tho same tiling, 
that these two pencils shall determine on the line I two ranges which arc lioino- 

graphically related; the entire construction is then as follows; 

Given in the plane IT a curve U and n iioint Cl, and in the piano IT' a curve 

U' and a point G'; and taking in the plane 11 a pencil of lines through fl, mul in 
the plane 11' a pencil of lines through Cl', in such wise that tho two jionoila corro- 
spond homogi'aphically ; then if a line of tho first pencil moots tho curve tJ in tho 
VI points K, and the corresponding line of the second pencil moots tho ciirvo U' in 

the m' points K', the scroll in tpiestion is that gcnei-ated by tho vm' liiic.s KK\ 


7. By what precedes, the scroll is of the oi-der ; the curve tf is tv ?)i'-tuplo 
line, and the comiilete section by the plane II is made uji of this curve tiikou vi' 
times and of vvm genemting lines ; similarly the curve U' is a m-tuplo liiiu, anti tho 
complete section by the plane 11' is made up of this curve taken m tiiiion and of 
mm' generating lines; there are two singular tangent planes such that tho Koctioii by 
each of them is made up of mm' generating lines and of a curve of tlio ortlor mm' \ 
the planes in question are obviously those through tho lines Ofi' and tho ooincldmit 
points of the two ranges on the line I, say the points A, B respectively. 

8. The foregoing results will be modified in special cases. Suppose, for instance, 

that the curve U passes o) times, a times, aud /3 times through tho points Cl A Ji 
respectively, and that the curve U' passes oi' times, «' times, aud times through \ho 
points B respectively. Then to each point on the curve U tliero corroapond 

the m-a, mtersectious (other than the point Cl') on a line through ft', so tliat W 
IS a (ni-«)tuple line on the surface. The curve U' meets the line I in m' points 
and correspondmg to each of them wo have a lino through ft meeting tho cvnwo U 
in (m 0)) points, exclusive of the point ft; this would give m' (m - m) troiioratiiur 

the pi™ n; ta. .monj the U, IT Urns 

md the pomt m timea; tho (m - „) p«i„K eomspondmg to A the 2 

A. „ h„e Ihu. the point 

a reduction - acf ni the numher m'fm ..r l- ,• . giving 

points corresponding to B include the mint ~ ® 

R r . . To “le point /f/Sf times, and wo have thus th(> nninf 

B coiTosponding to itself m' times and giving a reduction i„ tho mir 

= lines in tho piano TI is thus 

0 .) no' The complete section by the plane ft is made up of tlio 
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curve U{m — o^') times (order m{m* — and oi* the — — aa' — /3/8' generating 

lines ; the order of the section, and consequently also the order of the scroll, is time 
= — m'ft) /3yS'. It is clear that in like manner the curve U' is a 

(m — a))tuple line on the surface, and that the complete section by the plane 11' is made 
up of this curve taken (w-o)) times, order and of m (?a' — to')- 

generating lines. 

9. The section by the tangent plane through A is made up of (m — w') 

generating lines (vi^. those are, the line HA a'(?n— cy — «) times, the line Of A a (?/i' — — ft') 

times, and {m — o) — ft) (?n' — w' — ft') other generating linos) and of a curve of the order 

— jQ/9': similarly the section by the tangent piano through B is made up of 
(w — (w) (m' — ft)') — y9/9' generating lines (viz, these are, the lino HB /3'(m-&)-/3) times, 
the line H'B /3 {di *-&)' — /9') times, and {m - o — /3) {m' — W — /3') other generating lines), 
and of a curve of the order wm' - W — fto'. 

10. A very interesting case is when (m, m' being each even) ^ve have 

<B = a = ;8 = A, = a' = /S' = I ot'. 

Hero the curve Cf is a -^wi^LupIo Imo on the scroll, and the coinploto section by the 
plane 11 is this curve taken times ; the order of llxe soctioii, and therefore of the 
scroll is thus of course in like manner the curve Z7' is a ^m-tuplc lino oa 

the scroll, and the complete section by this piano is the curve U' taken times: 

the section by each of the planes OO'A, OO'B is a curve of the order the 

planes in question being in the present caso no longer singular tangent pianos, or even 
tangent pianos at all, of the scroll, 

Article Nos. 11 to 14s Analytical Theory. 

Jl. It will be convenient to denote by 1\ G respectively the points heretofore 

called O, XI' respectively : this being so, we have a tetralieclroii ABOD^ of which the 

faces ABDi ABG are the planes lierotoforo called IT, respectively, and the other 
two faces GJDA^ OBB are the singular tangent planes XiH'A, Xifl'i^ rospoctivoly, And 
then, taking 

= y==0, ^==0, ^^=0 

for the equations of the faces BOB, OB A, BAB, ABG of the tetraliedron, we may write 
for the equations of the curve U, ^=0, y, for those of the curve U\ w — 0, 

and take the homographic ranges on the lino l(z=^0, w — 0) to be 
given as the intersections of this lino with the pencils of planes a) — 0y, (C-h6y^^ 
respectively {0 a variable parameter, k a constant), The points K are therefore given by 

07 - % 0, ^ = 0, /s (ft), y, w) == 0, 

the points IC by 

= «/=^0, /(a’, y, ^)==0; 

and thou the lines KIC belonging to the different values of the parameter 6 gene- 
rate the scroll, 

C, VII. 


8 
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12, Or, whafc is the same thing, taking (X, 7, Z, TF) as the coordinates ot K, 
(A", Y', Z', W') as the coordinates of K', we have 

X - 67=0, Z =0, /,(X, 7, 110=0. 

X' -kdY = 0, W = 0, /; (X', 7', Z') = 0, 

and then the equations of the line KK' arc 


X , 

y . 

•2 . 

w 

= 0: 

X, 

F, 

0 , 

W 


X', 

r, 


0 



or, as these may be wi-itten, 

- WZ’}j-\- ^Y7'z+ 7Z'w = Q, 

WZ'x + . - WX'z~ XZ'w = 0, 

-W'Yx+ WX'i/ . +(ZF-ZT)w-0, 

- YZ'x + XZ'y - {X7' - X'Y) z . = 0, 

equivalent of course to two equations. The elimination of A’’, F W, X', Y', Z', 0 from 
all the equations gives the equation of the scroll. 

13. Substituting the values X = d7, X' = h6Y', we have 

MdY, 7, W)=o, Mker, r, z')=o, 

- WZ’ y-\- FF'2+ 7Z'w = 0, 

WZ’x . - k6^7Y'z~ 6YZ'w = 0, 

-^77’x+heWY'y . ■\-e{\-k)7Y\v = 0, 

-7Z'x-\- d7Z'y-e{\-k)77'z . =0; 

W Z' 

or, what is the same thing, writing = wo have 


Me, 1 . a.)=o, f,{ke, 1 , f) = o. 


. - 

oiy + 


^w = 0. 


- 

kOmz-* 

etw = 0. 

— 03 4* 

k9a>y 


6{l — k)w = 0, 

- ra?+ 

Ti n .♦ * 

%- 

6{l-k)z 

= 0, 


Recollecting that the last four equations are equivalent to two equations only, and 
substituting for w, ? their values in terms of 6, we have in effect two equations, wliich 
by the elimination of 6 lead to a relation in {x, y, z, w), the equation of the scroll. 

. }^- sections of the scroll by the planes ® = 0, « = 0 rcspootively. 

Writing first a! = 0, we have J i’ J 

= iy = ~(k~l)z. 



59 


CERTAIN SKEW SURFACES, OTIIERAVISe SCROLLS. 

Hence taking the other two equations in the form 

and putting 6y = n, wo have 

/. („, y, (t- 1)5) , 0, /, (., I , . 0, 

:x:l;;Vo'‘;zf :‘Lo. '• »>■»• i^e 

Similarly, Avriting y~0, Ave have 

y = ~ (/(! - 1) w, ^ = (^- _ 1) 2, 

whence taking the equations in the form 

/» (lit -Q, 'yj = 0, f, {ho, = 

and Avriting — wo have 

fa (®, V, — (k — 1 ) w) = 0 , ft {kiv, V, {k — 1 ) 0) = 0 , 


Article Nos. 16 to 29. The Gurvee U, U' are henceforward ‘'triangular" cimes. 

^ 16. Let r = ±|, where p, q are positive integora prime to oacli other, and let the 

given sections bo 

^1==0, . +jr?ia'' = o, 

w= 0 , AV+jjy + av . = 0 , 

where it is to be observed that r being =+|, the tivo given sections aro of the 

order pq, the order of tho scroll is =^Pq\ each of the given sections is a inr.! 
mo on U„ soioll, and Iho piano thomof moeln Uio scroll in the socUon taken 

and in the p, gonomting lines, but r being — ,|,e two gi,en section, aro eZ 

of the order 2pg, with tlireo pg-lupio points (a = a = s = no o' - o' - fl' _ m 

: rr™,“ “ *(w,-VriU ofVL:i.„,\ZaZt;.'iitT 

ho scioll. and the plane moots the scroll only in the section taken pq tLes But 
n either case ,if ^ be > 1. that is, if r be fractional, it Avill presciifly appear tha 

the scroll of the order breaks up into q scrolls each of the order 2;)^ ^ 


8—2 
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16. To find the section by the plane a- = 0, we have 


A !<’■ + jB y’' 


+ B 


A'ic' + jr (fV + O' 




J 


- 0 . 


and eliminating Jt we obtain 

(XB' i - A’b) f+AO- - A'D - 0 : 

writing 

(jb-I-^'b) r+AO- (-). - 0, 

or, what is the same thing, it is 

- i-y f “ i-r'^0’ er + jl>JDy,r ^ Q. 


And in regard to this and the other equations which contain it is to bo obscrvoil 

that )• being integral we have (-)-'• = (-)>•, and that r being fractional, ovciy value of 
(-)“'■ is also a value of so that we may in every case write in place of 

Similarly for the section by the plane y = 0, we have 


A' (Awy + BV + G {{k ~ 1) zY . = 0, 

and eliminating c, we have 

(AB' - A'Bk') .v> - BG' {k - + B'D (- {k - 1))' w’- = 0 ; 

or, what is the same thing, 

AB'-A'Bt . 


(i-Ay 

17. The four sections thus are 


■{~yBG'z'- + B'D 


w*" = 0, 


x~0, 

. 

, ..AB’-A’Bk'' 

^ ^ y ~(~) AG z^ + A Bw''' = 0, 

If 

AF-A'Bt 

{1-ky ® 

. -i-YBO'z’^ + B'JDvj' ^0, 

z^O, 

Aaf 

+ ^f . +Dw’' = 0, 

w = 0, 

A'af 

+ B'y^+ O'z^ . «o. 


It will be convenient to speak of these four curves ns directrices of the soroll. 
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18. Suppose for a momcnti that is intcgm! ; as cililicr of the given equaiions 
may bo multipUod by a constant, we may assume that i) = — (— )'* G' ; substituting this 
value and dividing the first and second equations each by O*, wo have 


^ 0 , 

y = 0, 

z = 0, 

«/==0, 


- (-/ "{fz y” - {-r - i-y ^ v= 0, 


AB'~A'iikf 

Aiv'- + 

+ 


- ( -y {-y Bvf' = 0 , 

B-f . == 0 , 

5y’+ av . c=o, 


HO that the diagonally opposite cocfBcients differ only by tho factor - (-)^' ; viz, the 
matrix is symmoirical or skew syininotrical according as v is odd or oven, 

19, If r bo fractionah it is to bo observed that, although the three symbols (-V’ 
and the two symbols (1 — /r)^* which enter into the first and second equations of No, 17, 
do not in the first instance represent of necessity the same values of and (1 — 
rospocbively, yet Lhoro is no los,s of gonornlity in assiuning that they do so — the 
irrational oqiiations are more symbols for tlio rational equations to which tlioy respectively 
give rise — and tliu irrationalitios (-/ and (1 — Z;)^* will on the rationalisation of the 
equations disappear along with tho irrationalities y^\ z^\ to which they arc attached. 
TJut the Ga.so is otherwise with tho irrationality// involved in tho expression zl'i?//; 

writing as before and q positive integers prime bo each other), the symbol 

//■ has q different values; and there is not in tim first inslanco aii}' relation between 
the // of tho first equation and tho // of tho second equation : for each of tlioso 
equations the rationalised equation (that is, tho equation ralionaUsccl in regard to tlie 
coordinates) will contain tho irrationality //, and will thus for each of the q values 
of U represent a distinct curve. The given equations (viz. the first and second equations) 
roprosciib each of thorn a single curve of the order pq or 2/)y, according as r is 
positive or negative; tho first and second equations roprescut each of them q suoli 
curves. 


20, Honoo, starting from tho two given curves in tho p!ano.s z ^0 and w^O, 

reapoctivciy, and with a given valno of k, tho section of the scroll by tho piano 

is made up of q curves, viz. tho curves obtained from tho second equation of No, 17, 
by assigning to tho radical If each of its q different values; tho scroll consequently 
breaks up into q different scrolls, viz, the lines passing tlirougli the two given curves, 
and any one of tho q curves in tho piano constitute a distinct scroll, Tho lines 

in question meet the plane ^-0, not indifferently in any one of the q curves in that 
plane, but in a certain one of these curves, viz, in that curve for which the radical 
// has tho same value as for tho curve in question in the plane y = 0. Hence wo 

may in tho first and second equations regard tho radicals //' as having tho same 

meaning, and the system of four equations in effect breaks up into q systems, viz. the 
systems obtained by giving to tho radical If its q different values ; each of these 
systems gives a scroll, and the scroll derived from the two given curves with a given 
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value of k is made up of these g scrolls. And I^l^veduee 

of the symbols (-^ and wo ,Hieh tlu> 

the original equations as in the case r integia , 

diagonally opposite coefficients differ only by the factor -( !• 


21. Let the two given equations be taken to bo 


we have then 


e = 0, bx’^-i-yaf . -h/tW^O, 

w = Q, 

AB'- A'Bt _ (-)% + «// / 

{i-kyG' {~yh{i-icy' 


or, putting this c, that is, writing 

afk' + hg (- IX + ch (1 - ky - 0, 


the four equations become 
/u - 0, 

z =0, 
w-0, 


01/ - {-y bz^ +M « Or 
. + az^^gw^'^0, 

bx^-(-ya/ , 


where c being considered fts given, Ic is determined as moutioiiod above, or, wliat is 
the same thing, Jc \ --I \ l-Jc=:\ : fii u, wo have \ \ /j. \ v, and thonco k (lotormined 
by the equations 

\ 4- /a + =0, 

afx/' + + ohv'*’ = 0. 


22, Consider for a moment X, /i, as the coordinates of a point in a piano, tlion 

= as before^, the equation a/X^ + + o/ir*‘ = 0, is that of a curve of iho order j)(j 

or 2 p 5 , according as r is positive or negative: and this curve is met by the lino XH-/t + v « 0, 
in jjjf or %pq points, that is, k has this number pq or 2^;g, of values: but to oacli of 
these values of k there corresponds (not q values but) only a single value of k^\ vh, 
that value for which cA(l - - 0 ; that is, starting from tlie two 

directrices in the planes z^O, w — Oy respectively, and a given third directrix in the 
plane ^==0 (or in the 23lane fl? = 0), we may by means of each of the pq or ^pq values 
of k construct a scroll passing through the three directrices, and which will also pass 
through the fourth directrix in the plane a? ~ 0 (or in the plane y = 0), but such scroll is 
only one (not each) of the q scrolls which can be constructed from the two given sections 
in the planes z^Oy w = 0y respeefcively, and from the assumed value of h It has been 

mentioned that whether r is or = — the total scroll constructed from the two 

given directrices in the planes z=^0, w = 0, and from a given value of h is of the order 
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and that such scroll breaks up into q distinct scrolls, hence the order of each 
of the distinct scrolls is = 5 = Whence, starting ^vith tho given directrices in the 

planes ^~0, and a given third directrix in tho piano y=:0 (or in the plane 

^( 0 =^ 0), we have pq or scrolls each of tho order and passing through these 
three directrices, and through tho given fourtli directrix in the plane (or in the 

plane y — 0). 

23. It is to bo observed that when is > 1, then considering the throe directrices 

as given, the pq or ^pq scrolls each of the order do not make up the total 

scroll generated by tho lines which pass through tlio three given directrices. I call 
to mind that for three given dii*ec trices the orders of winch are % p^ respectively, 
and which meet, tho second and third, tho third and first, and the first and second, 
in a points, ^ points, and 7 points respectively, tho order of the scroll generated by 
the lines which meet tho throo directrices is — — 7 /j. Suppose first, 

that then the directrices arc each of tho ordor pq, and tlicy do not any two 

of them moot; the order of tho scroll is ^2p\\ Suppose secondly, r = — then tho 

directrices arc each of the order 2 pf, but each two of them have in common two 

pg^tiiple points counting as 2p^(f intersections ; tho ordor of tho scroll is thus 
(16 — 3 . — In tlio first easo tho Imcs which meet tlio threo directrices 

generate a residuary scroll of tlio order and tho pq scrolls each of tho 

order in the second case they gonorato a residuary scroll of the order 

and the ^)q scrolls each of the ordor 2 pg, 

24. In the case r = by way of illustration of tho origin of tho pq scrolls each 

I 

of the order ^p% I consider tho particular case that is, reciprocal of 

a positive integer 5 ^, and whore it is to bo shown that wo have q scrolls each of the 
order 2q. The given directrices arc hero 

1 1 1 

A(v~^ 

1 1 1 

^^ = 0 , A'(v^ + liyj+G'js^^ . 

each of them a unicursal curve ; wo may in fact satisfy the two equations respectively, 
by writing in the first of them 

00 \ y \ a {if> + ay i b /3y : d{(j} 4 - S)^; 

and in the second 

&) ; y : z a'y : 6 ' {<f)^ + fi'y : o' ((f)' + 70 "*! 

where (i, b, d, a, yS, S, a\ o\ a\ /S', 7 ' are properly doterminod constants, are 

variable parameters. It follows that, considering the points K, K' which are the inter- 
sections of the first curve by the lino G) — 9y^0, and of the second curve by the 
corresponding line (c — kdy wo have not only a corresponclouco of q points K with 
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k points K' , but we may establish, and that in q different manners, a correspondence 
between single points K and K'. For, substituting the foregoing values oi x : y in the 
equations x — 6y~0 and x — kOy — 0 respectively, wc have 

and thence 

fio that, extracting the 5 th root of each side, wc have, in q different ways corresponding 

to the q values of the radical relation of the form and con- 

^ \k b ill ^ mj) f r 

siclering (f)' as having this value, the points K* as given by the ecpiatioiis 

z —Qy a; : y : Ml == a (<j!) + ot)^ : + /S )<? : d ((/) -(- S )'^ 

and 

^ = 0, X \ y \ z — a' : U (0' + : q (cj)* + 

respectively, correspond as single points to each other. We have thus in q different 
ways a series of correaponding points IC, and consequently q series of lines KK' 
each of them generating a scroll which (as the order of the scroll generated by all 
the q series is — 2 j*), must be cacli of them of the order 2 g ; and the decomposition 
ill question is thus explained. 

25. In the scroll of the order 2q^y each directrix is a g'-tuple line, and the com- 
plete section by the plane of the directrix is made up of Iho directrix q times (order 5 ^), 

and of generating lines, in fact, of q j-fold generating lines: to show that this is so, 

111 

consider the directrix in the plane z — O, viz. the equation of this is Ax^ By^ + I)w^ ^ 0, 

1 1 

Writing herein w - 0, we have Ax^^i-By^-Oy that is, A^x - B^y -0 ; it is clear 
that the rationalised equation must reduce itself to *-('-)« = 0, and that the line 

^^= 0 , is thus a tangent of g-pointic intersection at the iioint w ^ Oy A^x - B^y - 0, 
Taking K at this point we have, in each of the scrolls of the order 2 gf, q coincident 

positions of II', that is, a (/-fold line KIC in the plane and the like for the 

plane .s?== 0 , so that the total section by the plane ^ — 0 is made up of the directrix 

q times and of q ^-fold generating lines; and it follows that for each of tho scrolls 

of the order 2 y, the section by the plane ^ ~ 0 is mado up of the directrix once, and 
of a 5 -fold generating line. 

26. It is easy to see that in the general case r=H-^, the like conclusion holds; 

for the scroll of the order the section by the plane of the directrix consists of 

the directrix pq times (order p'^q% and of jpq 5 -fold generating lines : whonco for each 
of the 5 component scrolls of the order 2 p^ 5 , the section is made up of the directrix 
p times (that is, the directrix is a jp-tuple line on the scroll) and of p'^ 5 -fold generating 
lines. 
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27. In the case where the order of the directrix is then in the 

scroll of the order ip^q\ the directrix is a line on the scroll, and taken 

times it constitutes the comploto section by the plane of the directrix ; whence in 
each of the q component scrolls of the order 2p% the directrix is a ^j-tuplc lino ; and 
taken times it constitutes the complete section by the plane of the directrix. 

28. It is convenient to exhibit the foregoing^ results in a tabular form as follows; 


Each directrix is of order 

Scroll belonging to two directrices^ and 

%p^q\ 

breaking up into q scrolls each of order ^p\ 
each which scroll of the order 2jf/g' has each 
directrix for a ji^-tuplc line and has besides 
y-fold generating lines in the plane of the 
directrix. 

Considering two directrices and a given 
k has pq values, 


r = -2. 

Each directrix is of order with tliree 
py-tuplc points. 

a given value of /(?, is of the order 

bi*oaking up into q scrolls each of the order 
each wJiich scroll of the order 2pi^q has 
each directrix for a p- tuple lino, and conse- 
quently no generating line in the plane of tlie 
directrix, 

third directrix, 

h lias 2pq values. 


Total scroll for the three directrices is made up of 

pq scrolls each of order ip^q (viz. one for each ^pq scrolls each of order %p^q (viz, one for 
value of /(?), and residuary scroll of order each value of /•;), and residuary scroll of order 
22>3 {(p — 

29, The following are noticeable cases; r^l gives tiio hyperboloid as derived from 
three directrix lines ; r =* — 1 the hyperboloid as derived from three plane sections 
thereof ; r = 2, an. octic surface, if. Do la Gournerie's Quadrispiiial ; r — — 2, an octic 
sui'face, his Quadricuspidal ; r^l, a sextic surface which (ns remarked by Dr Salmon), 
on writing therein w^), in place of (wj y, z, w), is converted into a surface 

of the twelfth order, locus of the centres of curvature of an ellipsoid. 


C. Vll, 


9 
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ON THE SIX COOEDINATES OF A LINE. 


[From the Transactions of the Cambridge Philosophical Soaietg, vol. xi. Part ll. (1869), 

pp. 290 — 323. Read Novembor 11, 1867.] 

The notion of the six coordinates of a lino was, so far as I am awnro, first 
established in my paper “ On a new analytical represoutation of Ourves in Space,” Quart. 
Math, J our. t. III. (1860), pp. 225 — 236, [284] ; soe p. 226, vvlioro writing p, q, r, s, t, u 

for the six dotorininants of the matrix T’ f I , I reinnvlc that those values give 

identically H- = 0 ; and I consider a cone ns roproHOiiiGcl by a homogeneous 
equation 7=0 bclwcen the six coordinates (p, q, r, s, t, n); and many of the invosii- 
gations of the present memoir^ in which these coordinates aro employed, have boon in 
my possession for some years past. But those coordinates prosonted thorn solves inde- 
pendently to Prof. Plticker, and tiic theory of them is sot forth in his most interesting 
and valuable memoir, **On a now aeometry of Space/* Phil Trans, t. CLV. (1866), 
pp, 726 — 791 ; the course of development there given to the theory is however 
altogether different from that in the present niomoii'. ^Dioy have also more recently 
been made use of in a paper by Herr Lliroth, *'Zur Thoorio dor windschiefen Flachon/* 
CrelU, t. LXir, (1867), pp. 180—162. 

I have in the present memoir applied these coordinates to the question of the 
Involution of six lines; the notion of this relation of six linos is duo to Prof. Sylvester, 
to wliom it presented itself in the year 1861, in connexion with a theorem in the 
Lehvhuoii dor Staiik^ by Mbbius (Leipzig, 1837), that if four forces acting on a solid 
body are in equilibrium the lines along which the forces act aro tho generating lines 
of a hyperboloid. Prof, Sylvester was thereby led to consider six lines such that 
(regarding them as linos in a solid body) there exist along them forces which are in 
equilibrium ; and he thence obtained, by the statical considerations reproduced in the 
present memoir, the construction (when five of the lines are given) of a sixth line to 
pass through a given point or to be situate in a given plane. 
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Article, Nos. 1 to 8 , The Six Coordinates of a Line; definition and general notions. 

1 . Using any quartriplanar coordinates (x, y, s, w) whatever, consider a line; on 

the lino two points the coordinates of which are (a, 7 , S) and («', /3', y', S') resiicetivel}' ; 

and through tho lino two planes, the equations whereof are (A, JJ, G, y, z, = 

and (A', U', G', y, z, w) = 0 respectively; we have 

(A.L, G, Did, 13, 7 , S)»0, 

(A, B, G, Dlol, /3', 7 ', S')-0. 

(A', B', O', D'\a, S, 7 . S)-0. 

(A', B‘, O', D'la', S', y', S') = 0 . 

2 . From tlic first and second equations, oliniinating successively A, B, G, D, wo find 

0 , a0~a!S, -{yd ~y'a), ah'-dh {A,B,G,D) = 0, 

~{dS'-dS), 0 , Sy'-S’y. ;SS'-/3'S 

7 a' ~y'a, -iSy'-B'y), 0 , 7 S' ~y'B 

~(«S'-a' 8 ), -(/3S'-/3'S), -( 78 '- 7 'S), 0 

and from tho third and fourth equations wo find tho like system with (A', Ji', O', D') 
in place of {A, B, G, B), Ooinpariug tho corresponding equations of the two .systems, 
wo find an equality of ratios, as will presently be mentioned. 

3. From tho first and third equations, eliminating suecossivoly a, S. 1. S, we find 

0 , AB'~A'B, ~{GA'-G'A), AD'-A'D (a, /S, 7 , S) = 0 , 

-{AB'-A'B), 0 , BG'~£'0 , BB'-B’B 

GA'-G’A, -{BG'-B'G), 0 , GB'-G'D 

-(AJy-A'D), -{BD'-B'D), -{GD'-G'D), 0 

and from the second and fourth equations we find the like system with («', /3', 7 ', S') 
in place of («, /S, 7 , S) : comparing tho corresponding equations of tho two systems, we 
find tho same equality of ratios as before, viz, 

4. This is 

Sy' ~S'y • 7 “^ —y'« : a/3' -a'j8 : ttS' — «'S : /3S' -/3'S : 78 ' —y'S 
= AB'-A'B : BB'-B'B : GB'-G'B : BG'-B'G : GA'-G'A : AB'-A'B, 

and putting each of these two equal sets of ratios 

— a : h : 0 : / • '• K 

then the quantities (a, h, 0 , f g, h), which it is easy to see satisfy the condition 

af-\-hg + ch=Q, 


9—2 
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are said to be the ^six eoox'diiiates ’ of the line: as only the ratios of the six (jtuiutitios 
are material, and as the last •’mentioned equation establishes a sin^Io relation be twee a 
these ratios, the system of the six coordinates contain four arbitrary ratios or paramo Lora, 
for the determination of the particular line. 

5. A line is thus determined by its six coordinates («, b, o, J\ r/, A), whitdi arc^ 
such that af-\’hg^cli — 0\ and conversely any six quantities {a, h, o, J\ y, A) satislying 
this relation may be taken to be the six coordinates of a line. 

6. It is proper to show that the ratios a \ h \ c \ f \ g \ h are iiHlopoudont of 
the particular two points on the line, or two planes througli the lino, used for their 
determination. In fact, if instead of the points 

a, 7 . S, 

7', S' 

we have any other two points on the line, say the points 

Xa-f/io', X/ 3 +/i) 3 ', X7 -1-/47', XS-H/iS', 
vu 4 - pa', 1//3 4- p/ 3 ', 1/7 4- P7', j/S -h pS', 

then the six determinants have their original values each multiplied by Xp - ^iv ; and 
the ratios are unaltered. 


And the like is the case, if instead of the planes 

B, a, i), 

A', B\ G\ D\ 

we have any other two planes through the line, say the planes 

XA + /iA', \B 4- /t 5 ', XG 4- }iG\ XT) 4- p,/)', 
vA^pA\ vB-\‘pB\ vG+pG\ vD^^pU, 

the determinants have their oidginal values each multiplied by Xp--a}f\ and the ratios 
are unaltered. 


7. It may be remarked, that the theory of the six coordinatcy considered as derived 

7^> derived from tlio two planes 

t » A t., 0, IS precisely the same iu each case; and wo may confino 

ourselves to the first point of view, regarding therefore the six coordinates as derivod 
f.om the two points («, /3, 7 . 8). « 7 ', S')- I further remark, that I do not at 

present m anywise fix the absolute magnitudes of the coordinates {«, b 0 , f n h): it 
is only the ratios that we are concerned with. * * 

ever^dJid = A of the six coordinates do how- 

for theTr rW pianos a>=0, y = 0, ^ = 0, w = 0, made use of 

their determination; and m the sequel it will bo necessary to invcatigato tho 
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foimiila3 of transformation to a new set of cooixlinato planes a-’(, = 0, ^o~ 0 , Wo==0. 

And I shall also show in what manner the absolute magfuitudes of the coordinates ma)’’ 
be fixed. But deferring the consideration of these questions, I consider the planes 
x = 0, y = 0, z-O, w = 0 as given planes, and take the six coordinates (a, h, c, /, g, h) 
of a lino to bo determined as above in rcfcrcuco to those given planes, the absolute 
values of these coordinates remaining indeterminate, and their ratios only being attended 
to. And I proceed to consider the various questions which present themselves in the 
geometry of the lino, considei’od as thus determined by means of its six coordinates 
(a, 6, c, /, g, h). 

Article, Nos. 9 to 18 , {Various Sub-headings.) Elementary Theorems, 

Gonditim that a line may he in a given plane. 

9 . Taking the Hue to be (a, b, c, f, g, h), the equation of Lho given plane to be 

{A, B, G, y, e, w) = 0; 

then if (a, /?, % 8), (o', /9', 7', S') are the coordinates of any two points on the line, 
we have tlie system of equations ante, No. 2, and substituting therein for S'/ — S'ji 
&c. the values (a, b, 0 , f, g, h), wo find 

0, 0 , -b, f (A. B, G, D)^0] 

- 0 , 0, a, g 

b, — a, 0, h 

-/. -S', 0 

which equations, equivalent to a twofold relation, aro the roquii'cd condition. It may 
be remarked that, treating {A, B, 0, D) as current plane coordinates, each equation of 
the system is that of a point lying in the line. 

Condition that a line may pass through a given point. 

10. The coordinates of the given ijoint aro taken to ho («, S> ^ ^)- If 

(A, B, G, Bfw, y, z, w)=0, (A', B', G', B'^x, y, z, «/) = 0, 

are the equations of any two planes through the lino, thou we have the system of 
equations ante No. 3 , and substituting thoroiii for AB' — A'B, &c, their values in terms 
of the coordinates (a, b, c, f, g, h) of the line, we have 

0, h, -g, a («, S, % S)«0; 

~h, 0, f> ^ , 

9, -/> 0, 0 

— a, - 6, - 0 , 0 

which equations, equivalent to a twofold rolation, are the required condition. It is 
obvious that, treating («, /5, 7, 8) os current point coordinates, each equation of the 
system is the equation of a plane through the given line. 
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Condition fov the intersection of two lines. 

11. The coordinates of the lines are taken to be (u, b, h), and (fi,, ^/tfo 

respectively. If (a, /3, 7, 8), («', /3', 7', S'), arc the coordinates of any two points in tl.o 
first line, and {a„ /9„ 7,, Z), «, ;8/. 7,', V). coordinates of any two ixnnts on 

the second line, then the four points are in a plane, that is, we have 

« . /3 , y . s =0, 

«'> i3'. y'> 

«,> A. 7,. s, 

7/. s; 

that is, expanding the determinant and substituting for ~ fi'y, &c. and ^,y/ ~ l3,'y,, 
&c. their- values in terms of the coordinates of the two linos respectively, wo have 

of, + ^ 0 , + oK + A + 0 b, + ho, = 0, 

or, as this may also be written, 

(/,. 0 ,> K o„ b„ c,5a, b, e,f g, h)==^ 0 , 
for the condition that the two lines may intersect* 

12* The same result will be obtained if wo take 

(^1, 5, G, DJz??, y, w) = 0, (A', B\ G\ y, z, tv) ^ 0, 

for the equations of any two planes through the first lino, and 

{A,, (7,, y, z, ^)==0, (yi/, i?/, 0/, y, w)^0, 

for the equations of any two planes through the socond lino. The four planofl will 
meet in a point, that is, we have 


A , 

B , 

0, 

B 

= 0, 

A'. 

S', 

O', 

jy 


A,. 


o„ 

B, 


A,\ 

B'n 

o;, 

d; 


have 

\ the 

same 

condition 

lines (a, 

b, 0 , 

f> 0> 

h), ! 


may define the ^moment* of the two lines to bo the function 


«// + ^9, + oh, +/a, + gh, -f he,, 

it being understood that we have not as yet any complete quantitative definition of 
the moment; this being so, we have, in what precedes, the theorem that the moment 
of two intersecting lines is =^0* 
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Plane iltroiigh two hiierseciing Imes, 

14. Lot {Ay By Gy B'^oSy y, J^y w) — 0 be the equation of tho plane through the 
two inLersecting lines (a, h, Gy / </, h) and (a,, c^> /), g^y We have two systems 

of equationSj as in No, 9, and comparing tho coiTesiiouding equations of the two 
systems, wo find in the first instance 

X : -^(bc,-^b,o) 

^ag,-a/j : fi : cg,--c,g : -{oa,-o,a) 

^ah^'-aji : 6A, — v : — — 

= oK ■ ¥, - Kf ■ f<j< -f,9 ' p 

where X, ya, Vy aro in the first instance unknown; the different sots of ratios are 
of course identical in virtue of tho relation 

(/;. 9 ,> K> 0 / 5 ®. 0 , /, &, A) = 0 , 


and comparing thorn we have equations which load to tho values of A, p\ and 

wo thus obtain more com 2 )loteIy, 

A x B \ G D =/a + &,</ + c/i : hf, +bj : cf, ~o,f x -(bo, -bfi) 

= ’ ®//-l-5'/i' + c> : Off, -o,g x -(ca.-c/i) 

— X bh,—b,h : a,/ b,g + h^o : —(ab, — (tf,b) 

= oK ~ ■ ¥ ~ Kf ■ f9< -f.9 ' + ^9. -I- oK • 


16. It is in these equations easy to verify the identity of the difforont sets of 
values: we ought, for instance, to have 


a,/4- h^g -h h^o _ ^ ah^ — ii)> ^ 

" l9,-f,9 af,¥bgf¥^if 

til at is, 

(A,o + rt,/ + b,(J) {h,o + af, + &(/,) + {a\ - a,h) {fg, ~f,g) = 0, 
and, observing that 

(«,/+ K9) («/, + ^9i) + (oi, ~ a,&) {fg, -f,9) 

= (®/+ ^ 9 ) (®//, + K 9 ,)> = cA . c, A„ 

tho left-hand side is 


= cA, (ch, + a/ + bg^ + a,/+ h^g + o,h), 

= oh, {af, + bg, oh, -{-fa, + gh, + Ac,), = 0. 


Point m two intersecting lines, 

16. Let {a, fi, <y, 8) be tho cooi-dinates of the point of intei'section of the two 
intersecting' lines (a, b, o, f, g, h) and (a,, b„ o,,f„ g„ h,). Wo have two systems of 
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equations such as in No. 10, and comparing the corresponding equations of the two 
sjstemSj we find 


a : /3 ; 7 ; S= L : 


a/i, — a,h 

gK - gji 

■ = ¥, = 

M ; 


hf, -hj 

= ¥, -c/ : 



fg, - 1.9 

= -{bc,-h,c) : 

1 

1 

-(ab,-a,b) 

P , 


where L, M, N, P, are in the first instance unknown; but, comparing the chffovont 
sets of values, we have equations for finding the values of these quantities, and w(! 
thus obtain the more complete system 


a : /3 : ry : B= + 

ag, - o.,g : 

ah, — a,h 

: gK-g,^^ 

= ¥-Kf 

a,/H-g/6 + oji : 

bh,-bji 

hf, - h,f 

= cf, - oj 

c<7, - c.g ' 

«//+ b,g + Kc 

■ /g. -f.g 

= - (ic, - b,c) 

1 

T 

IS* 

1 

T 



where it is to be observed that the right-hand side considered as a matrix is the 
transposed matrix of that which occurs in No, 13, in the formula for A Ji \ 0 : I), 
The verification of the identity of the different sots of values can of course bo oflectod 
as in No. 16. 


Esop 7 *ession for an arbitrary j}lane through a line. 

17, The condition in order that the plane (^i, 7?, (7, = may pass 

through the line (a, 6, c, /, g, h), is the twofold relation given, No. 9 ; it is satisliod 
by any one of the four systems 


A-.B'.GiI) 

= 0 

h 

9 - a. 


or 

= -/i 

0 

f'.b, 


or 

= g 

-f: 

0 ; c, 


or 

= — ft 

-h 

— 0 : 0; 


and consequently also by 





( 0, 

-h, 

S'. 

- a $ V> 

0.) 

; ( h, 

0. 


-n, 

“) 

• (-S'. 

/. 

0, 

- c $ V, 

$■. w) 

• ^ 

h. 

C) 

V, 

C. «o) 

or, what is the same thing, by 





A:BxO ( 0, 

h, 

-S'. 

c-li, V, 

?. ®) 

: (-/b 

0, 

/. 

V, 

r, 0 )) 

: ( S'. 

-/. 

0, 

o'S.l v> 

®) 

:(-a, 

-h, 

-0, 

0 $ 1. v> 

S'. ") 


where (f, w) are arbitrary: there is, however, no loss of generality in putting any 
two of these quantities =0. 
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Expression for an arbitrary point in a line. 

18. Tlio condition in order that the point (a, 0, <y, S), may lie in the line 
(“. 0 , f g, h), is tlie twofold relation given, No. 10; it is satisfied hy any one of 

the four systems 

a: 0 •. h = 0 : o : - b : f, 

or =-c : 0 : a : g, 

or - b I - a : 0 : h, 


or = 

-/ 

: - 

9 ' - 

h { 0 





and consequently, also by 









c< : yS : 7 : 8 = 

( 

0 , 

- c. 

b, 

-/ 5 

V. 


w) 


( 

0, 

0. 

- a. 

- 9 

y> 


2V} 


(- 

b, 

a, 

0 , 

II Xy 

y> 


2V) 


( 

/> 

9> 

K 

0 5 If, 

y> 


w) 

or, what is the same thing, by 









a : ^ : 7 : 8=1 

( 

0 , 

0, 

-b. 


y> 


w) 


(- 

G, 

0 , 

a. 

9 1 •'«. 

y> 


to) 


( 

b. 

- (i, 

0 , 

h 5 X, 

y> 


to) 

; 

(- 

f. 

-9> 

~h. 

OJO!, 

y> 


w) 


wlicrc (a;, y, z, w) are arbitrary ; thoro is, however, no loss of generality in putting two 
of these quantities = 0 . 


Article Nos. 19 to 26. Geometrical considerations in regard to three, four, five, 

and six lines. 

Before proceeding further, I will establish certain geoinotrical notions in regard to 
thi ee, four, five, and six lines. T use the torin ‘ trnctor ’ to denote a lino which 
meets any given lines. 

19, Three given linos have an infinity of tractors; viz. tliese are the generating 
lines ol a hyperboloid having the thi’eo given lines for directrices. 

20. Four given lines may he directrices (generating lines) of the same hyperboloid, 
viz. every tractor of any three of the four linos is then a tractor of all the four 
lines. But in general, four given lines have a pair of tractors; viz. considering the 
tractors of any three of the four lines, these form a hyperboloid having the three 
lines for directrices ; the fourth line meets this hyporboloid in two tmints, and the 
generating line through cither of these points is a line meeting each of the four 
given lines, that is, it is a tractor of the four given lines, 

C. VIT. 


10 
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21. The fourth line may however touch the hyporboloid ; and in this case, instead 
of a pair of tractors, the four lines have a twofold tractor. The relation of the four 
lines to each other is a symmetrical one ; and wo have thence the theorem^ that if 
any one of four given lines touch the hyperboloid through the other throe lines, then 
will eaoh of the four given lines touch the hyperboloid tlirough the other three lines. 
But the relation to each other of four lines having a twofold tractor may be other- 
wise expressed as follows; viz, considering a tractor of the four given lines, each lino 
determines with the tractor a point, the intersection of the lino and tractor; and it 
also determines a plane, viz, the plane containing the line and tractor; we have 
therefore a range of four points on the tractor, and a pencil of four planes through 
the tractor; and if the tractor be a two-fold tractor, the range and pencil will be 
homographic ; and converselj^ if the range and pencil are homographic, the tractor will 
be a twofold tractor. This is easily obtained as a limiting case from the general 
one where the four lines have a pair of tractors; each line determines with the one 
tractor a point and a plane as above, and this plane intersects the second tractor in 
a point; wo liavc thus through the first tractor a pencil of planes, and on the second 
tractor a range of points, and these two are homographic, But, in the case of a 
twofold tractor, the range on the second tractor coincides with that on the first 
tractor; that is, the range of points on the tractor is homographic with the pencil 
of planes through the tractor, 

22. Given any four linos, and a point 0, then either in the general cose whore 

the four lines have a pair of tractors, or in the special case where they have a 
twofold tractor, there exists and can be found through the point 0 a single fifth line 
such tliat the five lines have (as the case may ho) a pair of tractors, or a twofold 

tractor, And similarly, given the four lines and a plane fl, there exists and can be 

found in tlie piano Cl a single fifth line such that the five lines have (as the case 

may bo) a pair of tivactors, or a twofold tractor, 

23. Five given lines have not in general any tractor ; the five linos may be 

directrices (generating lines) of the same hyperboloid, and they have then an infinity 
of tractors; or they may liave a pair of tractors, viz. the fifth line may be a line 
meeting the tractors of the other four lines; or (as a particular case of tho last 
relation) the five lines may have a twofold tractor ; or the five lines may have a 

single tractor. 

24. Given any five lines mid a point 0; then, selecting any four of the given 

lines, we may through 0 draw a line having with the four lines a pair of tractors. 

Ti'eating in this manner each of the five sets of four lines, we obtain through the 

point 0 five lines constructed as above; we have the theorem which will b6 proved 
in the sequel, that these five lines lie in a piano O. And similarly, given tho five 
lines, and a plane then selecting any four of the five lines, we may in the plane 

draw a line having with tho four lines a pair of tractors; treating in this manner 
each of the five sets of four linos, we obtain in the plane Cl live lines; and we have 

then the theorem that these five lines meet in a point 0. 
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2o. In the case of six given lines, we inaiy liavc between tlio lines the like 
relations to tlioso for tJio case of five given linos; or wo may have tlio more general 
relation of the involntion of six lines, depending on the last-mentioned theorems, viz. 
given any five lines, and the point 0 or the piano H, then doterminiiig in the one 
case the plane fl and in the other case the point 0, and taking ns a sixth Hue any 
line whatever through the point 0 and in the pUine 12, the six lities arc said to be 
in involution, or to form an involution of six lines, I now revert to the analytical 
theory of the line. 


Article Nos. 2(3 to 51. {Various suh-headings,) Oases of a linear relation or linear 

relations between the sios Coordinates. 

2G. If the coordinates (a, 6, o, y, h) of a line arc regarded as variable quaiititLes 
connected by a single equation or by two or thVeo equations, we have a system of 
lines with three or two arbitrary parameters or with a single arbitrary paramotor; and 
so if there arc four equations the system consists of a dotcrininato number of lines. 
For a linear relation, the eoDfliciciits may bo eitlior {F^ (?, //, A, B, 0), not the 
coordinates of a line, that is, not satisfying the relation AF BO -^GH or they 
may be the coordinates of a line, satisfying the relation in question. I consider the 
several cases in order as follows : 

Linear relation {F^ (?, //, A, By 5, c, /, y^ h) = 0, where (A, ii, Oy Fy. (7, H) 
are not the coordinates of a line, 

27. Considoring any six lines which satisfy the relation iu question, we may 
eliminate the coofficioiits Fy tf, //, A, B, Gy and thus obtain an equation V ==0, where 
V is the determinant formed with the coordinates of tlie six lines; tliis equation, 
regarding therein the coordinates of five of the six linos as given, is in regard to 
the coordinates of the remaining line, say the original lino (a, 6, <?, /) r/, h\ a linear 
relation eqiiivalont to the original linear relation (F, Gy II, A, B, G'^Uy b, o, f y^ h) = 0. 
The equation iu its new form, viz. the equation V =0, establishes between the six 
lines a relation which is in fact the relation of involution already referred to; viz. it 
'svill bo shown in the sequel that, starting from the equation V =2 0 as the definition 
of the relation of involution, we arc led to a construction foi' a line in involution 
with five given lines the same as the construction explained ante No. 25. 

Linear relation {F, (J, if, A, B, G\a, 6, c, f y, h)^0, where (A, B, G, Fy (?, II) 
are the coordinates of a line. 

28. The linear relation expresses that the two lines (a, b, c,f y, AJA, By Oy Fy G, li) 

intersect, or what is the same thing, that the line (rt, 6, o, f, g. A) is any line whatever 

meeting the line (A, By G, F, Q, //). 

Two linear relations {F , 0 , II , A , B , G^ay b, c, f g, h) — Q, 

(F„ Ou Hu Au Bu 0,^ay h, c,f g, h)^0, 

where the ttvo sets of coefficients respectively are or are not the coordinates of a line. 

10—2 
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29. If the two sets of coefficients are each of them the coordinates of a lino, 

then the two equations express that the line (a, 6, c, li) is any line whatever 

cutting each of the two given lines. And the general case is in fact reducible to 
this particular one ; for suppose that neither set of coefficients belongs to a line, then 
WG may from the two given linear relations form the relation 

XA+Mi, by Oy A)-0, 

and if the ratio X : Xj be pro^^erly determined, then (XA H- XjAj, will be the 
coordinates of a line. This will in fact be the case if 

(XA 4- X,A) (XP+ X,F,) + (XB -h X,B,) (XG + X,G^) + (X^ + X^O,) (XH + X,H,) = 0, 
that is, if 

+ j5(7 + Glly AF, + BG, 4- GH, + FA, -h GB, + GH,^ A,F, + B,G, + GJi^^Xy X,r - 0, 

a quadric ec^uation giving two values of the ratio X : Xi, that is, two linear relations 
in each of which the coefficients are the coordinates of a line : we have thus two 
derived lines, and the line (a, 6 , c, /, h) meets each of these derived lines. 

There is no real difference if one or the other of the given systems of coefficients, 

say the system (A, B, O, Gy tl), are the coordinates of a line, Wo have then 

AF^BG‘¥CH=Q\ the quadric equation in X ; X, has a root Xi : X-0, and rejecting 
it, the other root is determined by a simple equation ; this only means that the line 
{Ay By Gy Fy Q, II) IS Itsclf 0116 of tliG two derived lines. 

But there is a real difference in the case whore the equation in X : Xi has oqual 
roots ^ to explain this special case, observe that if in the general case we consider the 
two derived lines as a jDair of tractors of any four lines, then the linear relations 
express that the line (n, &, c, f] h) has with those four lines a pair of tractors ; 
and in the special case under consideration tho linear relations express that the line 
(a, hy 0, y, g, h) has with the four lines, or (what is the same thing) with any three 

of them, that is with some three lines, a twofold tractor. According to what precedes 
(No. 21), tho construction of the line (a, 6, c, / g^ h) is in fact as follows, viz. if on 
the twofold tractor considered as given, we take a series of points p, and through 

the tractor, homographic %vith the range, a pencil of planes P, then the sought-for 

line will be any lino through a point p, in the corresponding plane P. But it is 

proper to give an analytical proof of the construction, 

30. I observe that we may without lo.ss of generality assume A^F, + BiG, + G,H, = 0, 
and this being .so, the condition for the equality of the roots of the quadric equation is 

AF, + BG, + OH, + FA, + BG, + GH, - 0 , 

that is, writing (c^, b,y G,y f,^ g,y li,) in place of {A,y B,y G,y F,y G,y H,)y the case in 
question may be taken to be that of 

Two linear relations 

(/i, 9i, hu a,. b„ Oi'^a, b, o, f, g, /i) = 0, 

{F , (?, H, A, B, b, e, f, g, h) = 0. 
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where (on, bi, Oi, f^, are, (A, B, G, F, Q, H) are not, the coordinates of a point, 

and where 

if, 3i, K, «i, hj, Ci\A, B, O, F, Q, //) = 0 ; 

that is, where the twofold derived line is in foot the original line 

(«ii *1, c,,/i, Uu hi). 


31. To simplify, we may take «=0, y = 0 for the equations of the line; the 
coordinates of the lino then are (fli, ki Cufu ffu A,)==(0, 0, 0, 0, 0, 1> Taking more- 
over «? = 0, 0, ^ = ^ for the coordinates of the point j), and for the equation 

of the plane P, the hoinograpliic relation of tlio point and piano ia given by an 
equation of the form 

^ F0y -f- Gay — -^1«S — P/3S ~ 0, 

or, as this may bo written, 


(P, 0, IL A, Sy 0][-/3y, «7> 0, -aS, -/?S, 6>)-0, 

whore II and (w, being each multiplied by 0, do not really entor into the equation, 

The equations of any line whatever through the point p and in the plane P 
may bo written ySa’ — ay—O, A'{u^Ji'i/’h8js—yct) = i\ where A\ B' are arbitrary; hence 
arranging the coefficientB in the order 

0, 0, 

A\ B\ h, -7, 

the coordinates (a, 6, c, /, g, h) of the line in question are 

(“/9'y, cirfy 0, -aS, ^/3S, 

so that we have 

(/i, gu k, tw, it, c,5a, i, 0,/ g, h) 

= (0,0, 1,0,0, Oja, 6, Oy fy g, h\ = = 0 ; 

and morover the homographic relation, replacing therein the arbitrary quantity © by 
A*oL^‘B'^y becomes 

(P, Qy Ily Ay By 0 Jft, hy C, / It) ^ 0. 

Hence the linear relations satisfied by the coordinates (a, i, o, /, g, h) of the line in 
question are 

(fu (Jx> An ii> Cija, hy Oyfy gy /0 = 0, 

(P, Qy Ily Ay By 6, ^Oy /, A) = 0, 

with the coefficients 

(/i, Ou Ky au i„ <^i)=^(0 , 0, 1, 0, 0, 0), 

(^1, S, Oy Fy Gy ll)^(Ay By 0, Fy Qy li)y 

values which satisfy the condition 

{fu gu fh> ch> ill By Gy Fy Gy Af)=0. 
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Henco the line {«, b, c, f, g, h) thi-ongh tlie iioiiit and in the plane P is a^ line 
the coordinates oi wliich satisfy two linear relations as mentioned in the heading ; and 
the theorem is thus proved. Tlie demonstration would be simplified by taking, as is 

Qf ry 

allowable, the homograph ic relation to be = 

32, It apj^ears from the foregoing examination of the case of two linear relations 
that in tlio following cases of throe or more linear relations there is no real loss of 
generality in assuming that the coefficients of eacli set are the coordinates of a line; 
for if originally this be not so, we have only to replace the given relations by linear 
functions of these relations, and to assign such values to tlio multipliers X, \u ^ 2 -- 
as in eacli case to make the new coefficients to be the coordinates of a line ; and as 
there are two or more arbitrary ratios X : Xi : Xj.., to be assigned at i^leasuro and 
only a single condition to be satisfied, no cases of failuro can arise. The remaining 
cases may conseq[ueiitlj'’ bo stated in a more simple form. 


Three linear relaiionst the coefficients of each set being the coordinates of a line, 

33. The three relations express that the line (a, o, f g, h) meets each of the 
three given lines ; that is, that the line is any generating line of a hyperboloid having 
the throe given lines for directrices. 


Fonr linear relations^ the coefficients of each set being the coordinates of a line. 

34. The four relations express that the line {a, c, /, h) meets each of four 

given lines ; or what is the same thing, that the line is a tractor of four given 
lines. It is to bo noticed that the four linear relations serve to express the ratios 

a \ h : G \ f \ g \ h linearly in terms of any one of those ratios, or what is the same 

thing, to express the several ratios in terms of an arbitrary ratio u : v. Substituting 
the resulting values in the equation 

hg H- ch ^ 0, 

we have a quadric equation for the determination of the remaining ratio, or of the 
ratio ii \ v\ and then each of the ratios of the coordinates can be expressed rationally 
in terms of either root of the quadric equation; we thus obtain the coordinates of 
each of the two tractors of fcho four given linos; or we have a complete analytical 
solution of the problem, to find the tractors of four given lines. The quadric equation 

may have equal roots ; that is, the foiir given lines may have a twofold tractor, wliich is 

then determined linearly. 

35. The theory of the linear relations of the coordinates (a, 6, c, /, g^ h) of a line 
may be considered in a different manner. It will be convenient to take the different 
cases in a reverse order, beginning with the extreme case (not before mentioned) of 
a fivefold relation and ascending to the case of a onefold or single relation. 
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0as6 of the fivefold relation, 

36. Tlie fivefold relation 


a > h, 

c , f, 

(J . 

h 

= 0. 

<t], &i, 

j fi > 

(fit 

fh 



expresses thalj the quantities (a, i, f) (Jj h) arc proportional to (a^ Cu fu hi). 
As the former set are by hypothesis the coordinates of a line, the given set (oj, Oi^fn ffi, hi) 
must, it is clear, also be the coordinates of a line, and the relation then expresses 
that tile line (a, b, c, f y, li) coincides with the given line, 


Case of the fourfold relcition, 
37, The fourfold relation is 


«, b, 

0 , 


if i 

h 

1 = 0, 

6„ 

('if 

fu 

i/i. 

ht 


a„ K 

Cq, 


(M, 

A'j !| 



or what is the same thing, wo have the six equations + involving 

the inclcterniinatc quantities \ Xj, Xg, Tf tlio coeflficients 

('li /if [h> hi), (rta# h^ 

are not either set the coordinates of a lino; then substituting the foregoing values 
-Xa = Xi^i d-Xg^a, &G. in the equation 0, wc havo a quadric equation in 

(Xi : Xa) 5 and for each root of this equation, tlio cocfficionis Xitti + XaCO, &c. will be the 
coordinates of a lino, There are thus in general two derived linoB; and the fourfold 
relation expresses that the line (ct, i, o, </, h) coincides with one or other of these 
derived lines, There is no real clifiFerence if one or the other of the two sets 
((q, 5i, Cl, /i, //i, /^l), (rta, 5a, Ca, (f^y h^j Or if each set, are tho coordinates of a line; 
one of tho derived lines or both of thorn will in those cases coincide with one or 

both of tho given lines. And if the quadric equation has equal roots, then instead of 

two derived lines there is a twofold derived line, and the lino (a, 5, o, f, //, h) must 

coincide with this twofold line. 

38, A case presenting peculiarity is however that in which the coefficients of the 
quadric equation vanish identically; this is only so when tho coefficients hu o^fu gu Ih) 
and (^3, ig, O3, /g, are tlio coordinates of two intersecting lines. The equations 

- Xa -H Xgtta, &c, hero show that every line whatever which meets each of the 

two lines (a,, Cu fu /ti) and (an, ig, C3, /a, ^2, Aa) meets also the line (a, 5, c, / g^ A); 
that is, tho lino (a, 6, c, fy g^ h) is any line whatever in the plane and througli the 

point of intersection of the two intersecting lines. Wo see moreover that not only 

<hf^ + hxg^ 4* CiAg -f- a^i *4 iaffi + “ 9, 
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but also that afi 4- hg^ dh 4- /«i 4* gb^ -4 chi = 0 and af. 4 hg^ H- clu 4 gb^ 4 ck^ = 0 ; 

that is, the moment of each pair of lines is ~ 0 , It may he remarked that the ratios 
A : : Xa may be determined from any two of the six equations 

\(i 4 Xjfij 4 Xofln — 0, . f . X/i 4 X^/q 4 Xo/iQ — 0 j 

but that in eons eqii once of the moments being each == 0 , there is not for the deter- 
mination of these ratios any such set of equations as occur in the cases subsequently 
considered of a threefold relation, &c. 

39. In ^vhat follows we have three or more sets {uu hj, c,,/i, gi, hi), &c.; and wo 

may -without loss of generality assume that eacli of these are the ooordhiatos of a line : for 
replacing the several coefficients ... by linear functions //-i«i 4 / 4 aaij 4 A^ 8 aaq- &c., &c,, the 
multipliers may bo determined so that these are tlio coordinates of a point: and since 
for each set there is only a single condition to be satisfied by the two or more 
ratios j it is easy to see that no cases of failure will arise. 

Gase of the threefold relation, 

40. The threefold relation is 

h , c , f I g , h sr 0, 

bi, Cl, fi, Qx, hi 

Cif f, 02) ^2 

^ 3 i C 3 , g^, /13 

whore (aj,...)> («a, .-Xag, ...) are each the coordinates of a line. Here writing 

Xct 4 Xi tti 4 4 X^rtj == 0. . . , 

it is clear that every line which meets each of the lines (ai,,..), (czs, ...)> 
also meet the line (a, h, 0 , f g, h)\ the lines which meet the first-mentioned throe lines 
are the generating lines of a hyperboloid Iiaving those three lines for dii'ec trices, and 
it hence appears that the line (a, h, 0 , /, g, h) is any directrix Hue whatever of the 
hyperboloid in q_ue8tion. 

41. Using the notations 01, 02, 12, &o. to denote tlie moments of the several pans 
of lines, viz. 

01 ^ rt/i 4 6 5^1 4 c Ai 4 /«, 4 g by 4 h Cy, 

12 = a,/s4 6 i £^2 4 0iAsj4/ia3 4 </iZ >2 4 Ih 02 , 

&a, 

then from the equations Xa4Xiai4X2C3 4X3aj==0, &c,, we deduce 

. XiOl 4 A^02 4 X303=^0, 

XIO 4 . 4 A^12 4 X3l3=0, 

X20 4 X,21 . 4 X323=0, 

X30 4 Xi31 4 X 232 , ~ 0, 
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and henco eliminating X, Xj, Xg, A3, we find 

. 01, 02, 03 =0, 

10, . 12, 13 

20, 21, . 23 

30, 31, 32, . 

a relation between the moments satisfied in virtue of the given threefold relation; but 
which as a mere onefold relation is of course not equivalent to the threefold relation. 
It will subsequently appear tliat the equation expresses that any one of tlio four lines, 
say the line (a, &, c, f, g, h) touches the hyperboloid having the other throe lines for 
generatrices; this condition is satisfied in virtuo of the threefold relation wliich, as we 
have soon, expresses that the lino (a, 6, e, f, g^ h) lies wholly in the hyperboloid in 
question. 

42. The last mcntionod determinant is the Norm of 

Vor723 + V02731 + V^3TT2; 

SO that the equation mtiy be written 

VoTTIs + \fo27M + 1/0371 2 - o, 

or, wh<at is tlic same thing, 

Vol 1/23 -h H- V03i/1“2 = 0, 

it being of course understood that the signs of tlio radicals must bo determined in 
accordance with this equation; wo then find 

X : Xi : X, : X^ == 72r.luTT2 ; V02. 03 . 23 : v/oJTorril : /Ol . 02 . 12", 
or say 

^23 1/12 : \/02 V 23 : V03 VoT /Sl : Vol 702 \/l2 ; 

in fact, substituting those last values in the linear equations for X, X,, X^, X3, wo find 
that the equations are all satisfied in virtue of the single equation 

VoTVm + V 02 Vi 2 = 0 . 

Case of the twofold relation. 

43. We have here 

^ 0 , f, g , h ==^0, 

«i, 61, fu Slu h 

^2, ^a» j/a, ^J^a> ^3 

^3, f^f g^f Ih 

K Giy fi, g^y hi 

where ((h> {ch? (eta, arc each the coordinates of a line, Here, writing 

Xa d" XjifCi "f" AjCta 4" Xgiit3 4“ X4<Xj ^ 0 ; 


O. VIL 
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ifc is clear that every line which meets each of the four given linos, will also nn^it tli(^ 
line (a, i, c, /, h); but the only lines mooting the four given lim^s arti two 

minate lines, the tractors of the four given lines; and the conehiHiou is, that tlu' lino 
(a, 6, Gj fj g, h) is any line whatever Avhich meets the two tmctois, 

44'. If, however, the four given lines have a twofold tractor, then tlui liiu* />, Cy f, //, //) 
is still a line having two conditions imposed upon it; it m in fact a liiu‘ (lot('nnilu^d 

as in No. 21, viz. if on the tractor wo take a series of jioints p, and through tln^ 

tractor a series of planes P, corresponding homographically to the [)oialH, tlnni tliu lim^ 
(a, i, Cy fy gy h) is any line through a point p, in the corresponding piano 1\ 

45, Using as before 01, 02, .,.12, &c. to denote the inomontH of the Hov(n'al pairs 

of lines, we have 

, X|01 4- X2O2 4* X3O3 4* Xi04 = 0, 


and thence also 


XIO . 4^xa2+Xi,i3-HX4l4^0, 

X20 + Xi21 . 4-X/23-|-Xi24-0, 

X30 4* Xi 3] 4- X 232 , 4"Xj34 — 0, 

X40 + Xi41 4* X 342 -|- Xj34'3 . = 0, 


• 

01, 

02, 

03, 

04 

10, 


12, 

13, 

14 

20, 

21, 

. 

23, 

24 

30, 

31, 

32, 

. 

34 

40, 

41, 

42, 

43, 



a relation between the moments satisfied in virtue of the original twofold rolatioii ; but 
which, as a single equation, is of course not equivalent to the twofold relation. Jt is 
m fact easy to sec that this equation expresses that Iho live limw luwo a oonmioii 

tractor; this is true, since in virtue of the twofold relation thoro arc roallv two 
common tractom. 


I have not obtained from 
ratios \ \ \ \ 


the linear equations any syminotrical oxiiressions for the 


Case of a omfold relation. 
The onefold relation is 


a, 

h, 

0 y 

/. 

0 . 

k 


hu 


fly 

9u 

K 

^8, 

K 

p9i 

fi 

9^, 

K 


bg, 

C3, 

fi 

9i> 

hg 




fy 

9i> 

Ih 

any 

h, 

Cg, 

fy 

9i, 

K 


46 . 
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whore (^ 1 , ..0> (^ 4 ^ --Oi («o» •-*)) each tho coordinates of points in a lino. 

The preceding mode of dealing wiLh the queation is inapplicable, since there is not in 
general any line \Yhicli meets tlio five given lines ; in ilic particular case, howcveij 
where tho five given linos are met by a single line, say when they have a common 
tracto)’, then tho lino {a, 5, o, f, h) is any line meeting this common tractor. The 
gouoral ease is timt of the involution of six lines, mentioned Wo. 25, and tho con- 
sideration of which was deferred, 

47. Tho onefold relation implies tliat we etiu find multipliers X, /t, p, cr, r, such 

that 

\(t 'h 4- re + fl/* + ^<7 “h rh — 0, 

Xrr, + phi 4- vCi + /o/i 4- (t(Jx -f tA, = 0, 


X«o 4* phfi 4- vo^ 4* pft 4- (rgn 4- tK - 

wo may by means of tlio last five equations determine tho ratios of p, v, p, cr, r, 
viz, those quantities will be proportional to the determinants formed out of tlie matri.K 

/ij ffii A| 

^29 ylsy {/'it 

^3 9 Oit /ji {/3> Aa 

{}\i Ai 

^Qj ^^8 

and tho first ccfuation ia then a linear relation in {a, h, c, /, <j. A), exprossing- tho 
relation that exists between those coordinates. 


ilu 

(Ig, 


48, Consider an arbitrary point 0 on the lino (a^ b, c, /, c/j h ) ; talcing this point 
as origin, the coordinates of 0 are 0, 0, 0, 1 ; and if y, z, are the coordinates 
of any other point on tho lino, then writing 


we find 

and tho equation 


0), y, Zy w, 

0 , 0 , 0 , 1 , 

a x h \ G \ f i g \ h^Q : 0:0 : co \ y \ z\ 
Xa ph-\- VC 'h pf erg -]r rh = 0 


becomes simply 4- 0 * 2 / 4 * — 0 ; viz. this equation expresses that the line (ci, A, o,/, //, A), 

assumed to pass through a given point 0, lies iu a determinate piano ft through tins 
point. 

49, To construct this plane ft, I consider any four of tho five given linos, say 
the lines 2, 3, 4, 5, and I endeavour to find the Hue OQi through 0, which has 
with these lines a pair of tractors; qiidf line through 0, the coordinates of the line in 
question may be taken to be 0, 0, 0, Fj, ff,, IIi (where Gi, lit, are in fact tho 

11—2 
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coordinates o), y, of any point on the line OQ,); and then the condition for the 
pair of tractors may be written 

2h(l2 + + Pi(^4 + jP6«6 = 0, 

2hh -^pA +2)^= 0, 

P 2 G 2 -\'piCs + ^^4^4 '■hpsCs ^ 0, 

pif^ +i>3/3 ^ihfi 

pi!^2 -^p4!/i '^2hSf6 = ffl, 

-hibh 4* 2^ A '^2hK = ^\y 

where p^, p^,.. are arbitmry coefficients; and we hence deduce 

pFj (7ffi + T/fi== 0; 

but in precisely tlio same way, if the lino OQ^ have with the linos 1, 3, 4, o, a pair 
of tractors, and if i/a, bo the coordinates of a point on the line OQ^y and 

similarly for the lines OQs) OQ4, OQo, and tlic coordinates (F^y O^y 11^), {F^, O^y 74) 
(Fsy G^y 77o), we have 

pFfi 4* o-Gi 4 Tlfa =: 0, 

pi’s 4- tr(?3 4-T773=:0, 
pF^ 4- <?’(?4 4- 'r77, =j 0, 

/>7^«4-<r6^B4'T77o = 0, 

and these equations show that the five linos OQi, OQ2, OQsy OQiy OQ^y, lie iu the plane 

pA’4-o*y-HT<2r=: 0; 

80 that this plane is given as the plane through the lines OQi, ^Qiy OQc) 

and we have thus (given the lines 1, 2, 3, 4, 5, and the arbitrary point 0) the con- 
struction of the line (a, 5, c, f, ffy h) through 0 in involution with the given lines. 

50. The original onefold relation may bo replaced by the six equations 
\a 4- 4- + \a^ 4- 4- - 0, 

\h + X161 + X«5a 4“ 4“ X4 J4 + \A — 

\h 4^ Xj/ii 4" y^A 4“ y^A 4" X5//6 — 0, 
and hence denoting as before the moments by 01, 02, 12, &c. we have 

• XiOl 4^ Xjj.02 4" X3O8 4“ Xi04 4" X{y05 = 0, 

Xio . 4'X3l2 + X3I3 4- X4I4 4- X5I5 - 0, 

X20 4"Xi21 , 4“ 4* X 424 4“ Xb25 = 0, 

X30 4“ Xi31 4“ X232 • 4^ X434 4“ X530 — 0, 

X40 4" Xjdd 4* X2^2 4“ Xg^S • 4^ Xg46 — 0, 

XoO 4^ Xj 514’ X2 62 *4 X3 53 4” X4 64 « ^0, 
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. 01, 02, 03, 04, 06 =0, 

10, . 12, 13, 14, 15 
20, 21, , 23, 24, 26 

30, 31, 32, , 34, 36 

40, 41, 42, 43, . 46 

50, 51, 62, 63, 64, . 

a relation between the momenta equivalent to the original onefold relation, and con- 
aequeiiLly expressing that the six lines are in involution, I have not obtained a 
symmetrical system of values for the ratios A : : Xg : A,, ; : Xc, 

61, Reverting to the relation which exists between the point 0 and tlie plane H, 

it is proper to remark that, since to any given point 0 there corresponds a single 
plane II, and to any given plane H a single point 0, it follows that the point 0 

and plane H are reciprocal figures ; viz. they arc reciprocals of the particular kind 
treated of by Mobius, wherein the reciprocal of a point is a plane through tlie point, 

and the reciprocal of a plane a point in the ])lano; and of which tlie analytical 

character is that the reciprocal of the point («, /3, 7, S) is the plane 

( , —<jy -\- l&)w 

+ (- ha . 4-/7 4“ mS) y 
4-( • 4-^iS)^ 

4- (— ia — ~~ ^^7 . 

Article No. 52, A geometrical property of an involution of sics Imes, 

62. The figure of six lines in involution is connected in various ways with the theory 

of cubic curves in space, for instance, coubidering a point A of the curve, this determines 
with any given lino I a plane mooting tlie curve in two other points, and the line X 
which joins these two points may bo called the projection of the lino L This being 
so, if in any osculating piano of the cubic we have six lines, I, Zu ?3, 4, 

tangents of a conic in that plane, the six projections X, Xi, Xs, X3, X*, X5 of these 
tangents will be a set of lines in involution. T do not stop to prove this theorem 
or to develop 0 any of its consequences. 


Ai’ticle No. 53. To find the condition that four given lines may have a twofold tmetor. 

63. Taking the coordinates of the given lines to bo 

{a, h, c, /, g, h), {a^ b,, c,, /i, </„ Ih), (a,, 6a. /a, <7a. Ik), (a», b„ c^, /a, g^, 6*) 
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Ihclx if (yi, 7i, 0, F, (?, H) be the coordinates of a tractor of these lines, we jxave 
{F, Q, 74 A. 6, c,/, r/, /O-O, 

{F, Qy Hy A, By 4, C,yf\y (Ju K) ^ 0 y 

(7, Gy 11 y A, By O^U^y 1)^ y Cg, /g, ^2 > ^ 

Oj Hy Ay By 63, 03,^3, ^3, /is) ^ 0, 

In viituo of those relations the ratios A \ B : G : F : G \ li arc given linear 
functions of any one of these ratios or of an arbitrary ratio n \ v; and we then have 
AF BO Gil ^ Qy a quadric equation for detormining the unknown ratio. In the 
case of a twofold tractor, this equation must Inivc equal roots; whence employing as 
usual the method of indeterminate inultiplbrs, we find 

A 4* Act \i(ii + Xgfla -h ^3^3 = 0, 

B 4* \b 4 Xi&i 4 A262 4 A363 = 0, 

G 4 Ac 4 AiOx 4 A2C3 4 AgOu = 0, 

F 4 A/' 4 Aj/i 4 Ag/a 4 Ag/a — 0, 

4 A^ 4 Ai^i 4 Ag^a 4 ^ 0, 

III 4 A/t 4 Aj/ix 4 Ag/ia 4 Ag/i j — 0* 

Henco representing hh before the moments of the pairs of linos by 01, 02, ifee,, 
wo dc<!uGe 

, AjOl 4 Ag02 H- AijOS = 0, 

A10 4 . 4Aal2 4A3l3:==0, 

A20 4 Ax21 . 4 A323 == 0, 

A80 4 Axdl 4 Aa82 , = 0, 

so that, as already mentioned, we have 


• 

01, 

02. 

08 

10, 

. 

12, 

13 

20. 

21. 

- 

23 

30, 

31, 

32, 

, 


as the condition that the lour given lines may have a twofold tractor. 


Article Noa 54 to 66. Hyperboloid passing ihrough three given lines. 

54, 'JMie direct investigation is somewhat tedious; but I write down, and will 
afterwards verify, the equation of the hyperboloid ixassing through the three given lines 

{(ii> hu Oi.fu ffu Jh), (as. h, C„fi, ya, Jh), (as, K Cs./a, ffa, As). 

Writing for shortness (agh), &c. to denote tho determinants 

I, &c. 


elly 

9u 

h 

f/g. 

{l^> 

Jh 

^3} 

gz> 

Jh 
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the equation of the hyperboloid is 

{agh) + (l>/i/) y‘‘ + (c/g) ^ + (ale) w* 

+ [(«&»/) - (c«/[)] ofio + [(l/g) + (cJi/)] yz 

+ [{bch ) - («6/)] xjw + [(cgh) + (afg)'] zm 

+ [^c«/) - (%) ] + [(«/</*) + {hgh)'\ xy = 0. 

In fact, WG have 

(agh) = a, (g^h - gA) + gi Qhdi ~ /i3«a) + K («siJ/s - <hg-i) 

= a . jf/t 4- g. ha + h . ag, 

where a, &c. stand for rti, &c. and gh, &c. for gA — gA> Hence the foreaoiug 

equation may be written 

a? (a.gh-[-g . ha + h . ag) 

+ y’ (i • ¥ + -/^ +/. Ih ) 

+ (c./i/+/.yc +</.(?/’) 

+ w* (a . 6c + 6 . ctt -h c . ah) 

G , aA — a , Ao — A , ca) ^ W h ,fc -f /* . ch) 

[ A . cA -I- 0 . A6 — A , 6c\ , / c , ^A-H g . Ao H- A * cq\ 

\~ a. b/-b .fa -f.ab)'^^‘^\+a.fg +/ .ga+g. a/J 

+ aw + «?/ f “ • ^ 0 

V- h.G(j-c .gh -g.hG/ V-f A hh + A. A^/ 

55. This is 

ho .w{ hy-gz-^- aw) 

H- m (- hw hw) 

-{> ah .w{ geo -fy 4- m) 

4* gh . CO {aa^ + hy 4- cz) 

+ hf -y {am-^^hy + cz) 

+ fg.z {ax-V hy -{-gz) 

+ af [w {ax 4- iy + 0 ;s?) — a? ( hy — 4 - aw)] 

4- hg [w {ax + Ay + o;ff) — 2 / (— hx + hw)] 

4- ch [w {ax 4* Ay 4“ c.e) — ^ ( gx^fy -h mv)] 

-¥^y( hy-gz-^aio) 

-cf,0{ hy-gz’^-aw) 

— eg .z (— hx +/^ + hw) 

^ ag.x (- hx '-{-fz ’\'bw) 

— ah. X {gx --fy ^cw) 

-hh,y {gx -fy -{-cw)=^0. 
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66. Hence writing 

(X, Y, 2, F)=| . , Ih ~g, a, {x, ij, z, ««), 

-h, . , /, h, 

g> ~f> ■ > 

~ a, -b, ~ 0, . 

the foregoing equation is 

ho,wX -^ca.wY^ah.wZ -(jh.(cW-hf.yW 
- af{v}W^xX) -hg{toW-^yY) -- Gh{wW’\’zZ) 

^hf,yX-c(j.zY -ah.ivZ -cf.zX -ay.soY --bh.yZ==0; 

or, collecting and arranging, this is 

A'* {--af .y - cf . z ^bo .w} 

+ Y ,io-hg .y-cg .js:^ca.w} 

^ Z {- ah .x-bh.y-ch.z^ab, w] 

4- ir {-gh . a; - hf, y-fg^^ ‘H (a/, -h hg . -h ch .) w] = 0, 

which is satisfied by A" = 0, Y^O, Z^O, W=0; that is, since (a, h, G, f, g, A) havo 
been written in place of (Oj, ii, Aj), by Fi — 0, ^i = 0, Wi^O (if wn 

thus denote the corresponding functions of (a^, ij, Cu fu gu K))* tlmt is, tlio hyporb()h>i<i 
passes through the line (ai, 6^ Ci,/i, gu /h); and similarly it passes through tho oih(;r 
two lines. 

Article Nos, 57 and 58 . The six coordinates defined as to their absoliUe magnitudes, 

57 . In all that precedes, tlie absoliilo magnitudes of the coordinates Iiavo bo<ui 
left indeterminate, only the ratios being attended to. Bat tho magnitudes of iiio six 
coordinates may be fixed in a very simple manucr as follows ; viz. using ordinary 
rectangular coordinates, then for any line, if Xot y^, Zo aro the coordinates of a i)articiilar 
point on this line, and a, / 3 , y the inclinations of the line to the axes, tho coordinatos 
of another point on the line are 

iTo + rcosa, yo + rGos/ 9 , ,3^^4.^0087; 

and hence writing 

/To + ^'cosa, yo + ^’cos^, ,gfo*f rcos7, 1, 

^0 t yo ) ^0 > I» 

we have 

a :b \ c \f\g : -^^0037 : a?o cos 7 cos a : i/q cos /3 — cos « : cos a : cos /9 : cos 7, 

Or we may take 

ZqQos ^ 2/0 cos 7, f— cos a, 

6 = cos 7 - cos cc, g=^ cos / 3 , 

0 —y^ cos ot — cos / 3 , C0B7, 
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values which of course satisfy, as they should do, the relation + cA = 0. It is 

hardly noccssnry to remark, that the values of a, b, c are not altered on substituting 
.n, the coordinates iBo + scoaa, yo + «cosy3, ^r„ + scos7 of any other point on 

the line, 

58. Considering any two lines (re, b, c, f, g, k), («„ i»„ c,. /„ g„ /i,). if we define 
the moment of the two linos to bo the product of the perpendicular distance into the 
sine of the inclination of the two lines^ then wo have, Moment 

= a/i + h(ji + oh, -f (fb, + he,, 

VIZ, we havo now a (quantitative dofiintion of the function of the coordinates previously 
called tho moment of the two linos. 

For the demonstration of this formula it is to be remarked, that taking on the 
first line a segment of tlio length r, the coordinates of its extremities being z^) 

and {x^ H- r cos a, + r cos /3, -h ?’ cos y), 

and on the second line a segment of tlic length the coordinates of its extremities 
being {xq\ zi) and (aV + cos etj, y/ -1- 1 \ cos /3i , + rj cos 71) and joining the extremities 
of those segniGuis so as to form a tetraliedron, tlie volume of the tetrahedron is 

== Wx tyi -I- oK -V-M + hc,\ 

Bub the volume of tho tetrahedron is also ecjual to ^ of the jiroducb of tho opposite 
edgos into their perpendicular distance into tlie sine of the incliiiation of the two 
edges (^); that is, it is =^?ri into the jnomont of the two lines, and wo have thus 
the formula in question. 


Article Nos. 69 to 76. Statical and Kinematkal Ayplicatiom, 

The coordinates (a, h, c, f, y, h\ as last defined, are peculiarly convenient in 
kinematical and mechanical questions, os will appear from the following investigations. 

69. Using the term rotation to denote an infinitesimal rotation, I say first that 
a rotation X round the lino {a, b, 0, /, g, h) produces in the point (a?, y, z) rigidly 
connected with this line the displacements 

Sii; = X ( . —hy-\'gz — a), 

Sy = X ( Jw , — - 6 ), 

Sz gx-hfy . -0). 


^ I take tlio opportunity of inontioiiing a Tory simplo demonstration of this formula : taking tho oppoaltc 
odgoa to ho r, thoir inolination s=d, and perpendicular distance tho seotiou of the totraheclron by h 
piano parallel to the two edgoa at tho distancea z, h-z fx'om tho two edgos leapeotively is a parallelogram, 

tho sides of which are and ^ respeotively, aud thoir moliimtion is ^0; tho area of tho section is 


thoreforo sin , 2 (/t - j?) and tho voliimo of tho tetrahedron is ^{h-z)dz, — Tho 

fiaino result is howevor obtained still more simply by drawing a piano through one of the two edges perpen- 
dicular to tho other edge; tho voliirao is then equal to tho sum or tho difforonce of tho volumes of two 
totrahedra standing on a common triangular haso; and tho lequirod result at onco follows. 


a VII. 


12 
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In fcict assuming for a moment that the axis of rotation pisses tliroiigli origin, 
then for the point P coordinates (v, y, tho square of tho porpeiitlicular tliHtaueo from 
the axis is 

( . - y cos 7 cos (if 

-f ( /» cos 7 . ^ z cos a 

+ (- rtJ cos ^ + y cos a ♦ f, 

and the expressions which enter into this formula donoto as follows; viz. if ilirough 
the point P at right angles to the piano through P and tho axis of rotation ivo 
draw a line PQ, -perpendicular distance of P from tho axis of rotaliou, tliou tlH‘ 
coordinates of Q referred to P as origin aro 

. - y cos 7 -H . 2 ^ cos /Q, 

0 ? cos 7 ♦ — . 2 ^ cos a , 

- w cos /3 + y cos a * , 

respectively. Hence the foregoing quantities each inultijdiod l)y \ arc tlio (liHj)lao<imoii(,s 
of the point P in the directions of tho axes, prodiicod by the rotation X 

60. Suppose that the axis of rotation (instead of passing through tho origin) jians 

through the point Zo)\ the only cliftbrenco is that wo must in tho formula 

write (a?- y-y,, z-z^) in place of {ic, y, z)\ and attonding to tho signiliciitioiiH of 
the six coordinates, it thus appears that tho clisplaconieuts ])rodueod by tlu) rotation 
are equal to \ into the expressions 

, -^hy + yz-- a, 

-</^+f!/ * -Oy 

respectively; which is tho theorem in question. 

61. I say secondly that considering in a solid body tho point (®. w, e) HituiUc in 
the line (a, b, o, f g, h\ and writing 

c,f, g, h^^zcoa^-gcosy, xcoay-ecoaa, y cos a - a co.s /3, cosa, coh 0, coay, 

then for any infinitesimal motion of tho solid body the displacomoiit of t],c point iu 
the direction of the line is ^ 

-ap + bq + cr +fl + gm + hi, 

wheie p, q, i, m, n are constants depending on tho influilcsimal motion. 

/■». infinitesimal motion of a solid body the displacements of tho point 

y, z) are ^ 

ba) = l . ^rg-qz;, 

bg-m-rx , +pz, 

bz^n+qis—pg . , 
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and hence the di-splaccmcnt in Iho direction of the lino is 

= cos a Sa; -h cos % -h cos 7 Sz, 
which atLcnding to the significations of {a, 6, c, f, g, h) is 

- aj) ^bq + cr i-fl -h + hn, 
and we have thus llio theorem in question, 

62. It tlnia appears that for a system of rotations 

A, about the line (ai, k, Cu fu gu K)> 

Ag „ (rtg, ig, Cg, /iy), 

&0. „ &c, 

tlie displacements of the point {x^ y, z) rigidly connected with the several linos are 

SiV == , - yXfiK + z2gX — XaX, 

Sy — xS,h\ , — z'S/X — S 

-1- ytfX . “ ScA , 

and when the rotations arc in equilibrium then llio displacements (S<i?, Sy, Bz) of any 
point (xy yy z) whatever must each of them vanish ; that is, wo must have 

2:Aa = 0, 2At-0, 2Ac = (), SX/-0, 2X^-0, 2 aA = 0, 

which arc therefore tlic conditions for the equilibrium of the system of rotations 
Xj , Xg, 

And it further appears that for a system of forces acting on a rigid body, 

Xi along the line (a^ &„ g,y hi)y 

Ag „ (ttg, 6g, <?g, f^^y ^g, A3), 

&c, 

the conditions of equilibrium as given by the Principle of Virtual Velocities is 

2X {ap + 6(7 -h or H - fl 4- (jni + hn) = 0, 

or what is the same thing, that we have 

2Xc6 = 0, 1x6-0, SXc==0, 2X/==0, 2Xi( 7 = 0, 2x/t = b, 

for the conditions of equilibrium of the system of forces Xj, Xg, &c, The conditions 
of equilibrium are thus precisely the same in the case of a system of rotations 
(infinitesimal rotations) and in that of a system of forces, 

64. It now appears that the greater portion of the investigations in the first 
part of the present paper are applicable, and may bo considered a.s relating, to the 
equilibrium of forces (or of rotations; but as the two theories are idoiiiical, it is 
sufficient to attend to one of them), and that wo have in effect solved tho following 

] 2 2 
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question, '"Given any system of two, three, four, five or six lines considered as belon^dng 
to a solid body, to determine the relations between these lines in order that tlioro 
may exist along them forces which are in equilibrium;*’ but for greater oloarnoss I 
will consider the several cases in order; it is hardly necossaiy to remark that wlien 
the forces exist the equilibrium will depend on the ratios only, and that the ahsohilo 
magnitude of any one of the forces may be assumed at pleasiiro. 

65. The condition in the case of two lines is of coui’so that t]iOH(> shall ooiucido 

together, or form one and the same lino; and the forces arc then 0 (jual and o])posito 

forces. 

66 . In the case of three lines, these must meet in a point and lio in a piano; 
and the force along each line must then bo as tho sine of tho angle bcjtwomi iluj 
other two lines. 

67. Supposing that the forces are X along tho lino (a, h, c, / g, h\ \ along tlui 

line &i, Cl,/;, (ju /ii), and Xj f^long the lino (%, h, //s). tlu^ conditions of 

equilibrium are Xa + Xirti -hX 2 a 2 = 0 , X/^ + Xi/n + X/ig — 0 , any two of which (hitonniuo 

the ratios X : Xj : Xa; these ratios were not worked out mie No. 38 for tlio youhou 
that with the coordinates there made uso of, a symmetrical solution was not obtainable; 
but in the present case, selecting the last three equations, those are 

X cos a + Xj cos + Xa cos cfg = 0, 

X cos /9 + Xi cos /3i + X 2 cos /3^ ^ 0, 

X cos 7 + Xi cos 7 i + Xa cos 73 =: 0, 

giving in the first instance an equation which expresses that the tlireo linos (assn mod 
to meet in a point) lie in the same plane: and then if 01 , 02 , 12 bo the angles 
between the pairs of lines respectively, giving by au easy transformati(m 

X + Xj cos 01 q- Xa cos 02 — 0, 

XcoslO-hXi 4- Xa cos 12 = 0, 

X cos 20 + Xi cos 21 -f Xa =0, 


68 . Putting for shortness A, B, G in the place of T 2 , 20, Of rosnoctivoly, w<! 
thence find 

1 , QOS G , cosB =0, 

cost? , 1 , cos^ 

. cos^ , cosJ. , 1 

that is 

1 - cos= A ~ cos“ .B - cos* 0 + 2 cos 4 cos i? cos (? = 0 , 

equivalent to A +B + 0 = 2v', and then from the firet and second equations 

X. : Xi ; X 2 = cos cos (7-cos5 : cos 5 cos (7 - cos .4 : l-oos*C', 

= sin sin (7 : sin B sin G ; sin* 0, 

= ^ : sin B : sin G, 

which is the required formula. 
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69. In tlie case of four given linos tlic condition (as noticed by Mobius) is that 
the four lines shall be generating linos of the same hyperboloid. In fact every line 
which meets three of the four lines must also meet the fourth line; for otherwise 
the moment of the system about such line would not be =0. Calling the lines 
0, 1, 2, 3 and writing as before 01, 02, «fec. for the moments of the several pairs of 
lines, then taking the moments of tho system about the four lines resi)ectively wc 
obtain directly tho beforo-mentioned system of equations 

Xi0l4-X202-f A.3 03:-0, 

XIO . +X3l2 + A3l3=-0, 

X20 + 7ii21 . +?W23 = 0, 

\30 + X,31-f Xi41 . ==0, 

leading as before to the relation 

VOI V23 + V02 V3i + ^fQ3 Vl2 - 0, 

and to the values 

\ ^/^^/^ : V^V'^Vo^: : VoiVl2V20 

for the proportional magnitudes of the forces. These last equations give 

XXi 01 =: XaXa 23, 

which, representing each force by a segment on the lino along which the force acts, 
denotes that tho tetrahedron of any two of the forces is equal to the tetrahedron of 
tho other two forces; this is in fact equivalent to the theorem of IL Chasios, that 
if a system of forces bo in any manner whatever reduced to two forces, tho tetra- 
hedron formed by those two forces has a constant volume, ^ 

70. In the case of five given lines, the lines must have a pair of tractors. Any 
four of the lines have in fact two tractors; and each of these iractoi’s must moot 
the fifth line, for otherwise the moment of the system about the tractor would not 
be — 0, In the case where the four lines have a twofold tractor, the foregoing con- 
sidoraiion shows only that the fifth line moots the twofold traetor, but it fails to 
show that the twofold tractor is a twofold tractor in regard to the fifth line. 

71. I stop to consider this particular case under the present statical point of 

view. Taking the twofold tractor for the axis of z\ lot the lino 0 meet this line in 
the point (0, 0, c), the coordinates /, g, h) of this lino being consequently 

(ocoB^, -ccosa, 0, cos a, cos/?, cosy) 

and the like for the other four linos 1, 2, 3, 4. Using the sign 2 to refer to the 
last-mentioned four lines the equations of equilibrium become 

Xc cos ^ -f 2XiC, cos /3i = 0, 

Xc cos a + SXiOi cos otj ^ 0, 

X cos « + 2Xi cos aj — 0, 

X cos ^ + 2Xi cos j3i — 0, 

X cos 7 + 2Xi cos 7 i — 0, 
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These equalioiis give 

X\Ci eos /3, _ e cos ^ ^ 

2Xi cos ai cos a * 

WG may without loss of generality take tlio homographic conditions which express that 
tl)G axis of 0 is a twofold tractor of the four lines to bo 

Cl cos 01 _ Ca COS A _ Cs COS ^ C4 COS 0 ^ _ 
cos flfj cos tfa COS (X^ COS €(4 

and this being so, the last-rnontioiied equation becomes 

C COB 0 _ 
cos u ’ 

and it thus appears that the axis of is a twofold tractor in regard also to tlie line 0. 

72, In the ease of six lines such that there exist along them forces which are in 

equilibrium, taking this as a definition of the involution of six lines, we may very 
readily obtain frotn etaiical considerations the before-mentioned construction of the sixth 
lino; vi'A. it may be shown that given any five of tho lines, say the lines 1, 2, 3, 4s •) 
and a jmint 0, wo can through the point 0 determine a plane fl, such that any 
lino whatever through the plane Xl is in involution with tho five 

given lines. Consider tho tractors of any four of the lines, say tho lines 2, *3, 4, 5 ; 
we may through the point 0 drcaw a line OA meeting tho two tractors j that is, the 

lines 2, 8, 4, 6 and tho line OA will have a pair of common tractors. There con- 

sequently exist along these lines forces which are in equilibrium; and since only the 
ratios are material, tho absolute magnitude of tho foi’co along tlic lino OA may ho 
anything whatever. Similarly, considering the tractors of the linos 1, 3, 4, 6, and through 
0 a lino OB meeting thoso tractors, then there exist along the linos 1, 3, 4, 5 and 
tho line OB forces which are in equilibrium, and the absolute magnitudo of the force 
along the line OB may bo anything whatever, TIoiico, combining tho two sets of 

forces, wo havo, along a line through 0 in tho piano OA^ OB, but otherwise indo ter- 
minate in its direction, a force in equilibrium with forces along the linos 1, 2, 3, 4, 6 ; 
that is, the lino found as above is a lino in involution with the lines 1, 2, 3, 4, 6, 

73, It is to bo added, that through 0 wo cannot, out of tho plane OA, OB, draw 

a line in involution with the lines t, 2, 3, 4, 6 ; for if any such line OK existed, 

then wo sliould have along each of tho lines OA, OB, OK forces in equilibrium with 
forces along the lines 1, 2, 3, 4, 5 ; and the magnitudes of the throe forces being 
each of them anything whatever, it would follow that along any line whatever through 
the point 0 there would exist a force in equilibrium with forces along the lines 
1, 2, 3, 4, 5 ; that is, any line whatever through tho point 0 would be a line in 
involution with these linos, 

74, It hence appears, that drawing OA to meet the tractors of 2, 3, 4, OB 
to meet those of 3, 4, 5, 1 ; 00 to meet thoso of 4, 5, 1, 2 ; OD to meet those of 
.5, 1, 2, 3; and OE to meet those of 1, 2, 3, 4; the lines OA, OB, OG, OB, OK will 
be in one piano, say tho plane and that any lino through 0 in the plane fl will 
be a lino in involution with the lines 1, 2, 3, 4, 6. 
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75. Tlioro is anotlior statical representation of tlic involution of six lines. If a 
system of forces act on a solid body, then taking six lines at random^ the system 
will be in equilibrium if the sum of the moments be =0 in regard to each of the 
six linos. But if the six lines be in involution; then, for the very reason tliat a 
j'otation about one of tliese lines is resolvable into rotations about the other five lines, 
if the sum of the moments bo =0 for each of the five lmes> it will also be —0 for 
the sixth lino; that is, it is not siilBcicnt for the equilibriuin of the foices that tlie 
sum of the moments shall bo —0 for each of the six linos. And wo thus see that 
six linos in involution ai‘e lines such that the equilibrium of a system of forces about 
each of the six lines as axes does not insure the equilibrium of the system. 


Article Nos. 76 and 77. Transformation of Coordinator^. 


76. Ho verting to the general clefinitiou of the six coordiiiatos («, &, f h) of 
a lino by means of the points {a, y, S) and («', /3', f ^ S') on the line ; suppose that 

instead of the original cooidinate planes 0 , y — 0 , w = 0 (forming a tetrahedron 

we have new coordinate planes %'(, = 0 (forming a tetrahedron 

stud that the relations between the two sets of curreut coordinates are given 
by the equations 

X \ y \ z : (Xi, /aj, i/j, pija'o, w^) 

: (Xa> pa][a’o, y^, Wo) 

: (X 3 , 7 ^ 3 , 2 / 0 j ^ 0 . ^^ 0 ) 

* 2 / 0 > ^o> 


with, of course, the like relations botwoon the original coordinaios (a, /3, y, S) and new 
coordinates (c^o> A, 70 > So), and between the original coordinates (ct', /3', y\ S') and the 
new coordinates (c^o', SqOi ol tho two points on the line (a, 6 , c, f g, h)\ thou 

taking (ao> &o> Co, /u, </o, K) as tho new values of the six coordinates of the line, viz. 
writing 

\ ha l Cq \ fo * ga • 

= /3o7o^ /^ oVo * 7o^o^“^7o^^o • ^o/3o' ““ A : <2foV ” • /5oV“*/5o^So ; 7oV*~7oSoj 

wo obtain a system of formulaj which may be oonvoniontly written as follows: 


h X 0 \f \ g ^ h 


23 
81 
12 
14 

24 
34 


23-^ 


23 


23 


viz. the top line stands for (/ttaWj — /isV 2 )ao + (»'aXs— + &c., and the otlier lines are 
obtained from this by mere alterations of the suffixes. 
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77. As to the interpretatiou of these formuIa3, taking 

A S Cl) QM the funclaniental tetrahedron for (« , y , ^ , w ; ), 
AoBqOoD^ „ (iCo, yo, ^0, ^(^o\ 

then 

(Xi> /Aj, yo, -^0, is the e<iiiatiou of plane BGJ), 


(Xj, fif2) p^$^ 

if 

)=0 

» 

CD A, 

(^3> /^3^ ^3» 

» 

) = 0 

if 

DAB, 

(X 4 , fl^y Viy p,'$_ 

if 

)=0 

>t 

ABC, 


w lienee, observing that the second and third equations belong to two planes each 
passing through the line it apjDcars that the coefficients 

fjt.v X/M Xp fip vp 

23^ 23^ 23^ 2;r 23^ 23^ 

are the six coordinates of the lino DA, expressed in regard to the tetrahedron 
(Af^BaOQVo); and similarly that the coefficients in the six expressions of the trans- 
formation formula arc the six coordinates of the linos ADy BD, CD, BG, GA^ AH 
respectively in regard to the tetrahedion {A^BqOqD^, 

In the preceding formula) for the transformation of coordinates the ratios only have 
been attended to, no determinate absolute magnitudes have been assigned to the 
coordinates (a, J, o, fy /i), But I will nevertlioless show how we may attribute 
absolute magnitudes to these coordinates, 

Article Nos. 78 to 80. New definition of the six Goordinates as to their absolute 

magnitudes, 

78. I assume (a?, y, z, w) to bo ^'volume*' coordinates; vis?, taking as before ABGD 
for the fundamental tetrahedron, and donoting the point {x, y, z, lo) by P, I assume 
that we have 

x \ y : z :w : l^PBOD : APGD : ABPD : ABGP : ABODy 

where PBGP, &c. denote the volumes of the several tetrahodra PBOD, &c. It is to 
be noticed that the volume is in every case taken with a determinate sign : analytically 
the sign may be fixed by taking {xay ya> ^a), <Src., as the Cartesian coordinates of the 
points A, &c, and writing 

PBGD ^ ^pj 9 Szc, 

yp* Vbi Voi yd 

Zpy Z]iy Zf^y Zfl 

1, 1, 1, i 

(whence of course PBGD = PGDA = — PGBD, &c. according to the rule of signs) : or 
we may in an equivalent manner, but less easily, determine the sign, by considering 
the souse of the rotation about CD (considered as an axis drawn from G to JD) which 
would be produced by a force along PB (from P to B), 
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79. It is to bo observed that the foregoing values give idoatically 

so that the equation of the plane infinity is a* + y 4- w = 0. The values of the 
coordinates {as, y, z, w) may bo written 

m ■. y : z tv 1 = P5(7Z) : PGAD : PABD : PGBA : AB0D-, 

or in the original form 

(e :y : z -.w : l^PBGD : APGP : ABPD : ABGP : ABGD, 

as may be most convenient. 

80. Denoting the points (a, /3, 7, S) and («', /3', 7', 8') by Q, Q’ respectively, we 

have 

a : /3 : 7 : S : 1 = QBGB : AQGD : ABQD : ABGQ ; ABGD 

and 

a' : /3' : 7' : 8' : l = Q'BOD : AQ'GD : ABQ'D : ABGQ' : ylPOT, 

and writing 

(a> i, o,f, (j, /0 = (^7'-/3'7, 7a'-7'«, «/9'-a'y3, aS'-a'B, 0'-/3'S, yS'-y'S), 

viz. the two sets being taken to be equaly a = — y3 instead of merely pro- 

portional, then it is easily seen that we obtain 

a : b i c : f : g : h : 1 

= AQQ'D : Q'BQD : QQ'GD : QBOQ' : AQCQ' : ABQQ' ; ABOD, 
that is, in order to form the first six combinations wo successively replace 
(JJ, 0), (a, ^1), (A, B\ {A, Bl (P, Dl (G, B) 

in ABGB by (Q, 


Ai'ticlo No. 81. Resulting formulw of Trmsfoimation. 

81. For the transformation of coordinates if we assume 

(0 = (X-i, Vif Vat '^o)j 

y ^3, « )i 

Z = (?t8, ^3, 1^3, « )j 

= /^4> Pd]! » ), 

and take also (a, 6, o, /, e/, /t)? Cq, /o, /i-o) respectively equal, instead of merely 

proportional, to the foregoing values, then, observing that for the point ^^e have 
y(sy «^o) = (lj 0, 0, 0) we see that Xi, Xa, Xg, X4 arc the il 505 “-coordinates of 
^lo; and the like as to the other sets of coefficients; viz, we have 


Xj *» Xa \ X3 « X4 

l=A,BGD 

: AA^GD 

ABAaB 

ABGAo : ABGD 

: ^3 : ^3 : ^4 

l»So 

• )> Rq )} 

If Bo If 

If Rq ' » 

Vi : V2 \ \ : 

1 = 0. „ 

♦ If » • 

It ^0 If 

J, G) • 

pi ' Pa • Ps • Pa 

l=A « 

* I) Bo If * 

II Bq j. 

9f Rq • » 


0. VIL 


13 
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and we hence find 

JJ,V 

23 


vX 


Xfi 

23 


Xp 

23 


W 

23 


vp 

23 


^AS,GoD : AGoA,D : AA.Ji.D : AA,D,D : ASo^oD : AG.DoD : ABGD 
viz, multiplying the last-mcutioncd sot of terms by AoBqGqDq -r ABOD^ in order to 


make the last term equal to unity, we sec that the coefficients ^ &c. arc equal 


to 


23* 23 

into the six (ABGI>)o — coordinates respectively of the line AD by means 
of the points A, D thereof. And similarly in the six expressions which enter into the 
formula of transformation, tho coefficients arc (A J}(7i))o - coordinates 

of the 

line AD in regard to points A, D thereof 



BB 


B, B 

>1 

)> 

OB 

ii 

C, B 

i> 

n 

BC 

ft 

B, 0 

i* 

» 

OA 

}} 

G, A 

» 


AB 

*> 

A, B 

» 


The foregoing theory of the trans formation of coordinates seemed to mo interesting 
for its own salce, and I have developed it in preference to the more simple theory 
which might easily be established of the case in which the coordinates arc quantitatively 
defined as bohig equal to 

(j3fo cos /9 — yo cos 7 , fl?o cos y — -sr^, cos cr, yacos^-<»?ocos«, cos of, cos/3, cosy) 
respectively. 
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ON A OERTAIN SEXTIC TORSE. 


[From the Tvanmoiions of tho Gamhridge Philosophical Society^ voL xr, Part in. (1871), 

PI). 607—523. Rend Nov, 8, 1869.] 

TJil'j torso (dovolopablo sin'facc) inliunclccl to be considered is that which has for its 
edge of rogrosHion an oxcubo-eptartic curve, or say a nnicursal quarfcic curve. I call 
to mind that (excludiug tho piano quavtic) a <(nartic curve is either a quadriquadric, 
viz. it in tho comploto iiitorsootion of two quadric surfaces ; or else it is an excubo- 
(piartio, viz, tlioro is through tho enrvo only one quadric surface, and the curve is the 
partial intorMOctiou of tliis (piadric surfaco with a cubic surface through two generating 
liiioH (of tho Hanio kind) of tho quadric Hurfaeo. Returning to tho quadriquadric curve, 
tins may be general, nodal, or cu82)idal ; viz. if tlio two quadric surfaces have an 
ordinary contact, tho curvo of iulorRoction ia ti nodal quadriquadric ; if they have a 
stationary contact, the curvo is a cuspidal quadriquadric. 

Tho iiiiiciu'Hal quartio in a curve such that tho coordinates to, y, w) of any point 
tlicroof arc proportional to rational and integral quartic functions !)■* a 

variablo paratnelor 6\ and the goaoral ujiicursal quartic is in fact the excubo-quaitic ; 
but included as particular cases of tho iinicursal curve (although not as cases of the 
oxcubo-quartic as above defined) we have the nodal qiiadriquadnc and the cuspidal 
quaclriquaclrio. Tho torso having for its edge of regression a nnicursal curve is a sextic 
torso; and tliia is in fact tho order of tho torso derived Irom the exciibo-quartic, and 
from tho nodal quadriquadric; but for tho cuspidal qiiadritptadric, there is a depression 
of oiie^ and tho torso becomes a <piintic torso. Tho equations have been obtained of 
(1) tho soxtic torso derivod from the nodal quadiiquadric, (2) the qiiintic torse derived 
from tlio cuspidal quadriquadric, (3) the sextic torso derived from a certain special 
oxcubo-^quartio ; but tho equation of tho torso dorived from the general unicursal quartic 
has not yot boon found, show at tho outset what the analytical problem is, 
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anticipate the remark that the coordinates (a?, y, z, w) of a point on the ciirvo imy 
by an obvious reduction be rendered proportional to tho fourth powers {6 + a), (0 + ^), 
(^0 ^ + S)i in the pai’ameter 0 ; this leads to an equation 

a-’ , y j- = 0 

for the osculating plane at the point {m, y, z, w) ; or observing that this equation, 
when iutegralised, is of the form («, y, z, w\d, 1 )“ = 0 , we see that tho equation is 
obtained by equating to zero the discriminant of a certain sextic function in 6\ the 
discriminant is of the order 10 in the cooi-dinates {x, y, z, w), but it obviously contains 
the factor xxjzw, or throwing this out we have an equation of the order 0 , so that 
the tome is (as above stated) a sextic torse. 


Theorem relating to Four Binary Quartioa. 

1 . Consider the four quarries: 

(oi, h, Cl, d,, CiJ®, yY, 

(aj, h, Cs, (4. CaJ®, yY, 

(aj, b^, Cs, da, yY, 

(a 4 , 64 . C 4 , di, 64 $®, yY, 


then if \i, \a, Xa, X 4 are any four quantities, these may bo determined, and that in 
four different ways, so that 

Xi(ai,..,J®, y)* + Xj(aa,...J®, y)‘ + Xa(ft 8 ,...][®, + X 4 (tti, ...J®, y)^ = (/9® + «y)’, 

a perfect fourth power; in fact, equating the coefficients of the different powers 
of (®, yY, we have five equations, which determine tho ratios of tho unknown (luantitios 
Xi, Xa, X 3 , X 4 ; «, /9: eliminating Xi, Xj, Xj, X4, we find the equation 



B^a, 

B>a\ 

Ba^ 


CO,, 

h, 

} 

d, , 

ei 


h , 

O3 , 


02 


hi , 

Cs f 

, 

Os 


hi. 

O4, 

d'i ) 

04 


giving four different values of the ratio a B', or, assigning at pleasure a value to 
a at B (say B — 1), then to each of the four sets of values of (a, B) there correspond 
a determinate set of values of (Xj, Xj, X,, X 4 ); that is, we have as stated four sets of 
values of X„ X,, Xj, X 4 ; a, B- 
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Standard Equation of the Unioiirsul Qiiarlio. 

2. The coordinates (w, y, z, m) being originally taken to ho proportional to any 
four given quartic functions (*$0, 1)'* of the parameter 6 , then forming a linear 
function of the coordinates, we have four sets of values of the multipliers, each reducing 
the function of 0 to a perfect fourth power; that is, writing (Z, Y, Z, IF) for the 
linear functions of the original coordinates, and taking {X, Y, Z, IF) as coordinates, it 
appears that the unicursal quartic may bo reprosentod by the equations 

X -.Y ■. Z lF = (^ + a)‘ : (6 + fiy : (^ + 7 )* : (0 + SH 


Tangent Line, and Oscillating Plane of the Unicursal Quartic. 

3. The equations of the tangent lino at the point (0) (that is, the point the 
coordinates whei-eof are aa {d + «)* : (0 + y3)* 


X, 7, 

(e + a)\ (^ + /3)h 

(5 + a)» (0 + fiy. 

and that of the osculating plane to bo 

X, Y, 

(9+ ay, {0+^y, 

(9+ ay, (e+/3y, 
(9+ ay, (0+^y, 


(<? + 7)‘ 

: (0+Sy) 

are at once seen to be 

z. 

w 

= 0, 

(9 + 7 )*. 

(d + s)' 


{0 + yy, 

(0 + S)^ 


z. 

IF 

= 0. 

(0 + yy, 

(0 + S)* 


(0 + 7 )". 

(0+8)* 


(0 + yy. 

(^+8)« 



Writing as in the sequel 

b = y-a, 

c — a_y3, 

the equations of the tangent lino become 

I -A 

{9+sy {0+yy (o+sy ’ 

f^X fZ _f> 

(^ + a )» ■ (d + 7)’'''(0 + 8 )' ’ 

9 X fY cZ 

(9+ay (e+sy • ^(0+s)^'' ' 

aX bY oZ „ 

(0+«> {9+^y (o + yY 

(equivalent of course to two equations), and the equation of the osculating plane becomes 

ahgX hhfY gfoZ aboW 
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Modification of the foregoing notation, and final form for the Unioursal Qiiartie. 

4. If instead of the coordinates (X, F, Z, IF) we introduce the coordinates {(o, y, z, w) 
connected therewith hy the relations 

ahgX : hhfY : gfoZ •. aheW — <8 : y : z : ?(/, 

or, what is the same thing, 

X \ F : Z •. If = h(fx : oa^y : ahhz : fgJav, 

then the curve is given by the equations 

a; : y ; z : to-cdig(,9 + ay : hbf(6 + ^y ; ofg(0 + yy : abo (0 + 8)*. 

The equations of the tangent lino arc 

^0— , -fUL n 

(o+fiiy (e+yy^(e + 8f~'^‘ 

_ i ^ r\ 

~’(e+ay • 

hio ay kw 

((? + «)» (O + ^y • ’ 

_ -f- 00 _n 

(0+ay (o+^y (o+'yy • 

and the equation of the osculating plane is 

^ t y I ^ 'lo ^ 

(O + af^ (O^y'^ (6 + yf '^W+W * 


Determination of the Sewtio Torse, 

0 . Starting from the equation of the osculating piano written under the form 

tt.-(0 + y3)=(^ + 7)^(^+ 8y 
+ y(d + yy(o+ 8y{e + ay 
+ z(e+ 8y{9+ay(6 + ^y 
+ w(d+a)“(d + (S)»(0+7)» = O, 

the equation of the tome is obtained by equating to zero the discriminant of tho soxtic 
mnotion, Wnfciiig as before 

a = /3-% /=a~8, 
b = y-a, g=^~8, 
c = a-/9, h = y-S, 
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h - (/+ a = 0 , 

-/( . -f/ +b =0, 

cj -f . -t-c =0. 

-6 — c . 

, /i/3— ^7-i- aS= 0, 

— ha ♦ "Vfy &S = 0^ 

f/a-//3 . 4-cS=:=0, 

- «a - 6/3 — 07 , = 0, 

iind also 

^9 + c/i =3 0, 

Uicn the cHscnminaiit, is a funcbion of (a?, y, z, w\ (a, 6, o, /, jr, A) of -Iho degreo 10 
in (a-, y, w) and tho degree 30 in (a, 6, c> / A). But the equation in 0 ha-s two 
equal roots, or tho discriminant vanishes, if any one of the quantities {x, y, 0 , w) is 
= 0 ; and again, if any one of tho differences a **“ /3, &c* (that is any one of tho 
quantities a, 6, 0, /, y, /i) is = 0 : the discriminant thus contains the factors coyzw and 
{cihcfghy, and throwing those out, wo have an equation of the form 

A =: (a, 6, c, /, £f, (a;, y, wy == 0, 

which is tho equation of the soxtic torse. 


438] 

equations Avhich give 


PHnovpctl Sections of the Torse* 

6. Oonsidor for instance tho section by the plane Writing = the equation 

of the osculating plane is 

(0 + [fl? (l 9 q- d* 7)' + y (6^ + 7)' + a)' + ^ + i®)"] == 0. 

The discriminant of the sextic function vanishes identically in virtue of the double 

factor (6 + 8)\ But omitting this factor, tho equation, becomes 

{d + /3y {0 + 7)*'^ + y (0 + 7 )" (0 + ay + (0 + {0 + - 0. 

The discriminant of this quartic function of 0 is a function of (v, y, z^ a, 6, 0 of 

the degree 6 in («?, y, z) and 12 in (a, 6, c); it contains however the factors 

and the remaining factor is of tho degree 3 in (x, y, z) and 6 in ( 0 , 6, c) ; tins 

remaining factor is as will presently be seen 

== {a^x q- b^y + - 27a®6V xyz. 

The last mentioned sextic equation in 6 will have a triple root 0 ^ 8^ if only 

the value 0^ — 8 makes to vanish tho factor in [ ], tliat is if we have 
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The foregoing results lead to the conclusion that for w = we have 
A “ {g'^li^co + h^f^y \{a?x -\- Ify + c^zY — 27a^iV ooyz \ , 

but this will appeal’ more distinctly as follows. 

7. Fii’st, as to the factor {o?x -i- h^y + c^zY — 27(t^6V xyz : writing in the equation of 
the osculating plane lo = 0, the equation becomes 

^ j y I ^ 0 

{6^^aY^{e-\-^Y 

which equation is therefore that of the trace of the osculating piano on the i^lano 
iy = 0; the envelope of the trace in question is a part of the section of the torso by 
the plane w = 0, To find the equation of this envelope wo must oliminate 0 from tho 
foregoing, and its derived equation 


^ , y , z 

the two equations give 

, , ai : : z^a{e^^aY : 6(i9-f)3)« : oiB^yYi 

and thence 

+ (%)* + {o-^zf = a (^ + a) + 6 (^ + /?) + c (0 + 7 ) = 0, 

that is, we have 

(a«a;)* + (&’>y)i + (c=ir)4 = 0, 

or, what is the same thing, 

{a?x -h -p d^zY — 27a^6V xyz = 0 

for a part of the section in question. 

8. I have said that the foregoing cubic is a part of tho section ; tho equations 

ly :z : w=ahg(e^ay ; bhf(d^/3y : cfg(6i^yY : abo (d + Sy, 

which for w = 0 give e = ~B, and thence m : y. z = af : bef ol>?, show that Iho last 
mentioned point is a foiir-pointic intersection of the curve with the plane w = 0. 
But the curve, having four consecutive points, will have three consoculivo tangents in 
e pane w-0; that is, the tangent at the point in question will present itself as 
a threefold factor m the equation of the torse. Writing in the equations of tho tangent 
^ equation of the tangent in question 


or, what is the same thing, 

fh^<B + h^fhj + fg^z = 0 . 

.nrf "P taken three times, 

and. or the last mentioned cubic curve* 
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9. Jjy synimotry, we conclude tlmli iho sections by the principal planes x = 0, 
y = 0, z = 0, w = 0, arc each made up of a lino taken throe times, and of a cubic 
curve : viz. those arc 


it' = 0, . H- =0, 

y = 0, + o’a!‘io — 0, 

z —0, + Wi?y . + o?b\v = 0, 

■io = 0, g^h\i}-\-hY'^y^- pg'^z . =0, 


‘ (/‘-y)'' -I- ig'^z) ‘ + (fAa)' = 0, 

{(i^oif + ipyf . +(o^t;)* = 0, 

{a?xf-\-{hYf-\-{c^zf =0, 


where for shortness I have written the equations of the four cubics in their irrational 
forms respectively. 


Partial Petevminaiion of the Equation. 

10. As the value of A is known when any one of the coordinates cOy y, w is 
put =0, wc in fact know all the terms of A, except those which contain the factor 
(oyzWj which unknown terms, as A is of the degree 6, arc of the form //, w)\ 

I remark that if {icyziu) is any homogeneous function y, z, and (ivyz)^ (xy), 

(x) arc what (xyziv) become on putting therein (w = 0), (z == 0, = 0), (jr = 0, ^ = 0, w = 0) 

respectively, and the like for the other similar symbols, then that 

(xyzw) = (x) + (//) + {z) 4- (w) 

- (xy) - {.iz) - (xw) - iyz) ^ (yw) - {zw) 

4- (i^yz) 4- w) + {xzw) + (yzw) 

+ terms multiplied by xyzw ; 

in fact, omitting the last line, this equation on writing therein or y=0 or 2 f ==0 

or w = 0, becomes an identity, that is, the difference of the two sides vanishes when 
any one of these equations is satisfied, and such difference contains therefore the factor 
ccyzio] which proves the theorem, It hence appears that the equation A = 0 of the 
torso is 

A = 4 4- o^/^g^z^ 4* 

^ (g^li^x + pyY (a^x 4 - byf 

- Q>^Pu +/V'‘^)’ 

- (yVi^w + p(pf ipas + C^zf 

- ((/*«! +0%)’’ 

— (ph^y + (/’y + c'w)’ 

— {c^y'^z + o^aPwy {pz + hhoy 

+ [{hhj + g'^z + a*w)* - na?g%hjziv\ 

+ (a^a; H- c’y% + cWw)’ pz + - 276Vjy“^!anyJ 

+ (ttte + Wihj + a?h^vjf [{(fx +/'-’y + d^y - 27oy Yaiyw] 

+ + Idpy + Pg'^zf {(px + h-y + )’ — 27 a^bVxyz ] 

+ xyziv) y, wp 

where the ton coefficients of (*^x, y, z, tuy remniii to be found. 

0. VII. 


14 
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P 7 ' 0 om for the Detevmimtion of the Unkmimi I'oefficwds- 
11. At a poiut of the cubic curve iu the piano w = 0, wo liavo 


X \ y •. .? = f{(0 + «)’ ; + ■. c (< 1 - 1 - 7 )“; 


and the tangent plane at this point is the osculating piano of tin; curve; that \h, itj 
is the plane 

(0 + df ^(0-i- ^ {0 + if ^ {0 Zf “ " 

if for a moment {if y\ s', w') arc the cuvreut coordinatoH of a point in tlie tangent 
plane. But the equation of the tangent plane as dedneed from tho otpiation is 


,ffA ,(fA , ,(fA 




where in the differential coefficients of A, the cooi’dinatc.s y, s, w) aro eonMidcv<!d 
as having the values 


X y : 2 : w==«(d-t-«)« i b{0 + l3f : c(£l-l- 7 )’ : 0. 

Hence, \vith these values of (.i!, y, z, w), wo have 

^ ^ ^ dA _ 1 1 t 1 

dx ' dy ' dz ' dw “(d-ta)» ' (F-l-/3)» ’ (^“ 1 - 7 )'' ’ (dH-S)''’ 

conditions which determine the values of certain of tho cooIIiciontH of y, z, mf, 
m, the SIX coefficients of the terms indepondont of w; and wlion IhcHo m’o known 
he values of the reiuaining four eoeffioionts are at once obtained by symmolfry, 

12 . To develope this process, disregarding tho In'ghor powers of io, wo niiiy write 
A = & + 8v) 4? xyzw y, £f, 

ft ? denotes the terms independent of 10 , Swcp tho known tcrni.s whiidi contain 

pf? >«»«■•’ 

hictoi, the value of y, zf being clearly ==(:l‘ 5 .^i, y, e, 0 )‘l 
We have, moreover, 

ami ^ [(«”« + ^^0 + O^zf - 27a“i!» V xyz'], 

d) /“ {h'^y + c“^> (/,y _ ^ ^ 

+ '7^ (a^-|-c“ 0 )“[ 6 y (JM~1h^f^a>z -hA“) (pA--t-c»^) + cW{h“ln-/^^)i>] 

~a%‘‘(/(by +o%-)x^ 

~¥h>f*{cVi^ +«“/“) 2 /® 

~c«/y(ay + [,y ) 2 '!. 
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13. The equations, putting after tlio differentiations w~0, and writing for shortness 
(O in place of y, zf, become 

d 0 <Z® . fZ® . . 1 1 1 1 

d(G • dy ‘ dz • + + + ‘ (0 + 7 )" ' (0+S)’’ 

Now, observing that the second factor of 0 vanishes for the values 
a {6 + «)», h{0 + 0f, 6(8+ 7 )’ of (®, y, 2 ), 

we have simply 

^ = ((l^h'‘co + h^f^y + f^g^2y . [(a*® + Jpy + c^zf — Qb^c^yz], 

But 

a^w ■\-h-y-h(?z~a^ (6 + «)* + 6’ (0 + / 9 )* + o’ (0 + 7)®, 

= 3a6c(0 + a) {d + fi){6 

in virtue of the relation a(0 + a) + &(0 + /9) + o(0 + 7 ) = O and hence 

[(a=® + ^y + G^zy - 96"c>] « 9&"o=> (0 + /S)’ (0 + 7 )" . [«’ (0 + af - &c (0 + jS) (0 + 7 )]> 

= 96V(0 + /3)"(0 + 7 )"Q, 

where 

Q = a* (0 + a )’ - 6 c (0 + ; 8 ) (0 + 7 ), 

= 6 * (0 + yS)" - ca (0 + 7 ) (0 + «), 

= G - <0 + 7 )’-« 6 (0 + «)(0 + / 9 ). 

Hence 

^ = 27aW + 6 " fhj + fyzy (0 + /3)" (0 + 7 )" < 3 , 

and similarly 

^ = 27»W +/ W (0 + 7 )" (0 + a)" Q, 

ay 

^ = 27a“i-c" {fh^as + h^fy + fyzY (0 + «)= (0 + /?)’ Q ; 
whence the above-mentioned conditions reduce themselves to the single condition 
(0 + by 134> + (oyz (»)} = 27a’6V® {g^h^as + l>?f-y -v/YzYid + a)" (0 + /3)" (0 + 7 )’ Q. 

14, But we have 

g"‘h^a} + +/y^ 

= (fh^ a (0 + S +/)= + (0 + S + f/)* + (0 + 8 + hf. 

= (0 + S)” [( 0 " 6 ®a -I- h^ph +/yc) (0 + 8 ) + 3 ((//la + hfb ■\-fgo)fgh], 

= - a 6 c (0 + S)= [<f^A + hf^-fg) (0 + 8 ) + S/^r/r], 

= - abc (0 + S)= [flffe (0 + a) + /i /(0 -p /3) +/»/ (0 + 7 )], 

= — ahe (0 + 8 )" P, 


14—2 
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if for shortness 

P = gh (^ + a) + hf{e + /S) +fg {e + 7). 

Hence, substituting, 

.Scf) + ubc (0 + a)’ (0 + /3)» (^ + 7 )’ ( k) = - 27 {ahcf (^ + S)‘ (^ + «)» {6 + /3)‘-' {6 -i- 7 )= F'Q ; 

which when the values a(0fa)’, h{6-V^Y, 0 (^ + 7 )* for (®, y, z) nro snbstitntod in 
the functions 4> and (*), will be an identical equation in 0. 


15. It is right to remark that Avhat we require is the oxpro.ssioii of (r), — {r'§jv, y, zY ; 
the foregoing equation leads to the value of (*) expressed in tcrins of 0\ au<l it is 
uece.s.sary to show that this leads back to the expression for (») as a fuiiotion ol’ 

y> ^)'> io feet, that the function of 6 is transformable in a dojinite inainior into n 

function of (a;, y, z). Suppose that the function of 0 could bo oxpre.sHod in two 

different manners as a function of (w, y, z); then we should have two clilforout 

functions {a, y, zj each equivalent to the same function of 0\ and the didbroiico ol' 
these functions would be identically =0; that is, wo should have a fniietioji (j,o, y, c-)'-' 
vanishing identically by the substitution 


: y ; ^ = a(^ + a)» ; h{d-\-^Y ; c{0 + yy\ 
but these relations are equivalent to the .single I'elation 

(a‘iB + ¥y + c^zy ~ 27aW xyz = 0, 

which, qua cubic equation, is not equivalent to any equation whatever of the form 


(x, y, zy = 0-, 

that IS, the function of 8 is equivalent to a definite function (x, y, 


16. To proceed with the reduction, I remark that wo have 


<T) = (aV; + b'‘y + c^zy 


+ xyzil 


' f* [a®/® - Ihy/yz + g*3^) (b‘‘y + c'^z) + iv (h‘‘y + y'^z )“J " 

+ (Y [by {h*a? - 1h^f»xz +/V) («“«) + O^z) + ow (/Ac + 

+ h* [eVt» ~ Ig^^xy +/y) + by + •\rfhjY\ 

- o’/ty (iy + cy ) iF* 

,-cyy (ay> + jy )z^ 


where 


- fi = 2 {bVAu? + c=a%= + a^h'^Gz^) 

+ {My + Nz) (fl*K + 2 a*% + 2 a^c%) 

+ {Oz + Px) + b*y + 26=c®^) 
+ {Qx + Ry) (2aV* + 26Vy + oz ), 
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if for aiiortiiesB 

{by +(fk^ ), 

B==hyf*(yh^ ■\-ay% 

M ==/‘/i= (a»/V/t' - lAy-by + Sbyd‘hP ), N =/y (- lay^d^h- + iiy%y + Sbyo%^ ), 

0 =(fp {byay^ - ny&¥ + se%w /% p = (- uya:^ y» + lyey + 3c%w y ’■), 

Q = hy (C%^by - 1<i%ht?¥ + 3a“/%^), R = /“ (- 7cWy + o-//-tt®/'‘ + Sft'» f^hy ) ; 

and I ropresenl the foregoing equation by 

‘X> = (a*® + b^y + U + myzCl. 

Hence, writing for x, y, z the foregoing values, wo have 

<I> = Oa'iV {6 -V «)» {6 + BJ (^ + 7 )= £/■+ 060 (0 + a)* ((9 + /?)’ ( 0 + 7 )’ ! 

and thence 

27 y + + a) (d + /3) (0 + 7 ) (3n + (*)) = - 27 {abSf {6 + S)* ; 

that 1ft 

27 [y + {ahof {B + Sy PQ] + (^ + «) + /3) (^ + 7 ) (3^ + (*)) = O' 

In order that this may bo the case, it is clear that we must have 

V 4- (060)3 (Q + F^Q - + a) ((9 + / 3 ) (i 9 + 7) ilf, 

viz. the left-hand side expressed as a function of 0 must he divisible hy the product 
(5 + a) (6 4- yS) + 7), Assuming for a moment that this is so, the quotient M will be 
a function (^, 1)^ expressible in a unique manner in the form {oi, y, zf, and assuming 
it to be so expressed, we have 

HMdho 4- 4^ (^) = 0 j 

which equation, without any further substitution of the 0-values of (a*, y, z)^ gives (-i^) 
in its proper form as a function of (a*, y, z), 

Redmtion of the Equation^ U -h (a6c)3 (0 -\-Sy Q=^{9 a) (0 + ^) (0 + 7 ) M, 

17. Wo have by an easy transformation 

U ~ (a^o) 4- b^y 4- G^z) ( d?p — 7 h^ghjz + ' 

I -h by {f^z^ - If-lezdd 4- /d^-) ^ 

l+c%“ (fifV? - 'Icff-xy-{-fy); 

+ 7 {ay* + by + &h*)fyh^ xijz 

+ y', 
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if for shortness 

U' = fz . c-h^ p ( 36 y “ cV 4 “ ) 

+ (3c’/(''* — h\f ) 

+ z\c . (Sc’/fJ — a“/=) 

+ za? . cVty (30"/= - c"/j= ) 

+ . Jy/i-* (3a=/= - iy ) 

+ <ry . 0 =/^ (36y — «•/")• 

Substitnting the ^-values, the terms of U, other than IJ\ ''arc at once seen to 
contain the factor (0 + «)(0 + ; 8 ) (0 + <y), and wo have 

ilf= 3«&c [ ci?p{h*f —Ih^c/yz +/^)' 
i + &y {f^z^~'lph^zw +1M) " 

1 + cy (/.-r" - 1(fpmj +/y), 

+ 7 (pp + &y + (t'A'') pg^^abo ($ + «)= (S + /9)= (0 + 7 )= 

+ if', 

where 

U' + (aboy (6 + By P^Q ^{6 + a) (6 + 0) (0 + 7 ) M'. 

IS. Write for shortness p, q, r = {a/, bg, oh)', after a complicated reduction, I obtain 

3a6o M' = ftyA" (»• —p){2'>~-q) {— 2y + 5p\r — 65 =)’=) «= 

+ W/= (p -(/)((!'- r) (— 25* + 6q^rp — G/p") / 

+ c=/y (y - (r -p) (- 2r‘ + 6?'=pg 6y/) 

+ 2 /=/A"J=c" ( 7 p^ - SOp’o-r + ijV ) 

+ 2pgVi^cW (^q* — 20 p/?’ + 4 r"p‘ ) zx 
+ ^pg%^d?b^ (7)'* ~ iOpqr^ + 4py ) xy 

- 2 /y/t= (p* + 9 * + J'*) (a=A- + 6 =m + c^y. 

We then have 

9abeM— terms (a?, y, 4 ;)" + 9fl6cilf', Xi = terms (x, y, z) 

as above; and 

i'lMabc + 3fl + (*) = 0, 

which gives (*). 

19. After all reductions we find : 

- j (*) = aY¥ (28y - 84p*qr + 62 p= 9 V - 289 -V) a2‘ 

+ (289" - 84 q)p' + 62p’9>j‘= - 28)'"p") if 

+ cW (SS?”" - 84 q)q)‘ + 62 py/' — 28 p* 9 “) z^ 

+P (- 3p“ + 14p^qr-~ ISOfqh-^ - 136py?-= + 42(/r‘) yz 
+ (— 39 * + 14pg®r — 130p“9*}'= — 136p‘'9=?'" + 42?^) zx 

+ bP (— 3?’= + 14p9?'* — ISOjPg"?-^ — 136pyr“ + 42py) xy ; 
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or obsorving that tlio coefficients of and are equal to each other 

find to 

tho equation bccojnos 

(^) = -i] {Q2pyr'‘ - 28 (5’j>s + ry + .py) (a’^ViV + W fy + oV" p^g^) 

+ 3 (3/ - 14/g'}- + + 136j3=5*>’« - 42(^r‘)/*^^ 

+ 3 (35»- 14f</pr + ISQq'p^r'^ + 1362’j/j'=’ “ 42?*<j}-') p’^gx 
+ 3 (S)'* - + ISOc^i)^ + IfiGtyq^ ~ i2py) h-esy ; 

and we thcuco obtain by symmetry tho complete value of (*5®, y, z, ^o)\ viz. we have 
only to complete tho litoral parts of tho foregoing expression into the forms 

«y/tW + W / Y + eV'y^^ + aW?o', 

/y + a“a'?o, 

(fga; + byo, 

(Pwy + a^zw, 

rospootivcly. 

20. Tho equation of the tor.se thn.s is 

A = ft'V/Vi.W H- + c“ fyg" + a^h^d‘vfi 

-/“ y + {^‘‘y + Y 

- <f {pz + ]\^xy yz a\v y 
— A” (g'^ w + f^py («®/c q- b^y )* 

- (t“ y X + c’ia)’’ {h^co + hHo f 

— ¥ y + a^wy {f^y + c^)’ 

— c“ {f^z + hhuy yz + a^io)’ 

+ Q¥py + &f-z + ¥o^w y [(/i*y ■^g'^z + a^wy — 2'Ja?g^}i? yzw ] 

+ (ay SB + vyz + (faPioy [(f'^z + h^a) + b-ioy — 276 %®/* zan.u'] 
q- (a%®.« +¥¥ij + u%-iay [(/a; + /®y + c®Jo)’ ~ 2'f¥fy xyw] 

+ (gyoi + )i?/^y + fyzy [(«% + Py + c ®2 y ~ 27(t®6®c® coyz ] 

+ xyzw (*Jie, y, z, jo)® = 0. 

I recall that 

ft=a/3-7, /=«-§, i> = «/=(a -S)(/9-7), 

6 = 7 -«. 5 r = /3~S, q-by==(^-8)(y -a), 

0 = a — j8, A = 7 — 8, «• = c/t = (v — 8) (a — ^). 

Developing, we have finally the equation of the torse in the form following. 
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Eqziation of the Sexhc Torse. 


21. The equation is 

0= {aYh\ f, w") 

+ 3{^/ +?•’) {h*h*f, oYA hWffz, yz\ (o'>w, m.o^) 

+ 3(7'= +2)') (YfY. y”'"- 

+ 3 Qj’ + (f) {a*g*h\ h*fh\ /7'c", a'lw, ) 

+ 3 ( 5 ^ + 3?V’ + 1 -*) (iViy, cy/“, /A'a" , 

+ 3(j'' + 3j’y + 2i'‘)(cW, «’%% /t“/y c^a?h%zK%^, fho\ yho') 

+ 3(2i^ + 32jY + 37(a7'‘/i“, hY^h\fY(f, aYc“$a;y> <'A 
+ (62i* + 9j>Y + 92/?-’-2l5V)(a7Vt7 a^h^c^, fYh\ fyd%(Z^yz, w^yz, yhoco, s^oy) 

+ (6g^ + 9c2=i'= + 95“p=-21?y)(&y/'‘, iiW, g%*a%y''zx, %u'zx, zHuy, ahuz) 

+ (67'<+9j'y f 9?•Y-2l2JV)(cy7^ c’aY, hf*h'‘'§^z*xy, w'xy, x-'iez, y'lux) 

+ (g* + 9g‘'r’ + Og’H + 1 -’) (/“, a^'^y^si', «.■’»’) 

+ (?•’ +9>'‘y + 9ry+2J®) (Y» yW) 

+ (23* + 92)Y + 9yg< + g*) {h\ o’$«-y, 

+ 9 {iff- + g’)"^ + jy + I’Y +2jY +2^V ~ l-42^’g'‘?’“) 

X (/yM /“6y yVa”, iMlP'^KhjY fzho^, aWie”, xy-iif) 

+ 8 [23* + S})* (,2(f + )7 + 8p‘ (g* - 7gV) + g*?-*} 

X (gVt*, AY, yY o*¥^af^\/z, y'^wai^ zhti^x, tu^yz^) 

+ 3 (g“ + 3g* (2i'- +2)*) + 3g* (»'* - 7j‘y) + ’'V) 

X /Y /iW> a*o*5«jy*^’, a*wy’, oiWy, w’^a;*) 

+ 3 [j'* + a?-* (2fi^ + (f) + 3?’’ (p* — 723y) +23*g*} 

X (/y> h^a^ft«Pys^, a^ioz^t yho^z, io*«-y) 

+ 3 (23* + 323* (23'- + g“) + SjJ* (?■* - 7g’?7 + g’j>*} 

X (^rVi*, A’&*, y'c*, o%*'fia?yz'‘, y^w% z’'tvaf‘, iiptfz) 

+ 3 (g« + 3g* (2p» + r’ ) + 3g* (23* - Iry) + ?y} 

^ (/i*/*, /y h*a^, aVja'^i/’^j a’M'Y, a!*i4>i/“, 

+ 3 {?•« + Sj-* (2g> + 23* ) + 37-* (g* - 723Y) + 23Y) 

^ (/V» YA A'‘> iwjayy iB'w’^r, 7/“wy 7(3Wy) 


j'--3{6223Y»*‘-28(g>7'» + 7-y + yg’)j(ay/t= tVi*/*, cy^* aYc%y y, y w*)^ 
I + 3 ( 323 * - I •i 23 *g 3 - + 13023Y7'* + 13623 »g*)-» ~ 42g*7'*) (/» ayio) 

1+3 (3(2* - 14g*3'23 + lSOg*?'y + 136g“?’*2>*'-' (g’ , b^'^zx, yw) 

\ + 3 (3)'* - 1 4?Yg + 130iyg7 + 1363 'yg=' - 4223*g*) (/t* , o* Jay, . 2743 ) ; 
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Gompiinson with the Equation of the Oentro-siir/ace of an Ellipsoid. 

22 . In the Equation 

(0 H- a)» (0 + /3)>‘ + 7)* ■*' {£? + S)= “ ' 

I'or cs, y, z, w write if, f-, and then 8 == oo , the equation is converted into 

J^af + + (0 + «* = 0 ; 

or writing for a, 7 , and understanding to mean aW, 

— 1 , this is 

_i¥_ 

(« + o>)= ^ (9 + 4")> ^ (9 + «■)> 

This is an equation, the envelope of which in regard to tlic variable parameter 6, gives 

^2 qii ^2 

the surface whicli is the locus of the centres of ourviituro of the ellipsoid H- vv H- -; = 1 > 

* £1* <)■' c’ 

or say the Centro-surfaco of the Ellipsoid. (Salmon's Solid Geometry, Ed. 2 , p. 400, 
[Ed. 4, p. 406].) 

Making the same substitution in the foregoing equation (*][«, y, z, lof — 0 , the 
quantities /, g, h become equal to - 8 , and p), q, r to — a 8 , — & 8 , — cS respectively, and 
the wliolc equation divides by 8 '^; throwing out tliis factor, we have a result which is 
obtained more simply by changing 

a, y, z , V), a, b, 0, f, g, h, ji, q, r, 

into 

if) r. y> !-• 1 . 7’ 

where «, / 3 , 7 now signify b^ - c“, c“ - «“ - b'^ respectively, and i}^, f <a’ are retained 

as standing for aW, cV, - 1 respectively ; viz. the equation of tlie centro-.siirface 
is found to be 

0= («“, /S", 7», aWSI". «'“) 

+ 3(/3^4-7'’) 7 “) 

+ 3{7»+a") ( 7 *, a^ /3», yS®7'a'$?“f^ v”®*”) 

+ 3(c(= + /3^) (aS 7 ". 7®«‘j8^$f’V, 

+ 3 ()3^ + 8 /SV + 7 O (/3®. 7®. «' . a . vT . f ) 

+ 3 ( 7 ^ + 37 =a» + ) ( 7 =. , /3», ) 

+ 3 (o' + U-S +l9‘) (as, y3=, 7 “, 7 “aS;S^ 5 ^ 1 , 0 , Pw’) 

+ 3 (2a'' q-SaS/S^ + SaV - V/SY) (a^ , as^Y. ®VP. Ya>®P, pwV) 

+ 3(2^‘ + 3/3V + 3^V-77s.t')(/9s. /Sya*, 7h 
+ 3(2y +37Sas +37S/3s-7as/30(Y. 7 W a^ 

0. VII. 15 
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+ (/S'* + 9/3Y + 9/9V + 7*) (1> a" 

+ (t* + 97V + 07'’a‘ + «») (1, 

+ (o'* + 9a<^-* + + /S“) (1. 7“$?Vi T'®’) 

+ 3 (a" +30* (i;Q^ + y) + 3a^ (/9^-7/3y) + ^Y-}(l. /3^ 7*. ^VWnV. 

+ 3{/?= + 3;8H2r +a^H3/3^<7^-77V) + 7‘«=}(l, 7-, a‘. TW, fW, 

+ 3l7- + 3y(2a= + ^0 + -V(a^~7a’i3^) + a'/3»}{l, A a»tV) 

+ 3 {a"’ + 34^ (27- +/9'-') + 3a® (7*-~7/9-7'‘) + ^V}(1 > Y> Aj 
+ 3 {/3^ + 3/3^(2a- +7') + 3/S''*(a^ — 77-4“) + 7^4* | (1, ft’, 7", 7‘ft’ 

+ 3 { 7 “ + 37 ^ (2;3H ft’) + 37 ’ - 7ft’/3’) + a’/3') (J, /S’, a‘, V'w'"?'. I"®'?', ®'f V) 

+ 9 WY + /SY + T'a’’ + 7’a' + a''A + a’A - 14«’/9Y) 

(1, AY. YA T/'r*"', 

|'-3{G2ft’/3Y-28(AY + Y«’ + «''A)}(a'-*. A, Y. «"AY]j;f‘. Y, V, ft>‘> 'I 

+ PY?V l + 3(^“’~l‘^“‘'/57 + 130a’AY + 186«’A7’-4.2/3'7‘) (1. 

j + 3(3A-l-iA7«+l30A7’«=+l8GA7''a’-427'ft') (1, »/''«'•') [ ' 

U3(37’~147'‘a/3+ l30Y«’A+1367VA~42ft’/3‘) (1, 7'-’$^V. ./ 

This agrees with tlie result given in Salmon’s Solid Qeomotvy, Ed. 2, j). 151, [Md. 4, 

p. 178], and Quarterly/ Mathematical Journal, vol ir. p, 220 (1858); in the Inttoi- place, 
however, the term 

AYtH 7V?“ + H- «“A7^fV 

is by mistake written 

AY?'' + + ft’Pw' + /3 i 

viz. a factor «« is omitted in one of tlie coefficients. 

Some ot the coefficient are presented midcf slightly dllforent forme; vis. hmlund of 
.‘iaim.nhae 62^,3y- + 


and ins«d of '♦<^V + «V+y«« + y^‘ + a.^- + «.,9.) + 20.>.flV, 

~ 14ft“/37 + 130Y/3Y + 186ft»/9Y ~ 42/3 y> 

^ 4ft8 + 7a» (A + f) + l.<)6a'^Y _ 68ft’^y + rf) _ 42A7‘, 

Init these different f„„,« ar. ,e,pecliv.|y 

a + /9 + 7=0. 
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DEMONSTEATION NOUVELLE DU THEOREME DE M. CASEY 
PAR RAPPORT AUX CERCLES QUI TOUCITENT 1 TROIS 
CERCLES DONNES. 


[From Iho Annali di MatematiGa ed applicata, tom. r. (18G7), pp, 132 — 134.] 

Tins 19 in fact fcho investigation oontainecl in the paper 414, “On Polyzomal Curves otUorwiso the oiirvos 
Annex ii, pp. 5G8— 573, “On Casoy’s theoioin for the ciiolo wliioli toiiohcs three given 
oirolo»,“ vi? 5 . it is based on the klontity of the two problems P to find a circle touching three given circles, 
2^ to find a oono-splioro (sphere of radius zero) passing thioiigh three given pointn in apace. 



NOTE SUR QUELQXJES TORSES SEXTIQUES. 


[From the Annali di Maiematica piini eJ applicata, torn, ii. {J808), pp, 99, 100,] 


Je desire d’appcier attention aiix surfaces ridveloppablos, on Lorses, dnnndoH par 
Tequation 

{ae — Ahd + — 27 {ace - ad^ — iPe + ^hod — — 0, 

Dans cette equation (a, b, c, rZ, e) scat clos foiiotions liudaircs (iiiolcoinjucs dos 
quatre coordonue'es {x, y, s, t ) ; ces tpiantitds sont done lidcs par unu d(piation lindairo 

Aa-h4fSbi- SOci' 4Dd + £/e^0, 


eb je reniai’que que la classification des torses comprises sotis l^dquation niontionndi^ 
ddpend des propridtds iuvariantives de la fonction (A, B, G, D, 7i/ Jr, 1)^. 

En effet la torse a une conrbe cuspidalo, ou ardto de rebrousscunont, doimdo par 
les dqiiatioDs 

ae — 4hd -H 3c^ = 0, ace - ad^ — ¥e 4- 26ccZ — c® = U, 
eb une courbe iiodale denude par les dquatious 


b'^ _ ad bo ^ae -\r 2SfZ 3o‘^ be — cd ce (t^ 
a 26 Gc 2d e 

ces deux courbea se rencontrent dans les points donnds par les equations 


a _ 6 _ c d 
b^ G^d'^e' 


Icsquels sont des points stationnaires 
en dcrivant a : 6 : c : d ; e == : 


de la courbe ctispidale. Pour truuver cos points, 
T : 1, on obtient pour lo parambtre r rdqiiution 


{Ay By Gy By B^Ty 1)^=0 
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Foil voit ainsi ijiFil y a un mppor<i outre ia th^^oric do la surface ot eetto dquafcion ; 
h fcoutc particularitd invariantivc de ]'(5quaUon, il y corrofipoiidra (juclquc parfcicnlariti^ 
<le la Lorsc. 

Los cas a considc^rcjv sont: 

V\ Jlacines iiidgalos, sans aucune relation invariantivc. Cost le cas general; jo 

Tai consider^ dans Ic Mdmoirc, On a certain Soxtic Developable,” Qitaj'L Hath, Joimh, 
L JX. pp. 1 2D— 142, [398]. 

2°. Deux raciiies dgales. Uo cas n’a pas dtd cousidei’e; jo I'cmarijiie (jne la 
conrbe cuspiilalo esfc du ciiiquibmo ordre. En efFet on pent siipposcr quo les mcines 
dgalos soiont =0, ce (pii revient prendre D = 0, JS^O, On a done + 4/ifi -p 6(7c = 0, 
e’esUVdirn Ics Equations a = 6 — 0 impliquont Pdqiiatiou c = 0; ct on voit de li\ qno 

los surfaces ae — 4 3c“ = 0 , ace — tuP — + ^bed — c® — 0 se coupont scion la droibo 

a=Q, 6==0; il rcnlo aiiisi unc courbe dn cinquieme ordre pour la couvbe cuspidalc. 

3^. Trois mcines dgalos. On pout isupposor <pie cos raoincs sent —0, co qni donne 

0^0, D — 0, IC = 0 ; et ron a ainsi Aa -h iBb — 0, e’est-a-diro los jdaiis a = 0, 6 = 0 

sent ici uii soul plan. L'dquation de la torso contiont lo faetour a, ol <ui Vdenrtant 

olio sc rddiiii an cinqiiicmc ordre ; on obtient ainsi la torso gAidrale clii cinquibnio ordre, 

4i\ Deux paircs do racinos dgalcs. On pent supposor qno cos raciues sont =oo, 0, 
cola domic yi = 0, 7^=0, D = (), IC^O, ot Fon a ainsi iciGiitiquemcnt o — 0. LMquation 
lie la torso osi {ac ~ 46d)^ — 27 (— etd^ — b^oy = 0. J^ai considdrd cc ciis dans le Md moire, 
‘^On a Special Soxtic DovolopaWe/’ QuaH. Math, JoiirtUt L vfl (18()6)j pp 105 — IIS, 
[378]; la courbe cuspidalo cst dii quatribinc ordre, inio courbe oxcnbo-(inarti([iio d’uno 
forme par Lien lidre. 

5^ Quati’u racincs dgalos ; on proiiant cos racines =0, on a Ji = 0 = D - tC = 0, done 
idenfciquoment a=0; Fdqiiation do la torse contiont le faetour ot on Fdcartant olio 
so red nit an (]iiatribnie ordre: on a clans co cas Ja toi’sc gdndralo clii quatrionio ordre 
Il y a encore <loux cas ii considdrer. 

()^ Linvaviant 1 do la fonctiou {A^ G^ i>, IV eat =0; 

T, L^invariant J do cette foiiction eat — 0 ; 

Mais jo n"ai pas oncoro cxamiiid co quo cela vent clirG(^). Il iFy a pas Ic cas 
a considdrer ob Fon a h la fois /— 0, t/ = 0; car cola revient au cas S'" do trois raeiiiGKS 
dgaloB. 

Oamb7^id(/ey le Id mai 1868. 


^ La coiirto ouspitlalo dtaut dii goiu'C 0 (iinioursalQ), on pout eonskldvoi' la s6no ctoq points do la ooiiubo 
com mo correspondant ftiihannoniqncnient aiix pointa d’nne droite, SI Ic ay«t<iinG tloH qnatro points sltifciommircs 
■est harmotiicjuo on a si co systimo osb e*qni-ftiiharmoLiiqno, on a 1=0. 
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ADDITION' A LA NOTE SUR QUELQUES TORSES SEXTTQUES. 

[Erom the Annali di Maiemaiica pura ed ivpplicata, tom. ii. (1868), pp. 219 — 221.] 

Jj5 vioiifa de trouvor cc quo signifio la condition J = 0. Cousiddrons doux surfaces 
quadriques qui se toiiclienb (d’un contact ordinaire). Les dquatious tangentiellos peiivont 
a'dcriro sons Ja forme 

a'f + + eV + = 0, 

ot Ton satislait !\ cos dquations par des valoui’s do « qui coiitiomieut lui para- 

m5ti’c ai'bifcraire 6, on dcrivant 

f : r: = ; e : 7 ^0^+^^ + S-, 

en offet cola donuo 

a <2^ 4- i -f- 2ji ry€ — 0, 2a — + 2n 8g == 0, 

+ b'/3^ + 27i'ye = 0 , 2 aV ^ 26'/3“ + c'e« -f 2}i'Se -= 0 , 

CO qui determine los valear^j de a : : S : e. L*dquatioii du plan tangent commuii 

sera done 

iva y!^ •*- 4- '10 l^fy H- sj = 0, 

ou, on mulfcipHant par 12^^, cotte Equation sera 


(a, &, G, d, e\6, 
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left valours dcs eocfficicMitB (^Lant 

a = 12 7w/ 

0—2 (Sw + ez ), 

= 3 (ax - 
<? = 12 7 ?^;. 


En L’cprdRontaiitj par Aa + ^Bb +(50 g ’\' 4iBd =0 l^^quation qiii lie les foncfcions 
lindaircs a, 6, c, (Z, o, cotto dqualion sera a “0 = 0; on a clone A— — E^1,B = G — D = 0; 
rinvariant J do la fonction (A, B, C\ D, 1)* est done =0. 

Nous aniv(^n8 ainsi il la conclusion quo la torso sextique 

(aa — 4M 4- - 27 (ace — ad^ — Ire — -f 2hcdY = 0, 

oi\ los fouclrions lineairos c, d, e sont Hoes par une i^quatioii 

Act 4* -h {)Oo 4” ^Bd 4* Ec = 0,. 

Lollo (|uo rinvariant 

A OE EB^ 2I}GB 


do la fonction (yl, j5, 0, 1), IV cst =0 (cas 7® do la Note), cst la torse enve- 

loppc^c par le plan tangent coinmun do deux surfaces quadriqiies qui se touchont d’un 
contact ordinaire. J^ai tronvd fe{(uaiion cle celito torse dans le Mdinoiro, On the 
Developable Surfaces which arise from two Surfaces of the Second Order,” (Jamb, and 
DitbL Math. Jour., t. v. (1850), pp. 4G— 57, voir p. 50, [86] : a, 6, c, a, a\ V, c\ n' y 
ddnotoiit Ics m6mes coofflcienis eomme ?i present, et eii (^crivant 

hd - b'e = / an' — a'n =2)> 
oa' “ c'a ==: g, bn' — h'n — q, 
ah' — a'h — A, cyi' — — r, 

(ot do lit i>/4- yf/ 4- r/i ^ 0), rdqiiation troiivde est 

p(fh^uf . . . + 4^pqr ^ 

Jo vais vdrificr ces tonnes, Partant do Pdqnatioii (a, 5, o, d, 1)^ = 1, 1 equation 
do la torso, en y introcluisant pour commodity le factour 

- {‘i 4- es:)^ -P 127 ^m;^ - 3 

- [2 (8w 4- e^y - 9 (Sm; + e^) (aV -- - 27 (Siu 4- ez) 4- 54 4* l3Y)yivy\ - 0. 



1*20 ADDITION A LA NOTE SUU QUELQUES TORSES SEX'ITQUES. 

En prenaiit ye = (ib' -a'b = h, on obtieiit pour a, y, S, e los vrtleurH 

.■^=2ry. ^ = ye^h, = 

■* -*■ * /»» /!» 


ot de la 


8}Xi' imr 9nff)- • 


tpqr 


Spy)- 


Les tennes en w‘ el {a?, sent 


ces tennes sont clone 


~ -rfu {[^ + 127 “)* — ( 2 S'' - 727 ’S)*] ttp — 108 («V — /Qy'’)’] , 

= “ Tnr PV' { 4327 ® ( 8 = - 47 ®)= w" — 108 (ceV — / 3 y)’') ; 


= -^P<ir 


/i2i» 4/’V/^ I 


=fYh-tt/' + 4py)- (qaf‘ +p)/’)» 


coinme cela doit ^tre. 


Oembridye, le 22 sepiembre 1868. 
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NOTE SUE UNE TEANSEORMATION GEOMETEIQUE. 


[Prom the Joimml fWr die reine und angeiumdte Mather)iatik (Crelle), tom, Lxvir, (1867)^ 

pp, 96, 96.] 

La lecture do la Note de M. Hesso, ^^Ein TJoborfcragungsprincip'' (t. LXVL p, 15 
do CO Journal) m^a suggdrd Ics remarques suivarites ; 

Snient (ai, 5i, c,, f^), (fla, 63 ) C 3 , da), («j, K, C 3 , dg) dcs constantes doinidos, on peufc 
supposer quo Ics coordonndes («?, y) d\xn point quolcoiique clans un plan soieut exprimdes 
on fonciions dos parambtres variables (u, v) par lea Equations 

_ cti 4* hill *h CiV + diUV _ Ug 4- hti -h o^v + 

^ ^ ttg -^ b^u 4 CiV + dsuv ’ ^ ^8 4 b^iU + Cg^ 4 dniiv ‘ 

En introduisaiit une non voile inddterminde s, cea dquations pen vent 6 tro ecritos dans la 
forme 

5«? — a, 4 btU 4 CiV 4 diiiv^ 
sfj =: ao 4 htt 4 c^v 4 d^xiv, 

8 = flg 4 68*^ 4 CsV 4 d^xtv ; 

pour des valours donndes des coordoimdes (a*, y) la qiiantitd s est on gdndral cldtcr- 
min6e par une Equation quadratique, et les paramiitres u ot v aont des fonctions lindairea 
denudes de s; il y a cependant deux cas particiiliers qu*il conviont de distingiier, 

V, L'dqnation quadratique en 5 peufc avoir la racinc s — 0 ot, ddbarrassde de ce 
faoteur, se rddiiire par consdquenfc k une dquation lindau*e ; ce cas pai4iculier a lieu ai 

16 


0. VII. 
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NOTE Stm UNE TRANSEOEMATION oiOMJi'TIlIQUE. 


[440 


la condition {abc){bcd) = {(ihd){acd) est romplie, oil la notation (abc) designc le ddtev- 
nihiaTit 

Ctly hu Cl . 

dii O3 

(h I Cq 

Dans ce cas ii et v aoiit dos fonctioiis lutionnelles de 1 /) et la transformatiou a la 
signification gdomdtriquo siiivantc : 

jEn considdt^ant deux droites qiielcoiiques M dans Tospace ot on men ant par Ic 
point donnd (a.\ y) la droite unique G qiii rencontre ces deux droites, on pent supposer 
qne 71 et v soient des parambtres qui ddtorminent les positions des points de rencontre 
sur Ics deux droites respectivemoiifc ; c, k, d. quo soifc la distance d'uu point fixo sur 
ia droite L au point do rencontre avec la droito G, et do aibme que v soit la distance 
<rim point fixe sur la droite an point do rencontre avec la droite (?. 

2^ Supposons &i : c, = 011 ce qui est au fond la memo chose 

bi — Ci — 0, — Cj = 0, bn — c^ — O; alors *9 est d<^l;ermindo par uno Equation simple, mais 

it et 7) no sont plus des fonebions rationnclles de s; on voit quo dans ce oas 
et itv sont des fonctions rationrielles de (. 9 ?, y), et quo par consequent u et v sont los 
racinos dhino Equation quadratiquo qui coiitioiit (a-, y) lindairement. On pout supposer 
quo 7i et V soient les parambtros de deux points sur uno droite domido, c, k d. qne 
u et V soiont les distances de cos deux points r’cspectivemont k im point fixo sitiui 
sur la droite donnde ; on a ainsi la transformation de JVI, Hesse. 

Je n"ai pas chcrchd la signification gdomdtrique des formulos gdndralcs, 


CambridgOi 10 ootohre 1866 . 
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NOTE SUB L^ALGORITHME DES TANGENTES DOUBLES D’UNE 
COURBE DU QUATBIEME ORDBE. 


[From Uio Journal filv die reine iind angewandte MathematiJe (Crollc), tom. lxviii. (18G8), 

pp. 176—179.] 

On n*a pas, jo crois, asscz fait attention k I'algorithmc (tirc^ do la coii8id(iration 
d*unc figure dans Tcspace) qu*a trouvd M. Hesse (dans Ic mc^moire ^^Uober die Doppel- 
tangenteu dcr Curven vierter Ordnimg/’ t. xj.ix do co Journal, 1855) pour d^^noto^ 
lo8 iaugentes doubles (on bitaiigentos) dVino courbe du quatribrno ordre. Voici en quoi 
cet algoritlune consisto. En oiuployant les huit symbolcs 1, 2, 3,.,. 8, les 28 bitangentes 
sent I’oprdsontdGs par los combinaiaons biiuiiros 12, 13, 14, -.78. Cela posd, consid<^rons 
uiiG cxi^ressiou quelconquc 12.13.14, ou 12.34,.., ou disons un ''terme'* qui reprd- 
sente un systbme dime seulc ou de pliisieurs dcs bitangentes. On pout opdror sur co 
torme avee deux espbees do substitutions ; la substitution ordinaire qui consist e a 
changer rarrangomeiit 12345678 dcs huit syinboles en un autre arrangoincnt qiielconque; 
ot la substitution ‘^biftdo^’ roprdsentdo par un syinbole toJ qiie 1234.5078, Icquel ddnote 
qull faut ontrochangcr los combinaisons 12 et 34, 13 et 24, 14 eb 23, 56 et 78, 
57 ot 68, 58 et 67, on ne changeant pas les autres combinaisons, Par exemple en 
opdraiit avec 1234 . 5678 sur 34 . 46 , 56 , 17 on obbient 12.45. 78 .37, Le nombre de 
ces substitutions bifides esb 35, ou en comptant la substitution, unitd, qui ne change 
aucunc des combinaisons, co nombre est 36. 

Appelons ** homotypiqiies ” deux tonnes qui Be ddriveut Tuu de Tautre par luie sub- 
stitution ordinaire; “syntypiques qiii se ddrivent Tun de Taubre par uae substitution 
ordinaire ou bifide; “sous-gronpe le systfemo entier des tormes honiotypiques h un 
termo doune: ^^groupe” le systfeme entier des termes syntypiques it un torme cloiind, 
Un gi’oupo pent conbonir un soul sous-grovipe, on plusicurs soiis-groupcs ; mais il importe 
de remarqner quo la notion dii sous-grouiDe p*a pas de signification gdometrique, et ne 

16—2 
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sort Hue com me nioycu de former les tcrmcs dii groupe. Oela le thdoreinc 

geomdtrique ost cehii-ci ; ‘Mes systfemea do bitaiigcnfccs roprdseniees par dcs fcermcs 
syntypiques (on autremoiit dit, par des termes qui appartienneul au memo groupe) out 
les memos propridtes geomdfcriqucs/’ 

Par excmple, en conaiddranL lea bitaiigentea deux a doux, on a deux sous-groupos, 
Tun compoad de tcnnes homotyi^iques 12*13; Taubre, de termes homobypiqucs a 
12 ou disoiis, le sous-groiipe 12.13 do 168 bonnes ei lo sous-groupc 12.34 dc 210 
tonnes ; rnais cos deux sons-gronpes Jic fonnent qii’un soul groupe ; pour moiitrcr 
oela il suftit d'opdrer sur 12.13, par oxemple avec la substitution 1245.3678, ce qui 
clonne 46.13, terme homotypiquo a 12.r34, Cola vent dire qu’il n^y a jms do combi- 
liaison de deux bitaiigentea qui sc distingue d’une maiiiero quelconque de touto autre 
combinaison de deux bitangcntes. 

Mais on combinant les bitaugontcs trois h trois, on a les deux sous-groupes 
12.34.56 (420 termes) ct 12.23,34 (840 termes) qui forment un groupe do 1260 
tonnes; les trois bitangentos represcntces par un {juolcoiiquo des 1260 termes out lours 
six points de contact sur une mfime coiiique, Les trois autres soiis-groupes 12.23.31 
(56 termes), 12.23,45 (1680 tonnes) ot 12,13.14 (280 termes) formout un groupe de 
2016 tonnes, et pour trois bitaugontcs reprdsentdes par un terme quelconque de ce 

groupe, les six points dc contact no sont pas situds sur une mdmo couique. 

Coramc un autre exomplo j'oxplique la oonstitiitiou des 63 ‘"groupes” de Steiner 
(voir le mdmoire de Stoiucr, Eigenschaften dor Curven vierten Grades riicksichtlich 
ihrer Doppelfcangeuton,” t. XLix. de ce journal, 186t5) ou (pour dviter remploi de co 
mot grouj^e dans une nouvelle signification) disons les 63 termes Q de Steiner, cliaque 
tonne compoRd do 6 paircs do bitangentes, On a ici un sous-groupe de 35 termes 
de la forme 

12.34; 13.42; 14.23; 56.78; 57.86; 58.67 

(pour abreger on pout ddiioter co tenno par 1234 , 5678), et un sous-groupo de 28 

termes ffg do la forme 

13.32; 14.42; 15.52: 16.62; 17.72; 18.82 

(pour abrdgor on pout de m^mc denotor ce terme par 12.346678), les deux sous- 
groupcs forinont le groupe dos 63 termes G, 

Steiner a de plus considdrd les systbmes ou disons les fcermcs Si, S^, composds 
chaciin do trois termes fr ; savoir 315 fcemies Si ot 336 termes Sq. Les 316 termes 
Si aont ici un groupe coiiiposd d’lui sous-groupe dc 105 termes 3(?i de la forme 

1234.5678; 1256.3478; 1278.3456 
et un sous-groupe de 210 termes 2(?2 + ffi de la forme 

12.345678; 34.126678 et 1234.5678. 

Et de mdme los 336 termes S^ sont un groupe compoad d^un sous-groupe de 280 
termes 2(?i -i- ffg de la forme 

1234.5678; 5234.1678 et 16.234678 
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ot im Rous-groiipo do 5G tormcs 3(S, clc la forme 

12.345G78; 13.245G78; 31.24)5678. 

II vii sans clirc! qxic jc me auis servi do I’abrdviation 1234). 6678 pour ddootei- b teme 
12.34; 13.42; 14.23; 66.78; 57.86; 68.67; et do m^me pour los aiitres termes 

Gl 0X1 ffg. 

jM. Ai’onliold (daily lo ineinoiro '^XJebor don gogenscitigen Zusaniinonhaiig dor 
28 jOoppoltangoiilon oinor aUgcmoinoii Oiirvo vierton Grades/' BerL Mmaisber Jixli 1864), 
partaiit do 7 bitaiigcntoR dontaioa, a troiivd iiiio construction pour les autres 21 bitan- 
gGiitcR, Los l)ilangonLos dnniidos doivent 6tro indidpeiidaiitos ; savoir pour fcrois (jiielcouqiies 
do CCS 7 bilaiigciitcs, Ics six poinls do contact nc sont pas sitiies sur uno in^mo coiiiqiie. 
]jCS bitangonics ropresonit^os par Ics fcormes 12, 13, 14, 15, 16, 17, 18 aont nn tel 
systbino do biiaugcntos iiub^pondantcs ; ofc on cldiiotant do cotte inaniero lea 7 bitan- 
gentes dmindes, lii biiangoiitc constmito par Ic moyon do la coiiiqiio qui touche cinq 
do cos droitos, pai' oxempio les droiios 38, 48, 68, 68, 78, (on conique 34567) pout Stre 
ddnotdo par 12, et do infinio pour los aiitrcs bitangentes chorchdes; on a ainsi le 
systemo ontior dc*s bitangentes ddnotccs commo auparavant par 12, 13, 14, ...78. 

J'ajoute quo lo groupo <jui conticut 18, 28, 38, 48, 58, 68, 78 est cotnposc d'lm soiis- 
groupo i8, 28, 38, 48, 58, 68, 78 dc 8 tennos, et d'liii sous-groiipe 12, 23, 31, 48, 58, 68, 78 
do 280 iornies; lo grtxupo coniiont done 288 tornies; savoir il y a co nonibro 288 
do systbines do sopt bitangcutes inddpendaiites tpii pciivcnt chacuu sarviv h troiiver 
par la construction d'Aronliold los autros 21 bitangentes. 

P.S. J'ai trouvd h propos dc In nidthode de M. Aronhokl uiie forme eominudc 
pour rdquation do la conique qui touche cinq droLfcca donin^Gs ; en supposani que 1 on 
ait idoiifciqiioinont iv -h ^ 4- ^ 4 w « 0, ct tiiio los di’oitCB dontiees soient .v— 0, ^ = 0, ^ = 0, = 0, 

ct aw + hi/ -h cz clw ^0, !*dqnaiioii de la coniquo est 

(a — (ly (b — of {cow + 27 -^) + { 6 -- (o — af (yi^ 4 4* (c — dy (a — bf {zw 4 — 6. 

J'ajoiito qu’on dorivnut pour abrdgcr 

a : /8 : y^(a--d){b-c) : (6 — d ) (c — a) : {g- d) {a — b) 

(croii a 4 /3 d' ry 0) los coordonndes (co, y, -e?, ««) des points dc contact avec les droites 

^’ = 0, ys=0, 10:^0 sont (0, y, /8, a), (y, 0, «, /3), (yS, a, 0, y), (a, /3, y, 0) 

rospectivomont; ct quo los coordoniidcs dit point de contact avec la droite aw-\-by+oz’\’dw==0 
sont 

w i y : z : to ^ (bed) :-{cd(c) : (dab) \-{abG) 
oi\, pour abrdgor, (hod) ddnoto {b— c){o — d)(d--hy ot de mfimo pour (eda), {dab)f (abc). 


Cambridge, le 23 septembre 1867. 
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NOTE SUE LA SUEFACE DU QUATRlfiME ORDRE DOUEE DE 
SEIZE POINTS SINGULIERS ET DE SEIZE PLANS SINGULIERS. 

[rroni the Journal fur die reim und angeivaniUe Mathematik (Orello), tom. Lxxirr. (1871), 

pp. 292—293.] 

L’equa'I'ION do jVI. Kummer ae transformo sails dilficultd en collo-ci 

(yY;j ~ yz [/3'/3"a; - «'«'> " = 0, 

01^1 

= cc''-H/3" + y"=:0. 

Or cetliG Equation roiicliie rationnello prencl, aprks toutes los rddiictioos udeessaircH, la 
forme suivantu: 

^ %yz “ — ^auj) 

+ 2w {ac{a*' {\fjs — yz^) -I- {z'^x - zc(P) 77V" 

4- (aa!a!'yz + 13^' ^"zx ^ 77 = 0, 

oil, i)our abr^ger, Ton a (5crit 

^=(/3 ^7)«V' + (7 ^/3 >7^, 

= (^' -7')ci"a +(y-a')r^+(ce'-/3')7'V, 

= ^ y") a a' ^ <7- ^ a-) /3 ^ /3'0 77' , 

- - H(/3 - 7) - 70 (/3" - 7") + (7 - «) (7 - « ) (7" - o + f« ^ / 3 ) («' - ^0 K - n 

rideiiLitd de cos diffdreutes valours de 9 dtant facile h verifier, 
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Eu repr^BCutaut pav ilho ^ Q — 0 la forme lutioiiuclle de requation do la 

Buvfaco, on U’ou'vc pour le cUscmuinanli de cotte (Equation du second ilcgre on lo 

la valeur 

AO-H: (M + P (? +1 + J.) (J + r + ^)- 

li^dqiiaiion de la surface rendiie ratioiinelle est sym^trique par rapport aux trois 
syat^mca de (pmiititcSs (% 7), (a\ 7'), (a", J 3 '\ y'); la forme UTationnclle de la 

indiao Equation pent done 6trc pi^dsenteo de trois manifercs tlilFdrcutes^ savoir: 


V 

(-y V'y " 


~ 7'7"ir — 

3)V- 


- (i'a"y - 

10 \ 

7 / 

=0, 

a'a; 

(y'Vy - 

/3"/3^ "l,) + \/ 0 'V 

- y^ryo:! — 

l)V^ 

(/3"/3® 

~ a"a2/ - 

tv\ 

y'J 

=0. 

y a'\v 

(yy'lj _ 

m -;") + \/i9'V 

- yy\^* *- 


(/3;9'a- 

— aa'y - 

zo\ 

y / 

1=0 

ot Pon 

voit de ] 

plus quo Igb (Equations des seize pla: 

ns singuliei's 

sont 






a) = 0, 

y = 0, 2=0, 

w = 0, 







!+l+-=0' 

a /3 7 

^+i:+£ 
a' Ss' + y 

-0, 1 

+4 + 

• 4 = 0 

y' * 




H'l 

1 - = 0, a'a "2 ~ ii'x - ~ 

= 0, ;3'/3"®- 

•aV'y- 

•^=0. 

7 




y'y!/ 

=0. a" 

„ 10 

a2-7 7®-^ 

= 0, y9"y3®- 

«"«y - 

.^=0 

7 ' 




yy'y 

-0 0’0~^ = O, ai/2 - 77'® - ^T/ 

= 0, 013 'x - 

««v - 

.^ = 0 

7 




los quantitea a, /S, 7 , etc. extant lides outre ellea par Ics trois (Equations 
c( -h /8 + 7 =s 0, c(^ “t + 7^ 0, ^ 0 * -h y[* = 0. 

VoiU\ ce mo semble la forme la plus simple pour Pdqnatioii do cetto sin'face. 


Qimhndgef le 2S fhner 1871, 
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NOTE ON TtlE SOLUTION OF THE QUARTIC EQUATION 

a I/+ ~ 0. 

[From the Afuthematische Annalen, vol. i. (1869), pp. i)4, 55.] 

Ib’ U denote the quarfcic function (a, b, o, d, e^(o, y)*, H its Hessian 

= (ao — }p, 2 (ad — he), ne + 2bd - 3c’, 2 (be - cd), ce - d'^'^oo, y)*, 

a and ^ constants, then wo may find the linear factors of the function all + 6/9/f 
(or what is the same thing solve the equation alfH- 6/3/f = 0) by a formula almost 
identical with that given me (Fifth Memoir on Qualities, Phil. Trans, vol. oxijVIII. 
(1868), see p. 446, [156J) in regard to the original quartic function U. 

/a 

In fact (reproducing tho investigation) if I, J are tlie two invariants, 

<!> the cubicovai'iaut 

= (- a?d + 3a&c — 26®, &c3[«, yy, 

then the identical equation J"!/®— may bo written (1, 0, —M, M\III, JUf 
= whence if W|, tOj, 03 ate the roots of the equation (1, 0, ~Af, 1)’ — 0, 

or what is the same thing t»® — il/(<» — 1) = 0 ; then tho functions 

IH - a^JU, IH - wJU, IH- 03 JU 

arc each of them a square : writing 

(wj — ftij) (IH —b>iJU) — A’, 

( 0 ,- 03 )(IH~W 3 JU)^Z\ 
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SO that idc3ntically + 0, the expression aA+/9r+7^ Mali be a square if 

only a^ + ^--H 7 ^= 0 . (To see this observe that in virtue of the equation A"- q- P -h = 0, 
M'c have A + iF, A"* — 2 F each of them a square, and t hence 

«A + /3F+ 7^, = “h ^‘/3) (X - iV) iff) (A^ r^i VAM^' P, 

is a square if the condition in question be satisfied.) 

Hence in particular writiugf 

^6)2 — (M3 Vai" -f GfffOiJ, , VctJi — a)2 V«/ + G/3ft)3t/, 

for ct, ffy 7 , we have 

(ojq*- cDa) \/a/ 4- Qfft^^J ^ ifi -hcciJlI + . . . q- (wi — V/if + a)sJU 

a perfect square, and since the product of the four different values is a multiple of 
{aU-\-()ffIIy (this is most readily scon hy observing that for a[/q- 6/3// — 0, the 
irrational expression omitting a factor is (&).> — (al q- Gffcoi*!) q- . . . q- co^) (a J q- Qffw^J ), 
which vanishes identically) it follows that the expression in qiieslioii is the square of 
a linear factor of aZ/q-ojsH. 

It thus appears that the radicals (other than those arising from the solution of 
I7=s0) contained in the solution of the equation aC/’q- G/3f/ = 0 arc the three roots 

V al q- C/3o)i J, al q- Qff(o.,J, VaJ q- Qffco^J. 

Oa/inhHdgey Septe^nher 2, 1868. 


0. vn. 


17 
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ON THE CENTRO -SURFACE OF AN ELLIPSOID. 


[Fi’om the Proceedings of the London Mathematical Society, vol. lir. (1869 — 1871), 

pp. 16-18.] 

The President [Prof. Cayley] gave an account of his investigations on the centro- 
surface of an ellipsoid (locus of the conlros of curvature of the ellipsoid). The surface 
has been studied by Dr Salmon, and also by Prof Clobsch, but in particular the theory 
of the nodal curve on the surface admits of further development. The position of a 
point on the ellipsoid is determined by means of the parameters, or elliptic coordinates, 
h, k\ vis., if as usual a, b, o are the semi-axes, and if X, Y, Z are the coordinates of 
the point in question, then 

-P A 6’’ H- /t c* -!- /i ~ 

♦ X^_ ^ 

and hence 

- /S-yA” = a? (a« + h) (a? + k), 

- = P (b^ -1- h) (6» -I- k), 

- aSZ^ = 0 “ (c^ -h h) (o“ -t- k), 

if for shortness 

a = — e’, /9 = c“ — a®, 7 = a“ — 6 ®, (a + + 7 = 0 ). 

This being so, the coordinates of the point of intersection of the normal at (A, 7, Z) 
by the normal at the consecutive point of the curve of curvature 

7» Z^ 
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arc given by the formitlcG 

- = (a^ + hy (a^ + k), 

-o/ahhf ^{h^Ji.hy{h^^h\ 

-a/3c^z^ -(c=+/iy(c'+*); 

viz., these equations, considering therein (Ji, k) as arbitrary pai’ameters, dotermine the 
coordinates {&), y, z) of a point on the centro-surfacc* The principal sections (as is 
known) consist each of them of an ellipse counting three times, and of an evolute of 
an ellipse; the evoluto and ellipse have four contacts (two«fold intersections) and four 
simple intersections, but the contacts and intersections respectively are in the different 
sections real and imaginary ; and if (as wo may without loss of generality assume) 
a^ 4 -c^> 26 ^ then the form of the principal sections is as shown in the figure (which 


z 



represents only an octant of the surface); viz., there is a real contact at F in the 
piano of a)Zy and a real intersection at Q in the plane of ooy. The surface has thus 
an exterior and an interior sheet, but (instead of meeting in a conical point, as in 
the wave surface) these intersect in a nodal curve QP, The curve lias a cusp at Q, 
and a node at P; viz,, tho cuivc extends beyond P, but from that point is acnodal, 
or without any real sheet of the surface j^assing through it. For tlio nodal curve 
there must be two values (h, A?), (An /^i), giving the same vahios of (ic, y, z ) ; viz., 
there must exist tho relations 

+ Uy {a^ + h) — (a^ -h /h)^ (a^ + 

(6^ 4- hy H- h) - (6^ 4- Ky {JP 4- k), 

(o^ + hy (c^ 4- k) = (c^ + Ky {o^ -p k \) ; 

from which equations eliminating /tj and k^ we should have between h, k a relation 
which, combined with the expressions of «?, y, z in teruia of (h, k), determines the 
nodal curve, But the bettor course is to eliminate k, thus obtaining a relation 
between h and hi, in virtue whereof hi may be regarded as a known function of h\ 
Jc and ki can then be readily expressed in terms of h, hii that is, we have k as a 
function of h, hit or in effect as a function of h. The relation between h, hy (after a 

17—2 
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vcfluctiou of some complexity) assumes ultimately a form which is very simple and 
remarkable; viz.> writing 

p == 4 . ^ ^ 2 ^ Q = 52^3 4 - 4 , 0;% R = a W, 

tile relation is 

(6U *1- SQh -|- Rh^') 

•k (3Q + 4*Ph + 3/fc® ) 

+ V(P +3A )-0; 

this is a (2, 2) corresponclence between the two parameters h, Aj; the united values 
Jh = /d, are given by the equation 6 (i? q- Qh + PIi^ + h^) = 0, that is 

(a^^h) (h^ + h){o^i^h)^0i 

viz., the two points on the ellipsoid which have their common centre of curvature on 
the nodal curve are only situate on the same curve of curvaturo when this curve is 
a principal section of the ellipsoid, 

{Since the date of the foregoing communication, Prof. Cayley has found that the 
squared coordinates of a point on the nodal curve can he expressed as 

rational functions of a single variable parameter cr.} 
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A MEMOIR ON QUARTIC SURFACES. 


[From the ProGcedings of the London MathemaiiGol SoGietjj, voh IIT. (1869 — 1871), 
pp, 19 — 69. Heacl February 10, 1870.] 

The present Memoir is intonded as a conmioncemcnt ot* the theory of the qimvbic 
surfaces which have nodes (conical points). A quartic surface may bo without nodes, 
or it may have any number of nodes up to 16, I show that this is so, and I con- 
sider how many of the nodes may be given points. Although it would at first sight 
appear that the number is 8, it is in fact 7 ; viz., we can, with 7 given points as 
nodes (but not in a proper sense with 8 or more given points), find a. qiiartic surface ; 
such surface contains in its equation 6 constants, which may be such that the surface 
has an additional node or nodes. Suppose that the surface has an 8th node : — there 

aro two distinct cases; viz,, (1) the 8 nodes are the points of intersection of 3 quadric 

surfaces, or say they are an octad, and the surface is said to be octadic ; (2) the 8th 

nodo is any point whatever on a certain scxtic surface determined by moans of the 

7 given nodes, and called the dianodal surface of these 7 points; the quartic surface 

is said to be a dianome, The two cases are in general exclusive of each other; viz., 
the 7 given points being any points ’svhatovor, the dianodal surface docs not pass 
through the 8th point of the octad; and thus the quartic surface with the 8 nodes is 
either octadic or else a dianome. Assuming it to bo a dianome, the constants may be 
further determined so that there shall he a 9th node; it is necessary to examine 

whether this forms with 7 of the 8 nodes an octad. Supposing that it does not (viz., 

that there are not any 8 nodes in regard to which the surface is octadic), the 0th 

node is then any point whatever on a certain curve of the order 18, determined by 
moans of the 8 nodes, and called the dianodal curve of these 8 points, And, finally, 
the constants may he further determined so that there shall be a 10th nodo ; supposing, 
as before, that this does nob form an octad with any 7 of the 9 nodes (viz., that 
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there are not any 8 nodes in regard to which the surface is octadic), the lOth node 
is then any one. of a system of 22 [should be 13] points dotcnniiicd means of the 

9 nodes, and called the diaiiodal system of these 9 points. But the quartic surface 
now completely determined; viz., starting with any 7 given 2 :)oints as nodes, wo have a 
dianome witli 8 nodes, 9 nodes, or 10 nodes, say, an octoclianome, enneadiauome, or 
decadianome, but not with any greater number of nodes ; these can only present tlaom- 
selves when j^articalar conditions are satisfied in regard to the 7 given nodes, and to 
the 8th and 9th node ; and the consideration of the quartic surfaces with more than 

10 nodes would thus form a separate branch of the subject. 

The case of the decadianome (or quartic surface witl\ 10 nodes formed as above 
with 7 given points as nodes) is peculiarly interesting. I identify this with the surface 
which I call a symmetroid ; viz,, the surface represented by an equation A — 0, where 
A is a symmetiical determinant of the 4th order the several terms whereof arc linear 
functions of the coordinates (a?, y, Zy w)\ this surface is related to the Jacobian surface 
of 4 quadric surfaces (itself a very remarkable surface), and this theory of tlio symmetroid 
and the Jacobian, and of questions connected therewith, forms a largo portion of the 
present Memoir. 

The theory of the Jacobian is connected also with the researches in regard to 
nodal quartic surfaces in general; and, for greater clearness, it has scorned to mo 
proper to commence the Memoir with certain definitions, &a, in regard to this tlicory. 
It will be seen in what manner I extend the notion of the Jacobian. 

I remark that the present researclies on Quartic Surfaces wore suggested to me 
by Professor Kuminer^s most interesting Memoir “ XJeber die algebraischcii Stralilen- 
systeme n.s.w.,'' BerL Ahh 1866, in which, without entering upon the general theory, ho 
is led to consider the quartic surfaces, or certain quartic surfaces, with 10, 15, 14, 13, 12, 
or 11 nodes; the last of these, or surface with 11 nodes, being iu fact a particular 
case of the symmetroid. 


Gonsidemiions in regard to the Jaoohian of four y or more or less than fouVy Sarfaoes. 


1, In the case of any four surfaces, 
coefficients of P, Q, P, S in regard to the 
as a square matrix in either of the ways 

P. Q>R.S ; 

S. 


P = 0, Q == 0, P = 0, S = 0, the differential 
coordinates (a?, y, Zy w) may be arranged 

S^r, 

Q 

li 

8 
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and ^vith cither arrangement we may form one and the same determinant, the Jacobian 
determinant J (P, Q, i2, 8\ or, equating it to zero, the Jacobian surface J (P, Q, P, /S)=:0, 
of the four surfaces. 

2. In the case of more than four surfaces, adopting the arrangement 

P, Q, J?, P. , . 

S. 

Sy 

S. 

and considering the several determinants which can bo formed with any four columns 
of the matrix, these cquatocl to zero establish a more than one-fold relation between 
the coordinates; viz., in the case of five surfaces, wc liavo */(P, Q, P, jSi/P) = 0, a 
twofold relation representing a curve; and in the case of six surfaces, P(P, Q, P, T, !7)^0, 
a threefold relation representing a point-system ; and (since with four coordinates a 
relation is at most threefold) these are the only cases to bo considered. 

3. In the case of fewer than four surfaces, adopting the arrangement 

Sy, S,y 

— P 

Q 

and considering the several determinants which can bo formed with any 3 or 2 columns 
of the matrix, and equating these to zero, wo have in like manner a jnorc than one* 
fold relation between the coordinates ; viz., in the case of three surfaces, we have 

J (P, Q, P) H 0, a twofold relation representing a curve ; and in the case of two 
surfaces J (P, Q) = 0. ^ threefold equation representing a point-system, (viz,, this 

denotes the points S^P : SyP : S^P : 8ii,P = S^^ : SyQ : for a single surface 

we should have a fourfold relation, and the case is not considered. But observe that 
if the notation wore used, P(P)hO would denote S^jP-O, ^yP — 0, S^P—O, 8^yP = 0, 
equations which are satisfied simultaneously by the coordinates (a;, 2 :, w) of any 

node of the surface P = 0. Although in what precedes I have used the sign there 
is no objection to using, and I shall in the sequel use, the ordinary sign it being 
understood that while /(P, Q, R, S) — 0 denotes a single equation or onefold relation, 
J (P, Q, P, S, P) — 0 or J (P, Q, P) == 0 will each denote a twofold relation, and 
J (P, Q, P, S, P, IT) == 0 or P (P, Q) = 0 oacli of them a threefold relation, 

4. It is not asserted tliat , . . J (P, Q, P) = 0, P (P, Q, li, S) — 0, P (P, Q, P, iS, P) = 0, , . , 

form a continuous series of analogous relations ; and there might even be a propriety 
in using, in regard to four or more surfaces, P, and in regard to four or fewer surfaces 

an inverted P (viz., in regard to four surfaces, either symbol indifferently) ; but there 

is no ambiguity in, and I have preferred to adopt, the use of the single symbol P 
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5. Suppos6 that tho orders of iho surfaces 1^~0, Q~0, uro ii~\' Ij A-j- I > ... (so 
that the ordeis of the differential coefficients of 1^, Q... tiro a, b,.,,), lilion wo liuvo 
for the orders of the several loci, 

J (P, Q) = 0, lioint-syatom, order ti'' -I- a"b -I- ab^ -I- 1/' , 

J (P, Q, P) == 0, curve, „ ct? + b" d- + bo -| ca + ub ; 

J (P, Q, M, 8) - 0, surface, „ « + ^> -I- c -I- d ; 

J (P, Q, li, 8, P) = 0, curve, „ ab -I- «c ... + dc ; 

J(P,Q,B,S,'1\ P)=0, point-.systeiu, „ abo -h cd)d ...■{■ df)/' ; 

see, as to this, Salmon’s Solid Geometry, Ed. % (18G1)), Appoudi.v IV., "On the Order 
of Sj’stoms of Equations” [not reproduced in tlio later oditionHj. In jiarticular, if 
« = i = c.,.=l, then the orders are 4, 6, 4, 10, 20. 

45 to the Surface obtained by equating to zero a Synimotriad Detorniinunt. 

6. It is also .shown (Salmon, Ed. 2, p. 495) that tlio surface obtained by oiniatin^ 

to zero any symmetrical determinant has a dctcriuinalo munbor of ii()de.s ; viz., if tlio 
ordois of the terms in the diagonal bo a, b, c, &c,, then tlio iiunibor of ikuIoh is 
= i (Sa . Eab - Sabo), or, as this may also bo written, d- 2E«i!ic). In particular, 

the formula a 2 )plics to the case of the surface 


A, 

n, 

G, 

L 

= 0 . 

H, 

B, 

B, 

M 


G, 


0, 

N 


L, 

M, 

lY, 

D 



(a, b, c, d) being here the orders of A, B, C, B respectively, and the order, s of P, G, &o., 
being Hi + c), i(« + c), &c. If the terms are all of them linear fimotionH of tlie 
coordinates, or ft = 6 = o = d=l, then the number of nodes is =10. 

7. That the surface has nodes is, in fact, clear from tho conskloration that any 
point for which the minors of the determinant all vanish will bo a node; and that 
detenniuaut), by making tho minora all of thorn vanish, wo 
es n is on y a threefold relation between the coordinates, Tho oxpreaaion for tho 
number of the nodes is, I think, obtained most readily as follows : 

The nodes will be points of intersection of tho curve and surface 
4, If, 0, L =0, B, F, M ^0, 

R, B, F, M F, G, N 

M, F, r> 

these, however, contain in common the points 

S, B, F, M = 0 ; 

G, F, G, F 
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and not only ao, but they touch at the points iu question ; so that, miiltiplying 
together the orders of the cui-ve and surface, and subtracting ttuice the order of the 
point-systoin, wo obtain the expression for the number of nodes. In the particular case 
where the functions are all linear, ive have a sextie curve and cubic surface inter- 
secting iu 18 points; but the curve and surface touch in 4 points, and the number 
of nodes is (18 -2. 4) =10. And in the same way the formula may be established for 
the general case, 

8. The subsidiary theorem of the contact of the curve and surface requires, how- 
ever, to bo proved. Seeking for the equation of the tangent piano of the .surface at 
any one of the points in question, wo have first 


8B, 

8F, 

8M 

1 

B, 

F. 

M 


B. 

F, 

M 

F, 

0, 

N 


8F, 

8G, 

8iV 


F. 

G, 

F 

M, 

N, 

D 


M, 


D 


8M, 

8M, 

8D 


where, in virtue of the equations 

I //, B, F, M 1 = 0, 

I -P, 0, K II 

tho last torin vanishes. Expanding the other two terms, the equation becomes 

]) (GhB -1- B80 - mF) ~ (mu - mmF + AFW) + Ul (FN - GM) + SN (BF - MF) = O; 

but, iu vil’tuc of the same equations, the coefficients of SM and 8F each of them 
vanish, and avo have also 

mn -h MW - UfMF = ™ (C'SS + BW - 2F8F) ; 

* 

so that the equation becomes finally G8B -4- B80 — 2F8F = 0. Investigating by a like 
process the equation of tho tangent of the curve 


A, 

II. 

G, 

L 

= 0 

H. 

B, 

F. 

M 


Q, 

F, 

G, 

N 



wo find between the differentials 8.4, 8B, ho., a twofold linoar relation, expressible by 
means of tho foregoing equation G8B + BBO — 2FSF ^ 0, and one other equation; that 
is, at each of the points in question the tangent of the curve lies in the tangent 
plane of tho surface, or. what is the same thing, tho curve and surface touch at these 
points. 

0. Vir. ^ ® 
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rGpres;ented by an egitation F (P, Q) = 0, &c. 

9. In the remarks which follow as to the surfaces P Q)== 0 , P(P, Q, P) = 0 , &c., 
the function P is a rational ami integral function of (P, Q), (P, Q, P), &c., not in 
general homogeneous in regard to P, Q, P, .... but of such degrees in regard to these 
functions respectively as to be homogeneous in regard to the coordinates (fv, y, w). 

The surface P(P, Q) — 0 has in. general a nodal curve Sy,P= 0 , S^P—O; and if 
it has besides any nodes, these are points of the point-system J {P, Q) = 0 . 

The surface P(P, Q, P) = 0 has in general nodes 8 ;>P = 0 , SgP= 0 , SjjP — 0 ; and 
if it has besides any nodes, these are points on the curve J (P, Q, P) = 0 . 

The surface P(P, Q, P, £i) = 0 has not in general, but it may have, nodes 
Sj,P=s: 0 , SqP== 0 , SjiP= 0 , S,tjP= 0 ; if it has any other nodes, these are points on the 
surface P (P> Q, P, iS)~ 0 . 


Nodes of a Quartic Surface ; Circumscnbed Cone having its vertex at a Node, 

10. A quartic surface may be without nodes ; or it may have any number of nodes 

up to 1 C. Consider a qimrtic surface having a node or nodes; and take tho single 
node, or (if more nodes than one) any one of tho nodes, as tho vortex of a circumscribed 
cone ; then, considering any plane tlirough the vortex, tho section will be a quartic 
curve having a node at tho vertex, and tho generating lines in the piano will bo the 
tangents from the node to the quartic curve ; tho number of them is therefore 6 , and 
the order of tho circumscribed cone is thus = 6 , Each tangent intersects the quartic 
curve in the node counting as two intersections, and in the point of contact counting 
as two Liifccrscctions ; there are consequently no singular tangents ; and therefore in the 
circumscribed cone no singular linos arising from a singular tangency of the generating 
line, Hence, in the case of a single node on the surface, the circumscribed cone is 

a cone of the order 6 without nodal or stationary lines ; and the class is 30. But 

in the case of more than one node, say k nodes, the circumscribed cone passes through 
the remaining A? — 1 nodes, and the generating lino through each of these nodes is a 

nodal line of the cone ; that is, the cone has /i? — 1 nodal lines, and its class is 

— 30 — 2 /j -H 2 , Tho cone is not of necessity a proper cone ; the maximum number of 
nodal linos is when it breaks up into 6 planes, aud we have then /o — 1 — 15 ; that is, 
the number of nodes of the surface is at most === 16. 

11 , It is easy to form a table of the different primd facie possible forms of the 

sGxtic cone, according to the number of nodes of the surface ; viz., writing 6 for a 
proper sextic cone without nodal linos, 6 j, 63 ,.. 6 jo for the proper sextic cone with 
1, 2 , or 10 nodal Hues; and so 6 , 5i ... 5o for the proper quintic cones, 
4, 43 , 3, 3i, 2 for the quartic, cubic, and quadric cones, and 1 for the jolaiio, the 

table is 
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ClUCUMSCRIBED SeXTIC ConE 


NodoB of 
Surface. 

1 ! « 


2 

0 . 







8 

Gq 







4 

6 . 







n 

0 . 







6 

65 ; 

5 , 1 






7 

6a ; 

5., 1 






8 

O 7 j 

5a, 1 






9 

Gs ; 

5,. 1; 

4 , 

2 




10 

Oj ; 

5.., 1-; 

4 ., 

2: 

4, 1 , 1; 

3. 

3 

11 

6io ! 

6a. 1; 

4q, 

2; 

1, 1; 

3j> 

3 

12 

... 

6o» 1 > 

4a ) 

2; 

1, 1 ; 

3i, 

3 , 

13 

... 

... 

, . 


1, 1 ; 


. 

14 

• * 4 

... 


. 

... 

« . 

. 

li) 

... 

... 

. . 


... 

, . 

. 

10 









3 . 2 , 1 

2 , 1 ; 3 , 1 , 1 , 1 ; 2 , 2 , 2 
3 „ 1 , 1 , 1 ; 2 , 2 , 1 , 1 
2 ,, 1 , 1 , 1 , 1 
1 , 1 , 1 , 1 , 1 , 1 ; 


and moreover, in the cases where there arc two or more forms of the sextic cone, 
then the h sextic cones may be of Uio different forma in various combinations, The 
total niunbcr of cases primA facie possible ia thus very great ; but only a comparatively 
small number of them actually exist, 


12, In the case whore there is a piano 1, the sextic cono breaks up into this 
plane, and into a (proper or improper) cjuintic cono intersecting the plane in 5 lines; 
that is, there will bo in the plane 0 nodes; the plane is, in fact, a singular tangent 
plane meeting the surface in a conic twice repeated ; and the 6 nodes lie on this 
conic, Taking any one of theso nodes as vertex, the corresponding sextic cone breaks 
up into the plane, and into a (proper or improper) quin tic cone. 

13. In the cases k — ly 2, 3, 4, 6, and /j — 15, 16, there is only one form of sextic 
cone; so that each nocto (at least so far as appears) stands in the same relation to 
the surface. Considering the last mentioned two cases; A;;=:1G, — each of the 16 nodes 
gives 6 singular tangent planes, but each of theso passes through G nodes; therefore 
the number of planes is =16; similarly, &=15, the number of singular tangent planes 
is 35x4*4-6, =10. 
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For the cones are 3i, 1> 1, or 2, 2, 1, 1: it is easy to sec that we have 

only the three cases 


Cones 3i, 1, 1, 1 : 2, 2, 1, 
No, may be 14 , 0 

„ 8 , G 

„ 2 , 12 


1 Singular tangent planes 
gives (14.3+ 0 . 2) ^ 6, = 7 
„ ( 8.3+ G.2)-6, -6 

„ ( 2.3+12.2)-6, =5 


and we may in the like manner limit the numbei’ of possible cases, for other values 
of L But I do not at present further pursue the inquiry. 


As to ike Number of Constants contained in a Surface, 

14. Wc say that a surface P=^0 contains or depends upon a certain number of 
constants; viz,, this is the number of constants contained in the equation P=:0 of the 
surface, taking the coefficient of any one term to be equal to unity; thus the general 
quadric surface contains 9 constants; the surface can in fact be determined so as to 
satisfy 9 conditions ; or, as we ixiight express it, the Postulation of the surface is = 9. 
[I have elsewhere said Postulandmi and Capacity: I prefer this last expression.] 
And if, in the general equation so containing 9 constants, k of these are given, or, 
what is the same thing, if the quadric surface be made to .satisfy any k conditions, 
then the imnibor of constants, or postulation of the surface, is = 

15. But a different form of expression is sometimes convenient; the conditions to 

ho satisfied are frequently such that, being satisfied by the surfaces P = 0, = 

they will he satisfied by the surface aP + /SQ + ... — 0, where a, /3, ... are any constant 
multipliers whatever. When this is so, there will be a certain number of solutions 
P = 0, Q = 0,... not connected by any such relation, or say of asyzygctic solutions, such 
that the general surface satisfying the conditions in question is aP + ^Q + ...— 0; and 
hence, taking one of these coGfRcients as unity, the number of constants, or postulation 
of the surface, is equal to the number of the remaining coefficients, or, what is the 
same thing, it is less by unity than the number of the asyzygetic solutions P = 0, 
Q = 0..,, Instead of considering the number of constants, or postulation, we may consider 
the number of solutions (that is, asyzygetic solutions) or surfaces P~0, Q — 0, ... which 
satisfy the conditions in question. 

16. Thus, for the quadric nob subjected to any conditions, there are 10 surfaces 

(for example, these may be taken to be the surfaces = y‘-^==:0, 

— a;y==0, (nv — O, yuf^Q^ ziv = 0); and the general quadric siirfaco is by means of 

these expressed lineaidy in the form (a, y, z, So for the quadric surfaces 

through k given points, the number of these is =10 — i; thus for the surfaces 
through 4 given points, say the points (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), 
the 6 given surfaces may he taken to be yz—^y — 0, = — = 

and every other quadric surface through the 4 points is by means of these expressed 
linearly in the form (a, zx^ xy, xWy yWy zw) — 0; for the quadric surfaces through 

8 points there are two surfaces P=0, Q — 0; and every quadric surface through the 
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8 points Ih by nioiius of these expressed Linearfy in the form ap + = 0 ; and (as 

the extreme case) if the quadric surface passes through 9 given points, then there is 
the single quadric surface P ^ 0. 

17. Ill the questions in which such quadric surfacca present themselves, it is in 
general quite immaterial what particular surfaces arc selected as the surfaces P = 0, 
Q=0, the selection may be ma<le at pleasure and, being so made, the surfaces arc 
to be regarded as eumpletoly determinate; viz., tlicro would be no gain of generality 
if these were replaced by any other surfaces aP -h/3Q ... = 0. For instance, hi the 
theory of the quartic surfaces with G given points as node.% we have through the 6 
given points the 4 (juartie surfaces P = 0, Q — 0, ii = 0, fif = 0, and we consider the 
(jiiartic functions {a, Qi K, Sf and P (P, ii> 8)\ eacli of these is unaltered 

as to its form when P, Q, P, 8 are replaced each of them by any linear function of 
these t|uantities; viz., {a, *..][P, Q, P, Sy is changed into a new tpiadric function 
{a\ Qy liy Sfy mil J {Pi Q, Ri S) into a more constant multiple of its original 

value. Wo have herein a justification of the expressions in question, through 6 given 
points there are 4 (luadric surfaces, &c. 


General theory of the Quartic Surface mth a given Node or Nodes. 

IS. A quartic surface contains 34 constants; and the number of conditions to 
bo satisfied in order that a given point may be a node is — 4. Honce, if the surface 
has h given points as nodes, the nuinbor of constants is =84— 4/r; and it ivould at 
first sight appear that k might bo — 8, and that with the 8 given points as nodes 
wo should have a quartic surface containing 2 constants. But this is not so in a 
proper souse; for through the 8 given points wo have 2 quadric surfaces P = 0, Q = 0; 
and wo can by means of those form a quartic surface (a, 6, cJP, = 0, containing 
2 constants, and having in a sonso the 8 points as nodes. This, however, is no 
proper (juartic surface, but is a system of 2 quadric surfaces, each of them passing 
through the 8 points, and the two quadric surfaces therefore intersecting in a ipiadri- 
{(uadvic curve through the 8 points; which curve is tlicrefore a nodal curve on the 
compound surface ; and it is only as points on this nodal curve, and not in a proper 
sense, that the 8 given points arc nodes of the quartic surface, The greatest value 
of k is thus /j — 7. 

19. Of course, if/ij==0, we have the general quartic surface 17=0, containing 34 

constants, The cases /i;==::l, A = 2, k-li (viz., a single given node, 2 given nodes, 3 
given nodes), may be at once disposed of; taking for instance the Isb node to be the 
point (1, 0, 0, 0), the 2nd node the point (0, 0, 0), the 3rd node the point 

(0, 0, 1. 0), wo find at once an ecjuation ?7 = 0, with 30, 26, or 22 constants, having 
the given node or nodes, 

Four given Nodes, 

20, The case of 4 given nodes is just as easy; but in reference to what follows, 

it is proper to consider it more in detail. The equation should contain 18 constants; 
we have through the 4 given points 6 quadric surfaces, P = 0 , Q = i2 = 0, — 0 , T^O, 
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U=0, and we can by means of them form a qiiarfcic equation (a, ft R, S, 1\ UY-0, 

having the 4 given points as nodes; this contains, however, (21 — 1=:) 20 constants; 
the reduction to the right number 18 occurs by reason that the functions (P, Q, A, U), 
although linearly independent, are connected by two quadric equations 

ft P, S, P> (^IP, ft 8 , 1 \ P)^-0; 

hence writing the equation of the quartic surface in the form 

the coefficients X, may be so determined as to reduce to J^ero the cooffioionis of 
any two terms of the equation, and the nuufiber of constants really is 20 “■ 2 18, as 

it should be. 

21, In proof, observe that, taking the 4 given nodes to be the points (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (1, 0, 0, 0), the quadric surfaces may bo taken to bo yz ^ 0, 
z{c-Qy (cy^ 0, m = 0y yw^Oy ziv-O; the equation of the quartic surface will thuM bo 

(«, zwy ayy anOy yiVy zioy^O] 

but we have between the functions (cyy &c., the two identical relations 

a^y . zw-~xz . yw = 0, (cy , zw — low .yz^O; 

and the number of constants is thus =18, 


Five f/iven Nodes. 

22. In the case of 5 given nodes, the number of constants should bo = 14. Wo 
have through the 5 given points, 5 quadric surfaces P = 0, Q = 0, P = 0, = 0, P=0, 
and we form herewith tho quartic equation (o^, ...JP, ft P, 8y = containing the 
right number 14 of arbitrary constants. The functions P, Q, &c, arc in this case not 
connected by any quadric relation, and the equation just written down is in fact tlu‘ 
general equation of the quartic surface with the 5 given nodes. 

23. In verification, take the first 4 nodes to bo as above, and tho 6 th node to 
bo the point (1, 1, 1, 1); we may write 

(P, <3, R, S, T)={ie(y~z), yip-z), y{{c-io), xy-zw}; 

and If from the 5 equations P = x{y — z\ &c., we eliminate (a?, y, Zy ^o), wo obtain 
one, and only one, relation between tho functions P, Q, Ry By T\ this is found to bo 

P6'(Q+p-r)- QP(P + fif-y)-o, 

or, what is the same thing, 

P(P-Q) (£f^P)-P(P-;S)(Q-y)==0; 

viz,, it is a cubic relation, and there is consequently no quadric relation botwoon tho 
5 functions, 
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iSuo (fioen Nodes. 

24. In Uio case of 6 given notles, the qnai’tic surface should contain iO constants, 
Wo have tlu’Ough the G given points 4 quadric surfaces P = 0, (2~0, i? = 0, jSf=0; 
but if wo form herewith the quavtic surface (a, ...JP, Q, R, Sy = 0, this contains only 
n constants. It is to bo shown that the J acobian surface J (P, Q, R, 8) = 0 of the 
4 (juachic HurfacG.s (or say of the G points) is a quartic surface having the 6 given 
points as nodes, and not included in the foregoing form («, ...][P, <2. -B, -8)^=0; this 
being so, wo have the quartic surface 

(a, ...$P, Q, R, Sy + 0J{1\ Q, R, 8)=: 0, 

having the 6 given points as nodes, and containing the complete number of constants, 
viz., 10. 


25. The 6 given nodes being any points whatever, their coordinates may bo taken 
to bo (J, 0, 0, 0), (0, 1. 0, 0), (0, 0. 1, 0), (0. 0, 0, 1), (1, 1, 1, 1), and (a, 8, % S). I 
proceed to find tlio Jacobian of these 6 points. For this purpose, let (a, h, c, f, g, /i.) 
bo the 6 coordinates of tlio line through the points (1, 1, 1, 1) and («, 8, 7, S), viz., 

« = y3-7, / = a -8, 

h='y~K, 

0 ~a - 8, h = y ~ 8, 
whence bfj -|- ch = 0, and also 

. /t— gH-« = 0, 

— fi . +y+ 6=0, 

rj-f . + 0 = 0 , 

~ a — b —c . =0, 

wo have through the (5 points the plane pairs 

a; ( . — hx cm) = 0, 

y (~ lue . +yk + bio) = 0, 

^ ( !M ~f!/ • -h cJt' ) ~ 0, 

IV (-ax- by — cz . ) = 0 , 

Avhci’o, adding the four equations, we have identically 0 = 0. For this reason, we cannot 
take these to bo the equations of the 4 quadric surfaces, but we may take the first 
3 of them for the surfaces P — 0, Q = 0, P = 0; and for the 4th surface 51=0, I take 
the tpiadric cone having its vertex at the point (0, 0, 0, 1); viz., the equation is 

myz -h b8zx + cyxy = 0; 

that is, I write 

(P, Q, R, S) = {ts (liy ~gz + aw), y (- hx +fz + bw), z {gx -fij + cw), (cmjz + h8zx + c<yx\j)]. 
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26, 'Tho Jacobian is then easily found to be 

{b(3zx + cyxi/) (— ar/hy hhf, c/J/, ahe, - — gB, AC, ciA, Zy wj 

-\r {cyxy ^r ii^yz) {agliy —hlif] c/g^ ctbCy fA, — —AC, — ay, hBj &h \xy y, Zy w)- 

(aayz -\-h(3izx){aghy bhf —efejy ahCy —/A, gBy —cl A a% — 6V> ?/> ioy=^0\ 

whore for the moment A, B, G dciLolc hg — ohy ch—afy cif—bg respectively. Collecting 
and reducing, the whole divides by 2 «Ac; and if finally we replace a, A, c, /, r/, A b)' 
their valncs, the result is 


(^ — y)yz (cLiv- - Sx"^) + (« - S) XIV {/3z- — 7 ?/- ) ' 
J-}-[^{y-a)zx {^zv- - 8 y) -I- - S) zjto (yx:^ ^az^)\^ 0, 

[ -p (a - inj (yw- - Bz") + (7 - S) zw (ay- - /So?-) ^ 


27. Tt may be shown d, jyosteriori that J is not a quadric function of P, Q, P, ^Sf. Fur, 
atiomptiug to express it in this form, J does not contain the terms a?-a;^ z"w\ and it 
thonco at once appears that the cocflicients of each of them vanish. Hence, 

introducing for convenience the factor 2, 1 assume ( 0 , 0 , 0 , P, P, C, P, P, M , PJP, Q, P, jS)"— 2 / . 
Comparing the terms in zo^{yZy zxy a?y), wo obtain 

hoF “ aa, caG = 6/3, aA// = C 7 ; 

and comparing tlic eocfficiojits of zv{yHy ^V, o^y^ yz'^y zic\ ,^y), wo obtain 


-G<j + , Gg + h^L = -~, 

C (t 

- Hh+ C 7 i = ® , Hh + cyM = - ; 


substituting for P, G, II their values, wc obtain from the first 3 equations P, il/, 

=: ;r/ ^ and from the second 3 equations, P, ilf, P==/-, ; tliat is, 

Ac ca (iA ^ Ac ca ah' 

the equations are inconsistent, and the function J is not expressible in the form in 

qiacstiun. 


PacoAian Surface of Six given Points. 

28. The equation P—0 is the locus of the vertices of the quadric cones which 
pass through the given 6 points ; calling these 1, 2, 3, 4, 5, 6 , we see at once that 
the surface passes through the 15 lines 12, 13, ,., 66 , and also through the ten linos 
1 23 . 45G (viz., line of intersection of the planes through 1, 2 , 3, and through 4, 6 , 6 ), 
&;c. In fact, taking the vortex at any point 0 in the line 1 , 2 , the linos drawn 
to the six points are 01 = 02, 03, 04, 06, 06 ; viz., there are only five lines, so that 
these lie in a quadric cone. And taking the vertex at any point in the lino 123,466, 
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the lines to the 0 points lie in these planes 123 and 4o6 respectively, and the quadric 
cone is in fact this plane-pair. Moreover, the surface containing the lines 12, 13, 14, 15, 16, 
must have the point 1 for a node ; and similarly, the points 2, 3, 4, 6, 6 are each 
of them a node on the surface. It is to be added that the surface contains the skew 
cubic through the 0 points, or say the skew cubic 123456. 8ec, as to iliiQ^post No. 108. 

29, The surface in question (the Jacobian of the 6 points) is a particular case 
of the Jacobian of any 4 quadric surfaces, This more general surface will be considered 
in the sequel ; I only remark here that it contains 10 lines, corrosponding to the 
10 lines 123.456, &c., but it has not any other linos, or any nodes. 


JacoUan Giirve of Seven gimi Points, or of an Octad of Points. 

30, In connexion with what precedes, we may here consider a curve which presents 

itself in the sequel; viz,, the curve which is the locus of the vortices of the quadric 
cones which pass through seven given points, The general case is when no one of 
the points is the vertex of a quadric cone through the other 6 points. We have 
through the 7 points the three quadric surfaces P^O, Q = 0, E— 0; hence, forming 
the equation aP 4- /SQ -H 7 ^^ = 0 of the general quadric surface through the 7 points, 
and making this a cone, wc find as the locus of the vortex J(P, Q, E)=0; the 
analytical form shows that this is a sextic curve, It appears, moreover, that the curve 
is symmetrically related to all the 8 points P^O, Q — 0, jB-0; and instead of cEilling 
it the Jacobian of the 7 points, wc may call it the Jacobian of the octad. But in 
further explanation, take the points to be 1, 2, 3, 4, 5, 0. 7 ; the vertex will lie on 
each of the Jacobian surfaces 12345C and 123457 ; and it is at present assumed that 

7 is not a point on the first surface, nor 6 a point on the second surface, The two 

surfaces have in common the lines 12, 13, .,.45, and thoy consequently besides intersect 
in a curve of the 6th order, or scxtic curve, which is the locus in question, At the 
point 1 there is on the first surface a tangent cone through the lines 12, 13, 14, 15, 1C, 
and on the sccoud surface a tangent cone through the lines 12, 13, 14, 15, 17 ; these 
two cones have for their complete intersection the lines 12, 13, 14, 15, which linos 

belong to the complete intersection of the two surfaces, but not to the sextic curve, 

It thus appears, d tliat the sextic curve does not pass through the point 1 ; 

and similarly, that it does not pass tlirough any of the points 2, 3, 4, or 5, As to 
the points 6 and 7, each of those is on only one of the quartic surfaces, and there- 
fore the curve of intersection does not pass through either of these points, 

31. Suppose, however, that one of the seven points is the vertex of a cone 

through the other six; it is of course the same thing whether we take this to be 
one of the points 1, 2, 3, 4, 5, or one of the points 6 and 7, but the result comes 
out more easily in the latter case; viz., in the former case, taking 1 to be the point 

in question, the two tangent cones at 1 are one and the same cone, and all that 

appears is that there is nothing to hinder a branch or branches of the sextic curve 

from passing through the point 1. But in the latter case, taking 7 for the point in 

question, then 7 lies on the BUi^acc 12346 G, being a simple point on this surface, but 
a node on the surface 123457; and it thus appears that there are through 7 two 

o, VII. 19 
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■branches of the sextic curve; so that any one of the seven points, being the vertex of 
a cone through the other six, is an actual double point on the sox tic curve, 

32. Ill the case where tivo of the points are each of them the vertex of a cone 
through the other six points, then the seven points lie on a skew cubic; and the 
sextic curve of the general case becomes this skew cubic twice repeated. 


Seven ffiven Nodes. 


33. Ill the case of 7 given nodes, the number of constants should be = 6 ; the 
7 given points determine 3 quadric surfaces P—0, Q = 0, P = 0; and we have hence 
the quartic surface (a, ...JP, Q, containing 6 constants only. That this is not 

the general quartic surface with the 7 given nodes, is also clear from the consideration 
that the surface in question lias 8 nodes; viz., the 8 points of intersection of the 
three quadric surfaces. Suppose that a particular quartic surface, having the 7 given 
nodes, but not of the last mentioned form, is A — 0 ; then a quartic surface having the 
T given nodes is 

Q, P)^+0A=O; 

and this, as containing 6 constants, will bo the general quartic surface with the 7 given 
nodes, 


34. It follows that, if be another quartic surface having the 7 given nodes, 

we must have identically A' — = (^5P, Q, lt)\ where is a determinate constant and 
(jis-JP, Q, Jty a determinate quadric function of (P, Q, R), The formula extends to 
tlio case where A' = 0 has the 8 nudes (P = 0, Q-0, R- 0), but we have then p = 0, 
and tiio meaning is simply that the general quartic surface having the 8 nodes is 
Q, Rf^O. 

33. A particular quartic aurfaco having (in an improper sense) the 7 given nodes, 
but not having the 8th node, is Jl/n = 0, where M—0 in the plane through any 3 of 
the 7 points and — 0 is the cubic surface through these same 3 points, and having 
the remaining 4 iioints as nodes. The equation of the cubic surface, if the 4 points 
are taken to be (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), is obviously of the form 


a) y z iu 


(that is, ayzio -f bzcoio -f C(vyw -h dcoyz = 0), 


and by making the surface pass through the 3 points we determine linearly the 
coefficients (a, c, c?), that is, their ratios, The equation of the quartic surface thus is 

(a, ...$p, Q, 

the 7 given points being here proper nodes ; and the formula being precisely equi- 
valent to the preceding one containiug A. 


36, We can with the 7 given points form 35 such combinations = 0 of a 
plane and a cubic surface, and so present the equation of the quartic surface under 
36 different forms; these are of course equivalent in virtue of the before mentioned 
formula for A""— ^jA; viz., we must have identically MQ, -- Q, P)^: a 
theorem of some interest, which it might be difficult to verify A postevion. 
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Investigation of the cases of S Nodes. 

37. It has already been shown that a quartic surface cannot in a proper sense 
have 8 given nodes. In regard to the quartic surfaces with 8 uodes^ we start from 
the surface with 7 given nodes ; viz., 

(c^...5P, Q, PV + ^V = 0, 

or, what is the same thing, 

Q, + 

and wc iiiqiuro in what cases this surface has an 8th node, Obviously if 0 — 0 that 
isj if the surface is (a, ...JP, Q, P)’*=0, the surface will have an 8th node, the 
remaining intersection of the quadric surfaces P = 0, Q = 0, P = 0 (observe that this is 
a point in no wise depending on tlio particular quadric surfaces, but uniquely deter- 
mined by mean.s of the 7 given points) ; and wo have thus one kind, say the 

octadic surface, of the quartic surfaces with 8 nodes ; viz,, the nodes are the 

8 points of intersection of any 3 quadrio surfaces, or they are an octad of points. 
By what precedes, 7 of the nodes may bo given points, and the remaining node is 
then a uniquely determinate point, the 8th point of tho octad, 

38. But if 0 bo not — 0, there may still be an 8th node ; viz,, this must then 

bo a point on the Jacobian surface J (P, Q, P, V ) = 0, which is of the order 6. It 
is clear d prioid that this must be a surface dopeuding only on llic 7 points, l)ut 
independent of tho particular surfaces P = (), Q=0, ii — 0, V —0; to verify this, observe 

that, substituting for V tho function V', — jjV Q, P)^ wc in ftict leave the 

Jacobian unaltered; I call it the dianodal surface of the 7 points. 

39. I say that tho 8th node may be any point whatever on the dianodal surface , 
in fact, regarding for a moment tho coordinates of the node as given, and expressing 
that the point is a node on the quartic surface, wo have 4 equations containing 

aP 0 hQo + glio , hl\ -1- bQ^ H-yPoi i/Po “^fQo "h ePo) 

(Po, Qq, lio the values of P, Q, P at tho node,) but which, if only the point bo on 
the dianodal surface, reduce themselves to three equations; viz,, wo have between tho 
coefficients (a, b, c, f g, li) and 0 tliroc equations which being satisfied, the point in 
question will be a node. And it thus appears that, taking the 8th node to bo a 
given point on tho dianodal surface, tho equation (a-, ...JP, Q, P)® + ^V-0 of the 
quartic surface will contain 3 constants. Observe that wo may through the 8 nodes 
draw 2 quadrio surfaces P = 0, (3=0; and this being so if A = 0 be a particular quartic 
surface with tho 8 nodes, then the general quartic surface will be 

(a, o$P, (3)«q-0A-O, 

containing the right number S of constants. But thero is not here any simple form 
of the surface A =:= 0, such as tho form Mil = 0 for the surface through 7 given points. 

19—2 
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40. It is clear cl priori that the relation between the 8 nodes is a symmetrical 
one ; so that the 8fch point being situate anywhere on the dianoclal surface of the 
7 points, each of the points will be situate on the dianodal surface of the remaining 
7 points* This is a remarkable property of the dianoclal surface, which will have to 
be again considered* 


41* In what precedes, wc have the second kind of cpiarbic surfaces with 8 nodes, 
say the '^dianomc”; viz*, each node is a point on the dianodal surface of the remaining 
7 nodes ; any 7 of the nodes may be taken to be given points, and the remaining 
node to be any point whatever on the dianoclal surface of the 7 points* 


The Dicmodal Surface, 

42* Consider the seven points 1, 2, 3, 4, 5, 6, 7, As already mentioned, through 
threo of these, say 1, 2, 3, we may draw a plane il/ == 0 ; and through the same three 
points, with the remaining points 4, 6, 6, 7 as nodes (3 + 4 * 4 = 19 conditions), a cubic 
surface fl = 0; this surface passing through the six lines, 45, 46, *.*67. Hence we have 
A, —0, a qimrtic surface with the seven points as nodes. And using this form 

of A, it may be showji that the dianodal J (P, Q, R, A) — 0 passes through the 21 
lines 12, 13, .,,67, and through 35 plane cubics such as J)/=0, >Q = 0; viz., this is a 
cubic in the plane 123 passing through the points 1, 2, 3, and through the inter- 
sections of the plane with each of the six lines 45, 46, .*,67 (nine points determining 
the cubic) ; the complete iufcerseclion by the i)lanc 123 being therefore composed of 
this cubic and of the three lines 12, 18, 23* For the passage through the cubic, we 
have only to observe that 

j(P, (3, p, j/n) = P(P, Q, p, n)Jif+P(p, Q, p, M)n = o 

is satisfied by AT — 0> fl = 0 ; and for the passage through the lines, taking a; = 0, y = 0, 
0 = 0, w = 0 for the equations of the planes 567, 074, 746, and 466 respectively, each 
of the functions P, Q, P is of the form ayz'{‘hzx-\'Cxy-\-fivW'^gyW‘^-hzw, and the 
function Q is of the form Ayzw H- Bzwco + Gxoxy 4- Dxyz, Hence, writing in the derived 
functions for instance z — «; == 0, the first and second lines of the determinant 

J (P, Q, P, H) will be of the form 


cy, o'y, d'y, 0 , 

GX, o'o}, o\ 0 

or the determinant vanishes for ^ = 0, — 0; that is, for any point of the lino 45 we 
have H = 0 and also J (P, Q, P, O)='0; consequently P (P, Q, P, il/H) = 0, and the 
like for the other lines. The theorem ia thus proved. 

43. I say that the dianodal surface passes through each of the 7 skew cubics, 
such as 12345G. To prove this, it is only necessary to show that the skew cubic 
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123456 lies on the clianodal surface. For this purpose it ^vill be enough to show that 
the skew cubic meets the plane 712 in a point of the surface; for then it will, in 
like manner, meet each of the 15 planes 712, 713, ...756 in a point of the surface; 
that is, we shall have 15 intersections of the curve and surface, and there are, besides, 
the intersections 1, 2, 3, 4, 5, 6, in all 21 intersections ; that is, the skew cubic must lie 
on the surface. 

44, The plane 712 meets the surface in throe lines and in a plane cubic detcr« 
mined by the points 7, 1, 2 and the six intersections of the plane with the lines 
34, 35,.,. 66. Wo have therefore to show that this plane cubic meets the skew cubic 
123456, Consider for a moment the points 1, 2, 3, 4, 5, 6 and another point 7^ As 
seen above, we have in general, through the points 1, 2, 7' and with the points 

3, 4, 5, 6 as nodes, a determinate cubic surface, which surface passes through the lines 
34, 36, ... 56, But the cubic surface becomes indeterminate if the points 1, 2, 7', 3, 4, 5, 6 
arc on the same skew cubic ; that is, if 7' is any point whatever on the skew cubic 

123456 (the proof presently). Taking, then, 7' as the iiitci'scction of the skew cubic 

by the plane 712, we have in this plane the points 7', 1, 2, and the intersections of 

the plane by the lines 34, 35, ...56, nine points through which there pass an infinity 

of plane cubics ; that is, the plane cubic determined by the points 7, 1, 2 and the 

six intersections will pass through the point 7'; vi/.,, it meets the skew cubic 123456, 

46. For the subsidiary theorem, taking X, 7, Z, W as current coordinates, viz., 
A = 0, 7=^0, Z = Q^ W — 0 as the equations of the planes 45(5, 563, 634, 345 respectively, 
Vii '^i) the coordinates of the points 1 and 2 respcctivoly, 

and (o), y, Zy w) for those of 7"; ilie equation of the cubic surface passing tlirougli 

7', 1, 2, and having the nodes 3, 4, 5, 0, is 

J 1 1 

X> F’ Z^ W 

1111 

(t)* y' w 

1 ^ 1 _1 

i 1 1 1 

^’7 ^<^2 

and this ceases to be a determinate function if only 

1111 
y ^ z* w 

i i i i 

yi* '^1 

1112 
iv/ yn* 
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viz., considering (a-,, tji, Zi, w,), (a's, y«, Wii) as given, this is a twofold relation 
between the coordinates (a, y, z, w) of the point 7'. The relation may ho represented 
by the four equations (yziv) = 0, (zivx) — 0, (wcBy) = 0, (ceyz) — 0, if for shortness 

yz , ziv , wtj 

y\Zu Wi^i 

Z^Wn^ 

and the like as to the other s 3 Mnbois. The four equations represent quadric surfaces, 
each two iutersecting in a line [e.g,, {yzw):^ 0 ^ (zwx) — (^ in tlio lino ^ = 0, — ami 

the four surfaces besides intersecting in a skew cubic, which is the required locus of 
the point Ty and which, as is seen at once, passes through the points 1, 2, 3, 4, o, (S. 

46. By wliat precedes, we have on the dianodal surface through the point 1 tlu‘ 

linos 12, 13, 14, 15, 1C, 17, and the skew cubics 123450, &g. The six linos arc Jiot on 
the same quadric cone, and it tluis appears that the point 1 must bo a cubic-uoih' 

(point where, instead of the tangent plane, wc have a cubic cone) on the surface. It 
is to be remarked that the lines 12, 1.3, 14, 15, 3 6, and the tangent at 1 to the 
skew cubic 123456, lie in a quadric cone ; viz., this tangent is given as the sixth 

iiitcrseotiou of the cubic cone with the quadric cono through the lines 12, 13, 14, 15, 10. 

47. I revert to the equation of the dianodal surface as given in the form 

J^J{Py Qy Ry Mil) =^ 0 y where M =^0 is the plane through tlic points 1, 2, 3, and 
n=0 the cubic surface through these points, and having the points 4, 6, 0, 7, as nodes. 
We can find the orders of the several functions P, Qy 11 , M, il in the coord iuatCH 
(^ 3 . }/i> <Src., of the several points; viz., writing for shortness to denoto the 

order 2 in regard to (.r,, yi, Zi, w^), and so in other cases, we have 



R Q =: R SSZ 3) (ilg, tV^y ^ 7 )"^ {p^l% a'jj, X^y y 

(Xq, Xq, Xj)y 

0 = (a'j3, Xqj a'j, ^3, i 

(where, of course, the X', x, show in like manner the orders in regard to tlu* 

ciirront coordinates {x, y, z, w ) ; the proof in regard to fl is easily supplied.] Tlio 

order of J is equal that of RQRMi}, less 4 as regards the current coordinates, by 

reason of the diflPerentiations ; that is, we have J ^ x^ {x,x^x^y^ {a^x^okx.Y^ \ and we tiuis 
see that the equation of the dianodal surface as above obtained is cnciunbered witli 

a constant factor of the form {x^x^x^y {x^XtXQ 0 ij)\ In fact, the relation between the 7 
points and the ciuTent point (^, y, Zy w), or say the point 8, as expressing tliat the 
8 points are the nodes of a dianome, should be a symmetrical one in regard to the 
coordinates of the several points; and being of the order 6 in regard to the coordi- 
nates^ {Xy y, w)y it should be of the same order in regard to the other coordinates ; 
that is, the true form would be J^{xxix^x^x^x^x^x>fy^ 0 , 


48, It is possible that taking the 4 points, say 1, 2, 3 , 4, to be (T, 0, 0, 0), 
(0, 1, 0, 0) (0, 0, 1, 0), (0, 0, 0, 1), and the 3 iDoints, say i5, 6, 7, to be (1, 1, 1 , 1), 
P, V, 0), (a, /3, 7 ', S'), the extraneous factor might exhibit itself, and that tho 
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equation divested of this factor might be of a tolerably simple form. I have not, 
however, worked this out, but I have, by an indcpondent process, obtained in regard 
to the dianodal surface of the 7 points a result which may be interesting. 

"AS. The dianodal surface, quil surface having tlio firet-mcntioncd 4 points for cubic 
nodes, has its equation of the form 

yz'w{y, z, xoy + z(ew{z, o!, xvy xytv (x, y, toy+xyz(x, y, zy xyzw {x, y, z, w)“ = 0; 

where in the cubic functions the terms a)’, y^, z^, none of them appear. If for 
instance w = 0 , the equation becomes (x, y, zf = 0 , which, by what precedes, is a 
known cubic curve, viz., the curve through the points 1, 2, 3 and the intersections of 
the plane 123 by the lines in, 46, 47, o 6 , 57, 67 ; and wo can by this consideration 
find the cubic function (x, y, zf, and thence by symmetry the other cubic functions. 
I take 

(ft , 5, c, / , (/, /O'! ' (( 1 . 1 > 1 . 1 ). («. ;Q. 7 . S) 

(ft', b', o',f\ g\ h') ■ for coordinates of line through J ( 1 , 1 , 1 , 1 ), (a', y9', y, S') 

(a, b, c, f , g, h)^ ((a, /3, % S), (a', /3', 7 ', S') 

respectively; viz., I write 


1 

QZ 

1) 

/=« -s 

ft' = / 8 '- 7 '. 

1 

11 

a=j3y' 


f = aS'. 

-a'S 

1 

ll 

^ = /3-S 

1 

ll 

i7'=/3'-S' 

II 

-y'a, 

g = /3S'. 

~/3'S 

1 

zs 

ll 

0 

/i — 7 — S 

1 c'=a'-/3', 


0 = a/3' 

~a’0, 

11 = 78' 

— 7^8 

I write moreover 

X = 

. h - g n. 






ju = — h . "A f “f* b, 

r= g-f .+0, 

■!ijr = — a — b — c 

50. This being so, the cubic curve through the last-mentioned six points has its 
equation of the form 

^ 1 ^ 1 ^ -Q. 

ax + by + Gz u'x + b'y + o'z iix + hy + gz Xx + /zy + pz ’ 

and to make this pass through the points 1 , 2 , 3 , wo write therein successively 
(y = 0, z = 0), (z=:0, x~ 0 ), (x = 0, 2 / = 0); viz., we have for the ratios A : ; 0 : J) 
the three equations 

(tr a a X 

0 0 n jLC 

0 C g V 
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In eliminating, for instance, B for the first and second equations, the resulting equation 
divides by ah' - a'b, =a + b4-c, and we thins obtain, between A, G, D, the three 
equations (equivalent to two) 

A .Oa' . Df 


be be /MV 


ca ca vX 


A 

ab^ ab X/t 


from which the ratios A * G : D may be obtained by actual calculation. After all 
reductions, we have 


A = abc + 13 ' j') af + (^S'S' Hh 7V) bg + WS' 4- a'/ 3 ') oh} , 

B aW((a8 +^97) afH-(/ 3 S 4-7a) bg+ (7S + a/ 3 )ch), 

(? == abc ((aa'X -f + 77'y + SS'tzr}, 

D = —Xfxv {(a«'a + + 77'c} ; 

viz.. A, B, C\ D are proiDortioiia! to ‘these values respectively. Multiplying by the pro- 
duct of the denominators, I find without much difficulty that the resulting cubic 
function is divisible by a + b+c; hence, introducing the factor ooyz^and an indeterminate 
multiplier I, 1 write 

(cyz {(c, y, zy = ^ 4, ' bTc 0 ^^ + /^2/ + 7^.2?) 

X ^ I I ^ I ^ } 

\ax -h % + c-2 a\v + b'y 4- c'z ax 4 - hy -h cz ^ Xx-\- /My vz) ' 
where A, B, Gy J) have the values above written down. 


51 . Considering the orders in regard to (a, /3, 7, S), « 13', y\ S'), and observing 
that a, b, c and a', h', c' are linear functions of the two sets respectively, but that 
a, b ... h, X... 'cr, are linear in the two sets conjointly, or say 


we have 


a, ...=a, a', ... =a' ; a, ... = ctot'; 
Aa'aX =: a^a'^ , aV^ = «V^, 


so that after the division b3^ a + b + c, =raa\ the order will be Heiico I will be 

a mere numerical factor, and the last-mentioned equation gives, wdthout any extraneous 
factor, the terms xyz {x, y, zy in the equation of the dianodal surface of the seven points. 


Ootadio B%irfaQes with 9 or 10 Nodes. 

52 . Ill regard to the surfaces with 9 and 10 nodes, I consider first the octadic 
surfaces. Starting as before with the given points 1, 2, 3, 4, 5, 6, 7 , we have a deter- 
minate point 8 completing the octad, and the surface with the 8 nodes is 

(a,...][P, Q, P)a-0, 
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(o cousfcauts). Suppose that there is another node 9 ; this must be a point on the 
Jacobian curve «/ (P, Q, Zi)— 0, which (as was seen) is a soxtic curve not passing 
through any of the 8 points; the node 9 may be ani/ point on this curve, viz, taking 
its coordinates as given, the condition of its being a node gives 4 equations, and these 
for the very reason that the point is on the Jacobian curve, reduce themselves to 
2 oquationa, which can be satisfied by moans of the constants (a, resulting 

Ofpiatiou should therefore contain 3 constants. 

53. In order to find it, taking as above 9 a given point on the Jacobian curve, 
this will bo the vertex of a quadric cone, say P = 0, through the 8 points; we may 
draw through the 9 points another (quadric surface Q = 0, and through the 8 points a quadric 
surface Zi = 0; this being so, wc have the quartic surface (a, h, 0, 0, jr, h^F, Q, Rf-Oy 
having the 9 nodes, and containing, as it should do, 3 constants; this may bo written 

(aP H" 2/i.Q 4" P *h ^ 0 ; 

if bIV — aF-\- 2^Q-h2f/P, that is, if Zi' = 0 bo the general quadric surface through the 

8 points, then the equation is - FR^ -0, where observe that R' is considered as 
containing implicitly 3 constants. 

54. If there is a 10th node, say 10, this is also a point on the Jacobian curve 
J{Fy Q, P)“0, and it may be any point whatever on the curve; taking it as a given 
point on the curve, the resulting equation nhould contain 1 constant. Wc may take 
p = 0 to be the cjuadric cone, vertex 9, through the 8 points, P =: 0 the quadric cone, 
vertex 19, through the 8 points, Q-O the (piadric surface through the 8 points and 
the points !) and 10 (viz., the surface through 9, 10 and any 7 of the 8 points will 
pass through the romainiug 8th point). The equation of the quartic surface then is 

(0, 5, 0, 0, fjy 0$P, Q, = 

that is, q- 2gFIi = 0, containing 1 constant ; wo may reduce this to Q’ — PR = 0, the 
constant being considered as contained implicitly in ono of the functions. It is clear 
that the constant cannot be so determined as to give rise to an lUh node, nor 

indeed to any other singularity in the surface. 

65. In the case of the surface with 9 nodes, it is clear that this is octadic in 
one way only ; the node 9 cannot form an octad with any 7 of the remaining nodes, 
Bub in the case of the surface with 10 nodes, the question arises whether the nodes 

9 and 10 may not be such as to form an octad with some six, say with the nodes 

1, 2, 3, 4, 5, 6 of the I'emaining 8 nodes; that is, whether wc can have 1, 2, 8, 4, 6, 6, 7, 8 
forming an octad, and also 1, 2, 3> 4, 5, G, 9, 10 forming an octad, I will show that 

this is impossible if only the points 1, 2, 3, 4, 5, 6 are given points, that is, points 

assumed at pleasure and not specially related to each other. For lliis pmq)oso, assuming 
that the points form 2 octads as above, take through 1, 2, 3, 4, 5, 6, 7, 9 the quadric 
surfaces P—0, Q — 0, then each of these passes through 8, 10; tako R — 0 any other 
quadric surface through 1, 2, 3, 4, 5, 6, 7, 8, and jS-O any other quadric surface 

through 1, 2, 3, 4, 5, 6, 9, 10, Then P-0, Q=0, Ji— 0 intersect in the Ist octad, 

0 , vii. 20 
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and P = 0f Q —Oj S—0 infcerrfcct in the 2ncl octad ; the quartic surface (if iL exists) 
must be siiwulfcaneously of the forms Q, i2)“=0, Q, 6^)^ = 0 ; and this implies 

an identical equation Qt P, jS/= 0. The quadric surfaces are surfaces through 

the points 2* 3^ 4, 5, 6, and taking through these six points any other quadric 
surfaces ^ = 0, 0= 0, ^== 0, jET = 0, we have P, Q, 72, S each of them a linear function of 
0^ Ey H ] and the relation between Py Q, 72, S gives a like relation (^5^1, (7, Ey JIf = 0 
between ^1, C, Ey PI, I assume yl == 123 . 456^ A’=:134.256, 77 = 145. 236, {7= 152. 346; 
viz., ^1 — 0 is the plane-pair formed by the planes through 1, 2, 3 and 4, 5, 6 respectively ; 
and so for the others : we have to show that there is not any such identical relation 
(* 5 ^ 1 , 0 , Ey Piy^o. 

5G, We may through 3 draw the lines LMy QT to meet 14, 26 and 12, 46 
respectively ; and through 5 the lines ESy NP to meet 14, 26 and 12, 46 respectively. 
Observe tliat the points 0 in the figure are apparent intersections only; viz., HP does 



not meet QTy nor LM meet 118. In fact, if NP met QT it would bo a line in the 
series of lines meeting 14, QTy 26 ; or 5 would be situate in a hyperboloid, determined 
by means of the points 1, 2, 4, 6, 3; viz,, 5 would not be an arbitrary point: and 
so LM does not meet 72^, Now the quadrics By II meet in the lines 14, 26, LMy iVP, 
and the quadrics Ay G \n the lines 12, 46, QT, R8. Suppose that we had identically 
Gy Ey 77)2 = 0; putting thoreiu J? = 0, 77=0, wo should have O)® = 0, viz., 

{A 4 xG) (d + jiG) = 0 ; or there would exist quadrics of the forms d -f X(7 = 0 contauiing 
the lines 14, 26, LMy NP. Now there is no quadric surface A + \G = 0 containing 
the line NP\ for d4X^7 = 0 is a (luadric containing the sides of the quadrilateral 
QPiST; the generating lines of the one kind meet each of the lines RSy QT\ those 
of the other kind neither- Hence iVP, which meets R8 but not QTy cannot be a 
generating line of either kind ; and we have no identical relation (d, Gy Ey Hf = 0. 

57. In the octadic surface with 9 nodes ; starting with any 7 nodes of the octad, 

9 is not the 8th point of the octad, and hence (by the tlieory of the dianome) it 

must lie in the dianodal surface of tlie 7 pouita ; that is, the dianodal surface of the 
7 points must pass through 9, viz,, through any point whatever of the Jacobian curve 

of the 7 points, that is, of the octad; or (what is the same thing) the dianodal surface 

of the 7 points passes through the Jacobian curve of the octad. This is an obvious 
property of the dianodal siuTace, the surface P (P, Q, Ry V) = 0 contains the Jacobian 
curve J{Py Qf P) = 0, Bub it further appears that, starting with any 6 points of the 
octad and with the point 9 (that is, any point whatever of the Jacobian curve), the 
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diauodal surface of Ihcso 7 points must contain the remaining 2 points of the ootad. 
And ill the octadic surface with 10 nodes, starting with any 5 points of the octad 
and with the points 0 and 10 (that is, any two points on the Jacobian curve) the 
dianodal surface of these 7 points must contain the remaining three points of the 
octad. I have not attempted to verify those last properties of the dianodal surface. 

Dummies ivith 9 or 10 Nodes. 

58. I now consider the dianoincs with 9 and 10 nodes. Starting from the general 

form 

{a, b, o^F, Qf H- $A = 0, 

where A = 0 is a particular quartic surface having the 8 nodes, it at once appears 
that if there is a 9th node, say 9, this must be a point on the Jacobian curve 
J (F, Q, A) = 0, or say on the dianodal curve of the 8 points, viz. (a = 6 = 1, e = 3, in 
the formula No, 5), this is a curve of the order 18; the node may be any point 
whatever on this curve, and taking it to bo a given point on the curve, the number 
of constants in the re.sulting equation should be 1. Hence if P = 0 be the quadric 
surface through the 9 points, and A=0 a particular quartic surface having the 9 points 
as nodes, the general equation is aF" + 0A = 0. 

69. But wo may consider the question somewhat differently. Starting with the 
7 given points 1, 2, 3, 4, 5, G, 7 and with 8 a given point on the dianodal surface 
of the 7 points ; it is clear that 9 must be on the dianodal surface 1234567, and 
also on the dianodal surface 1234568 ; the complete intersection is of the order 36, 
and we have to consider how this breaks up so as to contain as part of itself the 
dianodal curve of the order 18. 


Dianodal Oime of 8 Foints. 

60. Consider first any 8 points whatever 1, 2, 3, 4, 6, 6, 7, 8 ; where 8 is not on 
the diauodal surface 1234567, nor 7 on the dianodal surface 1234568. The two surfaces 
have in common the L5 lines 12, 13, ...56 and the skew cubic 123456, they therefore 
besides intersect in a curve of the order 18. At the point 1 the tangent cubic 
cones of the two surfaces intersect in the lines 12, 13, 14, 16, 16 and the tangent 
to the skew cubic 123456, 6 lines lying in a quadric cone; they therefore besides 
intersect in 3 linos lying in a plane; that is, the point 1 is on the curve of the 
order 18 an actual triple point, the 3 tangents lying in piano; and the like of course 
in regard to each of the points 2, 3, 4, 6, 6. But as 7, 8 lie each of them on only 
one of the two surfaces, the curve of the order 18 docs not pass through 7 or 8. 

61. If, however, 8 lies on the dianodal surface 1234567, then each of the 8 points 
will lie on the dianodal surface of the other 7; and in particular 7 will lie on the 
dianodal surface 1234568. The surfaces interaect as before in a residual curve of the 
order 18; the only difference is that 7 and 8 are now points on each surface; viz., 
each of them is on one of the surfaces an ordinary point, and on the other a cubic 
node ; the points 7 and 8 are thus each of them an actual triple point on the curve ; 
and at each of them the 3 tangents are in piano. We thus sec that the dianodal 

20—2 
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curve 1234567 cS is a curve of the order sucIj that each of tlic S poinLs us a triple 
point on the curve, the tangents at eacli of them being in piano, 

Ten Nodes, 

G2. Suppose there is a lOfch node, say 10; starting from the equation ^A = 0 

(P=:0 the quadric surface through the .9 points, A— 0 a particular quartic surface having 
the 9 points as nodes), it at once appears that the node must be one of the points 
J (P, A) =5 0 ; liciice, taking it to be one of these points, we have 4 equations, which, 
in virtue of the node being one of the points in question, reduce themselves to a 
single equation determining the ratio aid; we have thus a completely determinate 
surface, say □ = 0 having the 10 points as nodes. The number of points J (P, A), 
writing in the fonmila No. 6, 6 = 3, is obtained as 1 + 3 + 9 + 27 = 40, but it 

is to be observed that the surface P = 0 passes througli each of the 9 nodes of the 

surface As=:0; those count twice among the points / (P, A)=0, and the number of 

residual points (or say the dianodal centres of the 9 points) is 40 - 18 = 22 ; viz., this 

is the number of positions of the node 10, [The nine points count each th^ee times 
and the number of residual points, or positions of the node 10, is thus not 40-’lcS = 22, 
but 40 27, = 13.] 

Dianodal Centres of 9 Points, 

63. In further explanation, observe that 9 is any point on the dianodal curve 
12345678; the node 10 must lie on this same curve, and also on the dianodal surface 
1234669, Take P = 0 the quadric through all the 9 points, (3=0 a (piadric through 
all but the point 9, P = 0 through all but the point 8, 8 — 0 through all but the 
point 7. The dianodal curve 12345678 is P (P, 4 and the dianodal surface 

1234669 is P(P, P, 8, V) = 0; the total number of intersections is 6x18 = 108 ; these 
include the 4x18 = 72 points of intersection of the dianodal curve J(P, Q, A) = 0 with 
the Jacobian surface «/ (P, Q, R, 8)— 0^ except the four points J (P, Q) — 0, which are 
the vertices of the 4 quadric cones through 1, 2, 3, 4, o, 6, 7, 8 (which 4 points are not 
situate on the eurve (P, P, /S) = 0J, and there are besides 40 points {108 = (72- 4) + 40} 
which are tho before mentioned points J(P, A) = 0 ; viz,, these are the 9 points each 
twice [three times], and the residual 22 [13] points which are the dianodal centres of tlie 
9 points. 


General result as to the Dianomes, 

64. We have thus established the theory of the clianome quartic surfaces; viz,, we 

have 

The octodianome, 8 nodes, 7 of them arbitrary, and the Sth an aibitrary point 
on the dianodal surface (order 6) of the 7 points. 

The enneadianome, 9 nodes, the 9th an arbitrary point on the dianodal curve 
(order 18) of the 8 points, 

The deeadianome, 10 nodes, the 10th any one of the 22 [13] dianodal centres of 
the 9 points, 

And as already mentioned, so long as the first 7 nodes are arbitrary, there cannot 
be more than 10 nodes in all. 
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Tjie Symmethoid. 

The Lineolinear Gorrespondence of Quartic Surfaces. 

Co, I consider four cquiitioiis S -0, T= 0, U= 0, F= 0 , linuolincur in regard to 
the two sots of coordinates (.-e, y, z, w) and (a, 7, S) ; viz., each of these e<juations 

is of the form 

Z/. -2. /3. 7> = 

Til is implies that blic point (to, y, z, w) lies on a certain qnavbic surface 0 = 0 , and 
tho point (a, S, 7, S) on a certain c[iiactic surface A = 0, and that the two surfaces 
correspond point to point to each other. In fact, writing the four equations in tlio form 

La + il//9 + JVy + PS ~ 0, 

/.'a + M'/S -I- JV'y + P'S = 0, 

/y'a+ jr7+ p"s=o, 

L"'a + M"'/3 + iV "'7 + P"'S = 0, 

where X, &c,, arc linear functions of (.d, y, z, w), then eliminating (a, 7 , 8 ), we obtain 

tho equation 


0 = 

L , 


N , 

P 


L' , 

M' , 

N' , 

P 


Tf, 

if", 

N", 

F 


L"\ 

M"', 

lY", 

F 


and .similarly, writing tho four c([uation,s in the form 

A.v + By + Gz+ Dw = 0 , 

A',v + B'y H- O'z + D'w = 0, 

A^'ic^- By f G"z+ P"w = 0, 

A'"w + F"y + G'"z+jy''w = 0 , 

whore A, &c,, arc linear functions of (a, j 8 , 7, 8 ), then eliminating' (a), ij, z, w), we 
obtain the equation 

A , B , G , D =0. 

A' , F , G’ , jy 
A", B", G", B" 

A'", F", G'", D"‘ 

Moreovci', 0 being =0, the four linear equations in (a, jS, 7, 8 ) are equivalent to three 
equations, and give for instance («, /3, 7 , 8 ) proportional to the determinants formed 
with the matrix 

L' , M' , iV' , F \ 

L", M'‘ , N\ P" 


L"\ if'", N‘\ F" 
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and similarly, A being = 0, the four liueur cqiiaiioiib in y, z, 'll)) are equivalent to 
three equations^ and give for instance {w, y, z, w) proportional to the determinants 
formed with the matrix 


A' , 

B- , 

O' , 

D' 

A", 

B", 

G\ 

]y' 

A'", 

B"\ 

O'", 

ly" 


which establishes the point-to-point correspondonce of the two surfaces. 

66. It would at first sight appear that any qx^artic surface 7» 5)^ = 0 what- 

ever might have its equation exiDressed ixx the foregoing determinant form A == 0. This 
equation seems, in fact, to contain homogeneously as many as 64 constants. But if 
xve multiply the dotorminant line into lino by a constant determinant 

a , h ^ G , d 
a' , b\ o\ d' 
ii\ c", d" 

ir 

and thou column into column by another constant doterminaiit, the coefficients, all but 
one i)f them, of these constant doternimants may be used to specialize the form of the 
resulting equation, [say they arc apoclastic constants] ; this equation will really contain 
64 — (2 , 16 — 1) — 33 constants; and in order that the quartic surface /3, 7, — 0 

may have its equation expressible in the form A == 0, a single relation must hold good 
among the coefficients: but this in passing (*), 

67, Robiirning to the quartic surface 


A . 

B . 

0 , 

D 

1 = 0, 

A'. 

B', 

O' . 

D' 


A". 

B", 

0", 

D" 


A'". 

B’", 

G"\ 

D"’ 

1 


xve connect this not only xvith the foregoing surface 0 = 0, but in a similar 

manner xvifch another quartic surface <E> == 0 ; viz,, taking the current coordinates (^, 'q, w), 

xvc may form the lineolincar equations 

I Applying the fiamo reaflomng to a cubic clofcermiiiant A = 0, the number of constants is 36- (2. 9- 1)- 19; 
80 that a oubio surfaco is expressible in tbo form in question. And so for the qundiio dofcorniinaut A=:0, 
the number of constants is 16 - (2 , 4-1 )= 9 * so that a quadric surface is expressible in the form in question^ 
as IS otliorwise obvious. 
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which, by Lho cliniinatioii of (^, f, w), give A= 0 , and by the elimmafcion of («, /?, 7 , 5) 
a determinant qimrtic ci|uaiiou <[> = 0 between the coordinates (f , i;, Si i 
course the two surfaces A = 0, = 0 have a poiat-to-poiut corrcsponclonce such as exists 

between the surfaces 0 = 0, A = 0. The relation of the point (a, jS, 7 , 8) on tlie surface 
A = 0 to the point (cu, z, lu) on the surface 0 = 0 , and to the point (^, t}^ <o) on 

the surface O = 0 , may be conveniently indicated by means of the diagram 

0 


a; , y , ^ , w 

A , B , G , D 
A' , , G\ D' 

A\ B\ G\ D" 

B''\ G"', 

68 . It is to bo observed that, writing for A, i?, ... their values as linear fiuictionh 
of (Uy /S, 7 , 8)y we have in all 64 constant coefficients, which wo may conceive arranged 
in the form of a cube, thus : 

a b 


a' b' 

\ 

(h “ 



and taking those in fours height-wise, {a, cq, « 3 , ^ 3 ), &c., wo compose with them the 

linear functions aa 4 *ai/ 3 -h «37 + « 38 > &c., which enter into the equation A = 0; taking 

them in fours length- wise, (a, b, c, rf), &c., we compose the linear functions a(v^bi/-\-c;s^-\‘dWy 
&c., which enter into the equation 0 = 0 ; and taking them in fours breadth-wise 
(a, a\ a'"), &c., wc compose the linear functions + ci't] + a'X + cff*'cOy c^c., which 
enter into the equation < 1 > = 0 . 

69, The process may be indefinitely repeated; wo obtain always the same three 
surfaces over and over again, but on them an indefinite series of corresponding points ; 
viz.y wo may write 

...0, A, <E>, 0, A, 0, A, 

viz., a point Q on A corresponds to a point P on @ and to a point P on 4> ; R 

corresponds to ^ ^ point P^ on 0 ; P' to R on <E> and to a new 

point Q' on A, and so on. And in the opposite direction P corresponds to Q on A, 
and to a new point Pi on <I>; Pi to P on 0 and to a new point Qi on A; and so 
on, And of course the correspondence of any two points of the series, whether belonging 
to the same surface or to different surfaces, is a one-to-one correspondence. 


V 

h 

r 

m j 
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The Synmetrical Case; Hymneiroid and Jacobian. 

70, I have established the foregoing general theory; but it is only a particular 
case of it which connects itself with the theory of nodal quartics ; y\%y the cube of 
coefficients is a symmetrically arranged cube 

a h g I 

. h b f m 

: 9 f c n 

I m n d 


(ti hi 

: 


or stxy its upper face is the symmetrical square matrix 

I h, g, I 

A, h, /> m 

f> 0, n 

I, m, «, d 

and the other horizontal planes, the like squares with the several terms affected by 
suffixes. 


The surface V = 0 is hero a surface of the form 


V - f H, G, £ 1-0 
//. 5, F, M 
ff, F, C\ N 
L, M, N, P 

{A, P, &c. linear functions of (a, /3, y, S)) viz., V is a symmetrical determinant; I call 
this a syminetroid ; the surfaces V — 0, = 0 arc one and the same surface, the Jacobian 

of 4 quadric surfaces ; moreover the points P and R are one and the same point, and 
the correspondence R to P' is a reciprocal one; so that, instead of the indefinite 
scries of points, wo have only 2 points Q on the surface V, and 2 points P, P' 
on the surface 0 (=; <I>) ; viz,, the diagram is 


... A, 0, ©, A, 0, ©, A 

...g, p\ P, gp, F\ g,.. 


moreover the syminetroid surface V — = 0 is a surface with 10 nodes, which is clearlj'' 
not octadic, and which is therefore the decadianome. 
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71. Consider the t[Uiidrie surfaces 

8 = («, b, c, d, /, 0 , h, I, VI, n J a?, y, z, w)’ = 0, 

T={a„... ^ „ y = 0, 

U={u,,... „ )» = 0, 

F=(aa, ... 5 „ )''=0, 

and a i^oint (a, /S, 7, B) in the same or in a diiforont space, such that the surface 
-I- /92’4- 8F=0 is a cone, or say for shortness, 

aS /3T-\riyU-\- 8F== cone; 

(<3f, /3, 7, S) is said to bo the determining point, or dctermhiator of the cone. And if 
wo establish the equations 

8^ (c<5f + /9y+7tf+SF)-0, 

M » )-0, 

8z( „ ) = 0, 

Sii)( It ) = 0, 

which express that the surface is a cone, thou the point (a;, z, w) is the vertex of 
the cone. We have thus 4 equations lincolinear in («;, y, Zy vS) and also in (a, /3, 7, 8), 
so that the relation between the 2 points is of the nature of that above considered. 
The relation between (a?, jf, z, w) is given by the equation 

J(Sy Ty Uy 7)^0^ 

viz., the locus is the Jacobian of the 4 quadric surfaces. The relation between (a, /3, 7, 8) 
is given by the equation 

7= aa + a,/9+a27 + «aS, la —0, 

/taq-,.. , ba wa-h,., 

, /a 4-..., oa + ..., m ^ 

+ 7iof + .,., dot-f... 

so that the locus is (by the foregoing definition) the symmetroid. And the deter- 
minator point on the symmetroid thus corresponds to the cone-vertex on the Jacobian. 

72. But the Jacobian may bo obtained in a different manner; viz., if wo establish 
the equations 

+ V^u + "h 0)8^^,) iS =5 0, 

( » )y-o, 

( » )U^0y 

( » )V^0y 

then the elimination of (^, 9?, f, fio) leads to the equation J (S, T, Z7, F) = 0 of the 
Jacobian surface. And since each of the equations is symmetrical in regard to (a;, yy Zy w) 
0. VII. 21 
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and (I, rjy f, o))^ appears that the point (f, w) is also a point on the Jacobian 
surface. Wo have on the symmetroid a point related to (^, a>) iR the wsainc way 

that (a, / 9 , y, S) on the symmetroid is related to the point {co, y, z, ?^); and this completes 
the system of the 4 points, Q on the symmetroid, P and P' on the Jacobiati, Q' on 
the symmetroid; but in what followa I make no use of this last point Q\ 

*73. The points y, w), S’, ft>) on the Jacobian correspond in such wise that, 

taking the polar planes of either of them in regard to the quadrics ;Sf - 0 , P== 0 , f/' ~ 0 , 0 , 

these intersect in a single point, viz., in the other of the two corresponding points. 
Or, what is the same thing, the line joining the two points cuts each of the four 
quadrics harmonically, whence also it cuts harmonically any quadric surface whatever 
of the senes aS yU 8V—0, (a, y, S being here arbitrary multipliorB); viz., 

this property is an immediate interpretation of the equation 

+ 4 ' + SF) = 0 , 

or, as this is more cojiveniently written, 

(a, f, (wjaj, y, w)=^0, 

if for a moment (a , ...) denote the coefficients of the quadric function a/S-f / 3 P+ yil-p SF. 

'74. Consider any 6 pairs of points yi, (|^j, tji, fi, wi), &c., related as 

above; the quartic surfaces 8^0, P = 0 , 7=0 are surfaces cutting harmonically 

the lines joining the two pairs of points respectively; or say they are quadrics cutting 
harmonically 6 given segments ; and the general quadric surface which cuts harmonically 
the 6 given segments is aS -[• fiT ’^yl/ + 8 F- 0 . We thus see that the Jacobian surface 
J(Sj Tly F) = 0 is in fact the locus of the vertices of the quadric cones which cut 
harmonically 6 given segments. The surface so defined by M. Ohasles {Gomptes Rendns, 
tom. LIL, 1861, pp. 1157 — 62), and shown by him to be a quartic surface, is tlius 
identified with the Jacobian of any 4 quartic surfaces; and included heroin we have 
the particular case, also considered by him, of the locus of the vertices of the quadric 
cones which pass through 6 given points, or Jacobian of the 6 given points. 

75, It is to be shown that there are 10 systems of values (a, /3, % S), or, what 

is the same thing, 10 points on the symmetroid, for each of which the quartic surface 
+ <yff 4 - SF= 0 is a plane-'pair, For any such system of values the plane-pair 
may be regarded as a cone, having its vertex at any point whatever on the line 
which is the axis of the plane-pair; that is, each point of this line is the vertex of 
a cone of the system of surfaces a#S"h/9P4-7?7+87=0; or, what is the same thing, 
the axis of the plane-pair lies on the Jacobian surface ; viz,, there will bo on the 

Jacobian surface 10 lines. Moreover, to the point (a, /3, <y, 8 ) on the symmetroid there 

corresponds indifferently any point whatever on the axis of the plane-pair. The analytical 
expressions for (a;, 2 ^, w) in terms of (a, / 9 , 7 , 8 ) must therefore, for the values in 
question of (a, 7 , 8 ), become indeterminate; and this can only happen if for the 

values in question the first minors of the determinant V all of them vanish. But a 
point {a, 7 , S), for which the minors of V all of them vanish, is obviously a node 

on the symmetroid; and it thus appears that there are on the symmetroid 10 nodes, 
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each corresponding to a line on the Jacobian, and that the condition for determining 
these is 

aS -h ‘hryU-hSV— plane-jmi r ; 

viz,, the values of (cc, 0, 7 , S), which satisfy this condition, belong to a node of the 
symmotroid, and the lino on the Jacobian is the axis of the plane-pair, 

76. Reverting to the equation V = 0 of the symmetroid, where V is a symmetrical 

determinant the terms of which are linear functions of the coordinates (a, 7 , S), it 

has already been shown, mite No. 7, that this is a surface with 10 nodes; but this 
may be also proved as follows. Writing as before 

-H/92^q-7U'-hSF=(il, B, G, A A A A A M, y, 

the condition that this shall be a plane-pair implies a thrcofolcl relation between the 
coefficients A the required number of nodes is equal to the order of this 

threefold relation. Establishing between the coefficiont.s A, A 6 linear relations 

whatever, wc should have a ninefold relation to determine the ratios of the 10 quauLities; 
and the number of solutions would bo equal to the order of the threefold relations. 
But taking the 6 linear relations to bo of tho form yi, WiY — Q, the 

question is in fact to find tho number of the plane-pairs which pass through 6 given 
points; and this is clearly = 10 , 

77. Applying the conclusion to the system of quadric surfaces /37'+ 7 ?/ SF = 0 , 
wc see that there arc in tho system 10 plane-pairs; and that the lines of intersection, 
or axes of tho piano-pairs, are lines upon the Jacobian surface. 

78. The e((uation V =0 of the symmetroid scorns to contain homogeneously 40 
constants. But starting with any given symmetrical determinant, we may multiply it 
line into line by a constant determinant, and then column into column by the same 
constant determinant, in such wise tliQjt the resulting product is still a symmetrical 
determinant ; and tho coefficients of the constant determinant may then be used to 
specialise tlie form of tho equation. Tho equation V = 0 of the symmetroid thus really 
contains 40 — 16=24 constants; this is os it should be, for the symmetroid, qitd quartic 
surface with 10 nodes, contains 34-10 = 24 constants, 


Symmetroid with given B^odes. 

71). A symmetroid can be formed with 7 given points as nodes; but there is no 
proper symmetroid with 8 given points as nodes. If wc endeavour to form such a 
symmetroid, we obtain a systom of 2 quadric cones, ouch of thorn passing through the 
8 points ; viz., these are any 2 out of the 4 quadric cones which pass through the 
8 points. This will be shown in a moment ; for the complete d jmterrion identification 
with the decadianome, it would bo necessary to show that a symmetroid could be found 
having for nodes 7 given points, an 8 th point anywhere on the dianodal surface, and 
a 9th point anywhere on the dianodal curve ; but this I have not succeeded in 
effecting. 


21—2 
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80. We have for any node (a, A 7 , S) of the symmetroid, 
aS + + 7 i7+ SF= plane-pair. 


If, then, 4 of the given nodes are (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), wo 
must have St T, V each of them a plane-pair, We may without loss of generality 
assume this, however, does not determine the signification of 

the coordinates (a;, y, Zj for S will remain unaltered if we write therein 

coQosO -hj/ sin0, ft? sin 0 —y cos^ for a?, y; 

and similarly T will remain unaltered if we write therein 

z cos Oi-^w sin 0,, z sin 0 ^ — cos 61 for 5 , w. 

Hence, if we go on to assume 


U — Jc (cD m y -{-n z p w)(a) y + ^ 4 - w\ 

V = Ici (ftf 4 - nijy ■\-njZ +piw) (ft? -H 4- n^'z 
we may imagine the dy 61 so determined that, for instance, 


771 4- m' = 0, Pi 4- = 0 ; 

we have thus 

U—k ({c^my+7i z y 4- 

7 = (ft? 4- ^ywy (ft? + m/y 4- - piw) ; 

formulae which contain the 12 constants 


(A», Vlf ?l, p, 71 1 p y kit 7Ylit ?i|, Pi, 7Hi , 

This is right, for the symmetroid containing 24 constants, the symmetroid with 4 given 
nodes should contain (24 — 4.3=) 12 constants. And each additional given node will 
determine 3 constants: hence for 4 new given nodes the expressions become deter- 
minate (not of necessity uniquely so). 

81. But ^ for any 4 new nodes, the equations may be satisfied by writing therein 
w= — nj = ?i/; viz., they then assume the form 


iSf = ft?^4- y\ 

T - 4- 

7 = (f^'ft? + (izf 4- (6^2/ + 0 !v}ft 

containing 8 constants, which may be determined so that the nodes shall be the 4 . given 
pomts. it now with the last mentioned values we form the value of a^+sy+wJ 7 +S 7 

his Will consist of two terms zf and the first of which will he a 

square it 

(a + 7aHSa'’)(/3 + yc’ + Sc'‘*)-( 7 ac + SaV)’‘ = 0, say this is A =0, 
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and the second will be a square if 

{a -I- 76^ -I- O 4 - 7^^ + — {^hd -h hh'd'Y = 0 , say this is A' = 0 ; 

so that the condition 

clB -1" 4 - 7^“l" == cone 

will be satisfied if A = 0 , or if A'= 0 ; that is, the equation of the symmetroid will 
be A.A! = 0 , or the symmetroid breaks up into the 2 quadric surfaces A = 0 , A' == 0, 
each of which is a coiie. 

82 . It is to be further observed that, considering the first mentioned 4 points 
(1, 0, 0, 0), &c., and any other 4 given points whatever, the equation of any one of 
the 4 quadric cones through these 8 points will be of the form 

( 1*5/37, 7a, a;Q, aS, / 9 S, 78) = 0 ; 

viz., any ocjuatiou of this form, being a cone, will admit of being expressed, and that 
ill one way only, in the form A = 0 . Consider then any one of the 4 cones through 
the 8 points, and let its equation ho thus expressed ; we have the values of the 
coefficients a, 0 , a', o', which enter into tlio expressions of S, T, U, V-, and similarly, 
considering any other of tho 4 cones, and expressing its equation in the like form, we 
have tho values of tho coefficients b, d, b', d' which enter into the expressions of 
S, T, U, V. 

83 . If instead of taking 2 different cones through tho 8 points, wo take in each 
case the same coiic, the cxpi’cssions for 8, T, U, V would bo 

8 = «)*' + 

T= z'‘ + 

U =(aa+ 0 zy + (a y + gw) 

V = {a! os + o'zy + (»'y + g'wY ; 

and wo have identically 

{ao' — a'c) {(.ut !8 — gc'T) - a'c'TJ + acF = 0. 

This .solution may bo disregarded, 

84 . Instead of tho assumption 8 =-si?-¥y\ T = z‘‘ + w‘^, we may take *=0, y = 0, 

2 = 0, ty = 0 to be pianos of the plane-paks 8, T, U, V respectively ; it is then easy 

to fix the remaining constants so that the 5 th and 6th nodes of the symmetroid shall 

bo given points. Suppose that the coordinates of the 6th node are (1, 1, 1, 1) ; to 

obtain the result in the most simple manner, I take for the moment fl an arbitrary 
quadric function (o), y, z, toy, and I write 

^^hJ-gz + iUo), 

Tr=y - hoo +fo + bw). 

U^z (S,a+<jo!-fy +m). 
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where the coefficients are arbitrary. We have identically + 2fl ; wlioroforc 

the given point (1, 1, 1, 1) will be a node of the symmotroid if only H = 0 bo a 
plane-pair; and it is easy to see that wc may without loss of gouerality take ouo 
factor to be + ^ + + and write 

= ‘\-w) {lx^my’\-nz -{^pw ) ; 

viz., n having this value, the symmetroid, CLS + ^T‘^yU-\'ZV— will have iho 6 
given nodes; the equation contains, as it should do, 9 constants, 

85. In order that the symmetroid may have a 6th given nodo («i, /Sj, Yi, Si), I 
observe that the constants may be determined so that of,#S + /3iy+'yiC/^H-8i V shall bo 
equal to an arbitrary quadric function, say 

+ + b, c, d, f, g, h, 1, m, nja*, y, z, 

this in fact gives 

n V /a b c d\ 

(t. m, n. P)-(a^. g j 1 

and then, completing the comparison, 




r 2h /9i /a hV 


r 2h 

^1 





r % , 


[71-“: 




r 21 



L«, - Sj 

fl, - Si 


y 

r 2m 


U-S, 

/ 3 .-S. 

(M)] 

y 

r 

Si 


K ] 

(I -3] « - A, (M)] .V 

viz., these values give 

^1+ T+ U+ F=(«-Py+. + ao)(% + |j, + £^ + |«,), 

«i/S'-f-/9,y-}-y,[f+SjF=(a, b, c, d, f, g, h, 1, m, n$®, y, z, w); 

hence, taking the function (a, y, z, w)‘ to be a plane-pair equal to (iv + zy + jz + /ezv) 
(®+h|/+y.2_+&w) suppose, or considering the coefficients (a, ...) as given functions of 

0. J, w, ii, y„ i',), wo have the symmetroid having the 6 given nodes and containing the 
last mentioned 6 constants. 
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The Jacobiwn loitli given Lines. 

86. The Jacobian contains 24 constants; obviously it is imiquoly determined if 

4 of the j)lano-*pairs thereof arc given; and it is also determined, but not uniquely, 

if 6 of the lines thereof are given. We may enquire ho^v many given nodes of the 
syiTimGtroid may be considered as corresponding to given plane-pairs, or lines of the 
Jacobian. Take as given any 4 nodes of the symmetroid ; the corresponding 4 plane- 
pairs may bo taken to bo given piano-pairs; and we may besides take as given a 
6tli node of the symmetroid. For let the first 4 nodes of the symmetroid be (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1); the given plane-pairs PjQ, =0, PgQj^O, 

= (/,, Zq, Zg, Z,,) any system of valuea such that we have 

ZjP, Q, -I- Z3P3Q9 + ZflPa^Ja + I^PaQa = plane-pair ; 
and ( 1 , 1 , 1 , 1 ) Iho 5 th node of the symmetroid; we have only to assume 

(S, T, P, I'My 

H 7 , Suppose, however, that on the Jacobian wo have given, not the 4 planeqmirs, 
but only the 4 axes of the plane-pairs; the plane-pairs may be taken to be 

(1, bn CijPu (1> ^ 4 > = 

where the 8 constants {bu b^t 6a» h> Cu first instance imdetermined. 

If wo attempt to find k> k* so 

Z,(l, 61, c, 5 Pj, Q^y -fZ.a, bu o,^Pu (24)'= plane-pair of given axis, 

WG have between the coefficients (6, 0) 4 equations; and similarly, if we attempt to 
find 'Wii, ma, W3, m4 such that 

bn CiJPn Qif +^4(1, bn G^^Pu Q4y = plano-pair of another given axis, 

wo have 4 more equations between the coefficionts (Z?, 0 ) ; viz., these will be deter- 
mined by the 8 equations (this is in fact the before mentioned property that 6 lines 
of the Jacobian may bo taken to bo given lines), But considering only^ the first 
syatonri of equations; in order that to the given axis may correspaud a given node 
on the symmetroid, say tlio node (1, 1, 1, 1), wo have only to Avrite 

* S^hih bn (h$,Pi> Q|)^ V=^l 4 {h bn 0 ,'lPn QiYl 

that is, wQ may take as given 6 nodes of the symmetroid, and the corresponding 

5 lines of the Jacobian; tho formiite Avill contain 4 constants; we may by means 
of them make the Jacobian have a 6th given line, thus determining the constants; 
or we may make the symmokoid have a 6th given node, leaving in this case one 
constant arbitrary. 
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Gorrespondence on the Jacobian: Lines and Skew Guhics. 

88. I consider the coiTespondence of two points on the Jacobian; it is to be 

shown that when one of the points is on a line of the Jacobian, the corresponding 
point will be on a skew cubic ; that is, that corresjDonding to each line of the 
Jacobian we have (on the Jacobian) a skew cubic. Call the plane-pairs of the system 
of quadric surfaces 1, % 3, ...10; selecting any 4 of these, say 1, 2, 3, 4, the polar 
planes of any point of the Jacobian in regard to these 4 plane-pairs will meet in a 
point which will be the required corresponding point. And observe that, in regard 
to any one of the plane-pairs, say 1, the polar plane of a point P is the piano 
through the axis harmonic to the plane through the axis and the point P. Hence, 
for a point on the axis of 1, the polar plane in regard to 1 is indeterminate ; the 
polar planes in regard to the plane-pairs 2, 3, 4 respectively meet in a point which 

is the required corresponding point. We may for any point wlmtevor take the polar 

planes in regard to the plane-pairs 2, 3, 4 respectively, and call the intersection of 

these planes the corresponding point; this being so, if the first mentioned point 
moves along a line, the corresponding point moves along a curve, which is easily 
shown to bo a skew cubic cutting the axis of each plane-pair twice ; that is, in 
regard to the plane-pairs 2, 3, 4, the locus corresponding to any line whatever is a 

skew cubic cutting the axis of each plane-pair twice. In particular, the corresponding 
curve of the axis of 1, is a skew cubic cutting the axis of the piano-pairs 2, S, 4 
each twice ; but the axis of 1 does not stand in any special relation to the plane- 
pairs 2, 3, 4, as distinguished from the remaining piano-pairs 6, 6*. .10; wo have 
therefore the more complete theorem, that the skew cubic cuts the axes of the plane- 
jDairs 2, 3, ...10 each twice; or, instead of the plane-pairs, speaking of the line 1, 2, 
3, . , , 10, we may say that corresponding to any one of the lines we have a skew cubic 
meeting the other 9 lines each of them twice. 

89. I stop for a moment to prove the subsidiary theorem assumed in the fore- 

going demonstration. Let the 3 plane-pairs be JPQ = 0, RS =0, TU—O^ and let the 
line be that joining the points (^To, and lOy)] the coordinates 

of any point in the line may be taken to bo + + fJtAVy', 

and hence for the polar plane in regard to the plane-pair PQ = 0 we have 


{(X^o + ficvi) Sa; . . . 4* (XWo + /jLtOi) S,(;) PQ-Q ; 


viz., tins equation may be written 


^{PQo + PcQ)^f^(PQ^^P.Q)=^0; 


forming the like equations in regard to the other 2 plane-pairs respectively, and 
eliminating X, we obtain for the required locus 


PQ^ + PoQy RSo-^RoS, TU,-\-T,U 
+ RSy^R^8, TUy^TyU 


- 0 , 
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a skew cubic; and on ^^Titing herein P = 0, = 0, the equations become 


TU.^rT.U 

TU,-vl\U 


= 0 ; 


vvA., the line (P = 0, Q = 0) mcota the skew cubic in the points where the line meets 
the quadric surface determined by this last c(piation, that is in 2 points. 

90. Wo have thus on the Jacobian the 10 lines 1, 2, ..►O, 10, and corresponding 
thereto rospoctively the 10 skew cubics 2', .,,9', 10', where each line meets twice 
each of the alcow cubies except that denoted by the same number; a relation similar 
to that which exists between the lines I, 2, 3, 4, 6, 6 anti 1', 2', 3', 4', 5', O', which 
compose a double -sixer on a cubic Kurfaco. 

Suppose that there arc given on the Jacobian the linos 1, 2, 3, 4, 5, 6; mooting 
each of these twice, wc have tine skew cubics 7', 8', O', 10'; and then 


7 

I, lie linos „ incof. bwico onch of Uio cubics 
10 


8', 9', 10' 

9', 10'. 7' 

10', 7', 8' 

r, 8', 9' 


so that Iho dotornunatioii of the remaining 4 lines depends upon that of the skow 
cubics 7', 8', 9', 10', wliicli moot each of tho given lines twice. 


91, To dolermino a skow cubic cutting twice each of C given lines, I proceed 
as follow.s. Let the lines bo I, 2, 3, 4, 5, 6 ; take 17 = 0 tho general quadric surface 
through tho linos 1 and 2, F=0 the gonoml ([iiadric .Hiirfacc through the lines 1, 
8 (tho equations contain eacli of them homogeneously 4 constants), 'riie 2 surfaces 
intersect in the lino 1, and in a skew cubic cutting twice each of the lines 1, 2, 3 ; 
Ave liavc therefore to dcterinine the constants so that the 2 surfaces may meet the 
lino 4 in the same 2 points, the line <5 in tho same 2 points, the lino 6 in tho 
same two ^joints, Imagine for a moment tho equations of any one of the lines 4, 
5, 0 to bo ^ = 0, w==0; tho equations of the 2 surfaces, substituting therein these 
values, would assume the forms 


« b 


(a, 6, yy = 0, (a’, b', o%m, y)= = 0: 
and the conditions for the intersection in the same 2 points would be —,=^r,= 'n,=p 

C(t 0 0 

suppose, This is in fact iho form of iho conditions^ understanding a, 6, c to bo linear 
functions of the coefflcioiiis of P, and a\ b\ o' to bo linear functions of the coefficients 
of V, Wo have in this mannoi* 3 sots of equations involving respectively the indeter- 
minate quantities ^’1 viz., those may be represented by 

a-pa\ G-pcf\ d=^qd\ e^qe'y f-qf'; i=^ri'\ 


where the unaccented letlern a, arc linear functions of the coefficients of U, 

and the accented letters a\ b\*,A* linear functions of the coefficients of V. Eliminating 
0. VTi, 22 
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the coefficients of V, V, we have between p, q, r a twofold relation, which may bo 
represented as follow,s: 


1 

1 

1 

1 

1 

1 
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<I 
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r 
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p 

p 

p 

ff 

? 

q 

r 

V 

1 - 

p 

p 

p 

Q 


q 

r 

r 

r 

p 

p 

p 

Q 

<l 

q 

r 

r 

r 


it being uudei'stood that the I’s represent constants, and the p's, 5 ’s, and r’s linoiir 
functions of these variables respectively. The sevei’al equations of the system, rogai’ding 
therein p, q, r as coordinates, represent each of them a quartic curve; any 2 of Lho.so 
intersect in 16 points; but the number of points common to all the curves is = 10 . 
But each of the curves passes through the 3 points ( 1 , 0 , 0), ( 0 , 1 , 0 ), ( 0 , 0, 1); those 
are consequently included among the 10 points, but they do not give a proper solution 
of the question; and the number of solutions is thus reduced to 10 — 8 = 7. Thoro 
is yet another solution to be rejected ; viz,, 17= 0 being a quadric surface through 
the lines 1 , 2 , and F =0 the quadric surface through the !inc.s 1 , 3 , it is po-ssiblc 
to determine the coefficients of V, 7 so that each of tliese surfaces shall bo the 
quadric surface through the lines 1 , 2 , 3; and if we then have identically 17=07, 
it is clear- that corresponding values of p, q, r are p = q = r(= 0). We have thus the 
point p = q = r common to all the curves of tho system ; this .solution counts, I boliovo, 
once only, and the number of relevant solutions is 7 — 1 = 6 . 

92. It may be observed, in regard to the foregoing solution, that if we take 
123=0 as the equation of the quadne surface through tho lines 1, 2, 3, and so in 
other cases, then the equation of the surfaces 17=0 and 7 = 0 may bo taken to bo 

123 + ^ . 124 + ji . 125 +p . 126 = 0 , 

X'. m + p!. 134 + 7. 135 + p'. 136 = 0, 

respectively, the coefficients of the two sui-faces being here put in evidence. And it 
is clear that for /i = >;=p = 0 , /t' = 7=p' = 0 , the surfaces become each of them the 
surface through the lines 1 , 2 , 3 , 

93. Tho conclusion is, that touching twice each of the six lines 1 , 2 , 3 , 4 , 6 , 6 , 
we have six skew cubics; it would appear that any four of these may be taken Vor 
the skew cubics 7', 8 ', 9', 10' (so that there are 15 such tetrads of cubics). I am 
not, however, able to verify that we then have the remaining 4 lines each cutting 
twice 3 of the 4 skew cubics ; assuming that for each system of 4 skew cubics there 
is one and only one, such system of lines, then of course to the given .system of 

hues 1 , 2, 3, 4, 5, 6 , there will belong 15 systems of lines 7, 8 , 9, 10, and there- 
tore also lo JaGobian surfaces. 



445] 


A MEMOIR ON QUARTIC SURFACES. 


171 


Further Investigations as to the Jacobian, Ac 
94 . Taking (f, n> <^) plane -coordinates, two quadric surfaces 
(a, 6, c, d, /, (jy hy ly niy t 

and 

{Ay By Gy By Fy 0 y lly X, My y W)^ ^ ^ 

are said to bo intorvorts (or intorverse) one of the other, when we have between the 
coefficients Uio relation 

(«, by Gy dy fy (J y ky ly ??l, By Oy By Fy Oy II y L, My N) == 0, 

that is 

a A H- . , , 27!^ *4 ♦ . . = 0 . 

The condition that the two surfaces may be intorvorts of each other is linear in 
regard to the coefficients of each surface separately; honco, using a before explained 
locution, we may say — interverse to a given qundrio stirfixco wo have 9 quadrics ; 
interversc to two given (luadrics H quadrics; or generally, that interverse to k given 
tjuadrics we have 10 — /j quadrics, And, moreover, if the quadrics of the two systems 
bo 7> = 0, M= 0 y &c., and ^-0, T—Oy U- 0 , &c., then every quadric ... - 0 

is iuiervorso to each of the ([uadrics aS*f + 7?/+ 4., — 0 . 

If the quadric (a, ...Jf, 7;, cof^O be an intorvert of the plane-pair 

(te d- my -hnz^ d- m'y -h n'z d- — 0, 

the condition is 

(a, , . '^ly Uy n\ //) = 0 ; 

viz,y this expresses that the two planes arc harmonics in regard to the pair of pianos 
drawn through the axis of the plane-pair to touch the quadric surface; or aay, that 
the plane-pair is harmonic in regard to the ((uadric. 

96 . To apply this to the Jacobian surface, I recall that, starting with the given 
quadric surfaces = 2^ = 0, 17 == 0, F=0, and taking («, / 9 , 7, S) to bo such that 

aB + ^T+yU^ 8 V- plane-pair, 

there arc 10 such planc-pairs, and that the axes of these are the linos of the Jacobian. 
If instead of the given quadric surfaces, wo consider the six interversc surfaces 
(a,, v> = ...(rto, ...Jf, cof^O, then the condition is that tho plane- 

pair shall bo harmonic in regard to each of these surfaces. Let the quadric surfaces 
bo called 1, 2, 3, 4, 6, 6; then, attending to any three of those, say 1, 2, 3, the 
plane-pair is harmonic in regard to these three surfaces, Through tho axis of the 
plane-pair draw tangent planes to 1 , 2, and 3 respectively; each of these pairs of 
planes is harmonic in regaa'd to tho planes of the plane-pair; that is, tho three pairs 
of tangent planes arc in involution ; or, as we may also express it, the axis is (quoad 
its planes) in involution in regard to the three quadric surfaces. Conversely, when 
the axis is thus in involution in regard to the surfaces 1 , 2, and 3 , we may by 

22—2 
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means of tlie surfaces 1 and 2 determine the two planes of the plane-pair^ and thou 
these will be harmonics in regard to the surface 3. It thus appears that tlio axis 
is given as a line which is {quoad its pianos) in involution in regard to the surfaces 
1, 2, 3, to the surfaces 1, 2, 4, the surfaces 1, % 5, and the surfaces 1, 2, 6 , 
respectively; or, as we may express it, as a line which is {quoad its pianos) in 
involution in regard to the surfaces 1, 2, 3, 4, 5, 6 . 

96. It is substantially the same thing, but it is rather easier, to consider the 
whole question under the reciprocal form; viz., instead of a plane-pair and a cpiadric 
surface represented by an equation in plane-coordinates, to take a poin Impair and a 
quadric surface represented by an equation in point-coordinates ; wo have thus a line 
which is {quoad its points) in involution in regard to throe given quadric surfaces, 
or as we may more simply express it, which cuts in involution the three given surfacoH ; 
and we thus arrive at the problem of finding a line which cuts in involution six 
given quadric surfaces; viz., this is equivalent to tho above problem where the lino 
has to satisfy {quoad its planes) the like condition; and in each problem tho number 
of solutions should be - 10 . 

97. Consider a line which cuts in involution tho three given surfaces w)=0, 

(^/ 2 , yi z, w)^ = 0, (« 3 , ...jja?, y, iy)^ = 0 . I will presently show that this implies 

a cubic relation (^Ja, b, c, f, g, hf between the six coordinates of the lino. But 
assuming it for the moment, suppose that the line cuts in involution tho throe 
surfaces and a fourth quadric surface (a 4 , y, z, wy=^0, CouHiclering tiro lijic as 

cutting in involution the surfaces 1 , 2 , 4, we have between the six coorcHnatos a 
second cubic relation; there is, however, a reduction, and tho order of tho roBulting 
twofold relation between the coordinates is 3 . 3 - 4 = 5. To explain this, observe 
that every Hue which cuts in the same two points tho surfaces 1 and 2 rospoctivoly 
(that is, which cuts the curve of intersection twice) will in an improper sense cut in 
involution the surfaces 1 , 2 , 3, and also the surfaces 1 , 2 , 4 . There is thus a reduction 
equal to the order in the six coordinates of the twofold relation which expresses 
that the line cuts twice the curve of intersection of the surfaces 1 and 2 . Join 
hereto the relations that the line meets each of two given lines ; the coordinates of 
the line are determined by the twofold relation (say its orclei’ is =A) two linear 
equations, and the universal equation af-f bgq-ch = 0 ; the number of solutiojis is = 2 X. 
But the number of solutions is equal to that of the lines which meet the quadri- 
quadiic curve of intersection twice, and meet also each of two given lines ; or wliat 
is the same thing, it is equal to the order of the scroll generated by the lines wliich 
meet the curve twice, and also a given line. We have for the curve of intersection 
(m the order, h the number of apparent double points) m = 4 , A == 2 ; whence order of 
the scroll is 2+^, 4, 85 = 8 ; that is, 2X = 8 , or X = 4, which is the required reduction. 

98. If the line cut in involution 5 given quadric surfaces fsay the 5 th surface is 
(^51 y, Zj tif)^=: 0 }; then we have between the 6 coordinates a threefold relation, 
the Older of which is 3.6 reduction. This should be = 10, and consequently tho reduction 
= 5; for admitting the value to be 10, the order (in the ordinary sense) of tho scroll 
generated by the lines which cut in involution the 5 given quadrics .should bo =20; 
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iind converse ly* Bxii the vuliic 20 may bo verified without difficulty, For the question 
may be transformed us follows; — If a point-pair bo harmonic in regard to each of 
5 given quadrics, liow many of the axes (or lines through the 2 points of a point- 
pair) cut a given line. Take (,r, y, z, w\ y\ z\ lo') as the coordinates of the 
2 points of a point-pair; the harmonic condition in regard to a quadric surface f/~0 
is y'hylJ -V (where U is regarded as a function of the 

belonging to a point of the point-pair) ; the condition for the intersection with a given 
line is a liiieolinoar equation in the coordinates {x, y, z, lu) and {of, ?/, z\ lu'), or say 
it is Lof H- My' -h Nz^ -f- Pio* == 0, whore i, M, N, P are linear functions of the coordi- 
nates; we have fchcuco for («;, y, z^ w) the threefold relation 

L> =o, 

M, . 

1\ KU, 

which denotes a Bystom of , 0 . 6 . 4 = 20 points. 

It would seem that if the lino cuts in invohition 6 given quadrics, there should 
be between the 6 coordhiates a fourfold relation of the order ^.10 = 5; this would imply 
a reduction 23, viz. wo should have 3=8.10 — 23, I do not understand this, and I drop 
the question. 

99, I return to the ([uestion to find the relation between the coordinates (a, b, c, f, g, h) 
of a line Avliich cuts in involution the tS quadric surfaces 

<rti, hi, Cl, duf^ffu h, lu »H„ »,$«!, y, z, ?w)^=0, (c£„ y, z, wy = 0, (ai,...\x,y,z, 

Writing down any two of the cciuations of the lino, for instance 

hy — 4- azy =: 0, 

— hd) + (z -P b?y = 0, 

if we substitute the values of (^, y) in the equation of the first surface, it becomes 

(rq » . . 4- hio, gz - mo, hz, luv)® = 0 ; 

or if we write for shortness 

n =(f, g, h, o), lT = (b, -a, o, h), 

then the equation is 

and forming the like equations for the other two surfaces, the condition of involution 
is at once found to bo 

{££,,. ..5n$n'). .jn? 

(a,....5n$no, (.a,....-^uy 
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100. It is convenient, in w'orlciug this out, to consider 11, IT' as standing, in the 
first instance, for (a-, y, z, to), {a/, y', zf, w'), those symbols being ultimately replaced by 
the above-mentioned values. Writing also, for shortness, (abc) to denote the deter- 
minant a, (ijCj — J 3 C 3 ) + and so in other cases, it is at once seen that the function 
on the right-hand side is a sum of such determinants each into a loroper factor, con- 
taining the coordinates (a, b, c, f, g, h), originally of the order 6, but where each term 
contains the factor h“, which may be omitted; or finally tho result is of the order 3 
in the coordinates. Tims we have a term 


whore tire second factor is 


(abc) 


(C'’, 


aw", Of'- 

yv'> 

zz\ 


(Ghjz (y/ 'kjz) 4- y V^/ {zof - /«;) -f (iuy - = z^(dy\{(cy* - «/y). 


== (- ab) (- af - bg), 


— — abch^ 


or, omitting the factor — h®, the term is (ft 6 c)abc. 


101. There are in all 120 terms, but 16 of these are found to vanish (viz., those 
are the terms in ay/i, hhf^ cfg\ aid, hfm, cgn] agl, blm,cfn\ dmn, dnl, dhii\ fgn, ghl, hfm). 
The final result contains therefore 104 terms; viz,, as a further abbreviation writing 
aho instead of {aho) to denote the above-mentioned determinants, tho equation is 


aho , abc — bed . agli — cad , blif - abd . cfg 
+ hef . a'"* + cag . -H ahh , -f adl . P + hdm . + edn . 

+ ahn , c (bg — af ) + adf , f (ch -- bg) 

+ 6cZ .a (ch — bg) Hh hdg , g (af - ch) 

4- cam 4 b (af — ch ) 4- edh » h (bg — af ) 

— heg , a'^b — boh . a^c 4- hem . a^g - hen . a^h 

— eah , b®c — caf, b^a 4^ can , Wi — cal , b^f 

— abf . c% — abg , c®b 4- abl , c^f — abm . c^g 

— adg , bP 4- adh . oP + adm , 4- adn . Mi 

— bdh , cg^ -h bdf . ag^ + bdn , g% 4- bdl . g^f 

— odf , ah^ -h edg . bh^4’ cdl . h^f 4- edm . h^g 


4-2 


^ afg , b’c — afh , bo** 4 - afl , bef— a/m, c^h — afn , b^g ' 
^ 4' hgh . C'a hgf , ca^ + bgm , cag — bgl , a^f ^ bgl . c®h 
, 4- chf , a^b — ckg . ab^ 4 - ckn , abh— ohm , b^g - chin . a®f j 
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{ agin . bcf — agn . b'f — ahm . c"f + (thn . bcf 
+ bhn . cag - b/l . c=g - bfn . a% +b/l . cag 
4- <^l . abh — chin. a% — cgl . b'*}! + cgm , abli 

{ — umn . af- — aid . bf'— (dm . cP + (^ff • 

H- 2 I — bid . bg'* — bhn . eg” — bum , ag” + dg/i , aP 
i — elm . ell” — omn . ah” — onl . bh” + dh/' . bg” 

d/l . fgh- d/in . g”h - d/n . gh” '| 

-t- 2 - - dgin , fgh — dgn . h”f - dgl . hf” r 

^ — dhn . fgh — dhl . f”g — dhm, fg” J 

' fgh , bch — fgin . ach — fmn . agh — fnl , bgh —fhn , egb 
4 - 4 ■ + ghm , caf — ghn , baf — gnl , bhf — glni . chf — ginn . ahf 

.,+ hfn . abg — hfl . cbg~ him . cfg — hinn . afg — hnl , bfg , 

— •^fgh . abc “ 

And observe, by what precedes, this triple system of lines contains each of the following 
double systoins : viz,, the lines which meet the qnadriquadric curve (2, 3) twice, those 
wliicli meet the curve (3, 1) twice, those which moot the curve (1, 2) twice. 


Persyiiinietvical Case: the Hessian of a Gubic, 

102. Eoverting to the geiieml equation 

aS + /Sr + 7 if + 8 F = cone, 

which conneots the aymmetroid and Jacobian, it is evident that^ if iSf, T, U, V arc the 
dorivalivoa, in regard to the cooKlinates, of a single cubic function V, y, z, w)\ 

then the syinmctroicl and the Jacobian become one and the same siirfaco ; viz., thi.s is 
the I-Iossiaii surface I/ = 0 derived from the given cubic surface. The two corresiionding 
points on the symraetroid and the Jacobian respectively, and the two corresiionding 
points on the Jacobian, become one and the same pair of corresponding points on the 
Hessian; viz., cither of these points is such that its first polar surface in regard to 
the cubic is a quadric cone having for its vertex the other corresponding point, And 
the Hcssifui surface unites the properties of the Jacobian and the symmetroid, yiz„ it 
has 10 nodes and 10 lines. It is, in fact, known that there are five planes such that 
the intersection of every two of them is a line on the Hessian surface, and the inter- 
section of every three of them a node on the surface; viz., if the equations of the hvo 
planes are = 0, «/ = 0, = «=0, then the equation of the Hessian surface is 

((s ,0 .d ,e\_^ 

a form which puts in evidence the properties just referred to, 
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Quartics with 11 or more Nodes. 

103- I mention two results which, although they relate to quadric surfaces with 
more than 10 nodes, present themselves in such immediate connexion with the present 
^lemoir, that it is natural to speak of them. If, in the equation 


A , 

H, 

Cr, 

L 

//. 

B, 

K 

M 

0, 

i\ 

0, 

N 

L, 

M, 


J) 


of the symmetroid (-4,5,... linear functions of the coordinates), wo have identically 
A = 0 , then the surface has evidently a node jff= 0 , (? = 0 , Z — 0 ; viz., this is a 
node in addition to the usual 10 nodes, or the surface has in all 11 nodes. And so 
also if (identically in every case) 5 is = 0 , there arc 12 nodes; if (7 is = 0 , tlicrc arc 
13 nodes; and if jD is = 0 , there arc 14 nodes. These are, in fact, quartic surfaces 
with 11 , 12 , 13, and 14 nodes respectively, mentioned in Kuinmcr^s Memoir. 

104, We may consider the symmetroid derived from the quadric surfaces which 
pass through 6 given points; viz., taking as before (see No, 25) the coordinates of the 
6 points to be (1, 0, 0, 0), (0, 1, 0, 0), ( 0 , 0, 1, 0), (0. 0, 0, 1), ( 1 , 1 , 1 , 1 ), (a, 7 , S), 

and (u, 6, c, /, g, h) as the coordinates of the line joining the last-monUoiiGcl two 
points; and, to avoid confusion, taking for the present purpose (A, F, Z, W) instead 
of (a, 7 , S) for the coordinates of a point on the symmetroid, the equation is obtained 

by arranging in the form of a determinant the coefficients of the quadric form 

Xiv ( hg — gz^ cm) 

+ Yy (- kc -f fz bto) 

+ Zz ( gx - fy + cw) 

+ ir (aa yz zx^-c^^ xy ) ; 

viz., the equation in question is 

, /t(A-^7) + c 7 ir, aX - 0 ; 

/i(A^10 + C7 Tf, . ,/(7-^) + aaF, hY 

cJ{Z^X)^h^^Y. f{Y^Z)^mW. . , 0^ 

aX , hY , oZ 
or, as it may be more simply written, 

VetX {f{Y^j^iaW\ + ^bY\g{Z~X) + b^W\ + ^oZ{h{X -Y) + c^W] = 0. 

This is, in fact, a surface with 16 nodes. It would appear that additional nodes correspond 
to the six common intersections of the quadric surfaces, or nodes of the Jacobian; 
and it would seem that for four quadric surfaces having in common 1 , 2 , 3 , 4 , 6 , or 
6 points, the corresponding symmetroid would have 11 , 12 , 13, 14, 16, or 16 nodes. 
But I reserve this for future consideration. 



445] 


A MEMOIll ON QUABTIC SURFACES. 


177 


I take the opportiiiiiily of mentioning some results which have a connexion, although 
not an immodiato one, with the subject of the present Memoir, 


Quadric l:^nrface through three given Linen, 

105. To find the equation to the quadrio siiiface through the tliree lines 
(«u *ii Cl, /i, 01, («2, 6i, /i, r/o, /in), (rt^, &3, c„/g, ^3, /^i). Take on one of the lines 

tliG points (a, /3, 7, 8) and {a\ y, S% then I ho equation of a quadric siirfaco through 
this line Avill bo of the form 


,r- y- W“ ijz zx xg ww yiv zw 

a- /3- 7 - 8 ^ f3y > ryu C(/3 C'S jS 8 yS 

'2aa! 2/3/3' tyy 2 8 S' jSy H- /3 7 ya* + 7 'a 0 ^* H- a'/3 <>(S' + a'S /3S' + j3'S 78 ' 4 * 7 'S 

/3"-^ 7 '^ 8 '^ /dV' 7 V a'S' /3^8' yS' 



and if form tlius a dotenninaiit with tliroe of its line's relating to tlio lino 1 , 
throe of them t(J the line % and three to the lino 8 , wo have tho equation of the 
quadric suidaco through tho tliret' linos. Bui considering iu the dotormiuant the three 
linos which refer to tho line 1 , it is clear that the determinani is a function of the 
order 3 of tho coordinates («,, </i, /q) of the line in question; and the like 

as regards the other two lines re sjicc lively, Now observe that if two of the linos 
intcrsGct, tho problem becomes indotonniuato (in fact, tho plane of tho intersecting 
lines, and any plan{' wlui Lever through the third lino, constitute a solution) ; the con- 
dition for tho inUu'sectkm of the lines 1 and 2 is ai/g + a^/i + “h + Ci/#^= 0 , 

hence, if this condition bo satisfied, the clotorminant must vanish ; it tlioreforo divides 
by tho factor ajyy4&o, ; Imt, similarly, it divides by the iiiclors « >/g -I- &c. and (Ca/l-f&c., 
and throwing out the tlirco laciors, tho result should bo of itiu order 1 , that is 
linear, in regard to tlie three sots of coordinates respectively. I have obtained this 
reduced result in iny ‘^Memoir on the Six Coordinates of a Lino” {Camb, Tmnn,, 

t. xi„ 1869, p. 311 [435]); viz., writing {aho) to denote the detormiuaut ( 62 O 3 — 4 &c., 

and so for the other like deionninants, the result is 

{agh)(d^-{^{hhf)f 4 {cfg)^^’)r{ahc) 

4 [(ubg) - (cah)] .no 4 [(b/g) 4 (oh/)] yz 

4 [{boh ) - (u 6 /)] yw 4 [(egh ) 4 (afg)] zx 

4 [(oaf) - (bog) ] zw 4 [(a/tf) 4 (bgh)] wy = 0 . 


Gonditioii that five given lines may lie in a Onbic Surface, 

106, Taking tho lines to be (^i, bi, Gu /u gi> ^10 /d> ffs> AsX 

(a, /3, 7, S), (a!y j8\ y\ 8') the coordinates of any two points ou one of the lines, the 
equation of a cubic surface through this lino would be 
C. VIT. 


23 
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cc<, a% 

; 3a=o', +a=/3', 

8«a'-, 2aa.'0' + a'^l3, 

I 


a^ry, 

7 + « /3V + Vj 

4- 

ct'ysy, 



und hence it at once appeariJ that, forming a deterininaut of 20 lines, wlioroin four 

lines relate to the line 1, four to the line 2, , four to the lino 5, and ccjimiiu^" 

this to zero, wo have the required condition. But the condition so obtained is of IIk' 
order (^4. 3=] 6 in regard to the coorrlmates of each lino; and, as for the quadric, it 
h identically if we have any such equation as a ,/2 4- &c. == 0 ; it consequoiitly 

contains the several factors a,/o4“&G., which can bo formed with the coordinates of any 
two of the five lines, and throwing out these factors, the condition should be of tbo 
order 2 in regard to the coordinates of each line. We in fact know that the required 
relation between tlie five lines is that they shall all of thorn bo cut by a sixtli line ; 
and moreover that, writing &c., then that the 

condition for this is 


* ) 

12, 

13. 

14, 

15 

21, 

* 1 

23, 

24, 

25 

31, 

32, 

♦ > 

34, 

35 

41, 

42. 

48, 

• » 

45 

51, 

52, 

.53, 

54. 

, 


being, as it should be, of the order 2 in regard bo the coordinates of cacli line. 


Comhtion that 1 given lines shall lie on a QiiartiG Surface, 

107. Taking the lines to he («„ e„ /„ g,, k,), ... (a„ g„ h,). then in 

piecisely the same way we lonn a determinant of the order (AS . •!< =) 10 in regard 
to the coordinates of each line; this dotenninant however divides out by the sovoral 
facons «,/, + &c.. which can be formed with the seven lines; or throwing those out 
and ei,ua tog the quotient to zero, we have an equation of the order 4 in regard to 

e inU° practicable to obtain the roducod 

il . .1011 m ,his manner, and I do^ not know how to obtain it otherwise, but tho 
inateiial conclusion is that the order is = 1. 


The Jacobian of 6 points. 

the Imdiittes 'trX be\lk° 

f' be taken so that the equations of the skew cubic 


shall be i 


i/> w 


*^^6 coordinates of the 6 given points may be 
taken to be (1. t„ ^nd fche equation of the Jacobian surface of 
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the G points can then bo expressed in a very simple form, putting in evidence llio 
passage of the surface through the skew cubic; viz. writing 


moreover, 
and thorcfoie 


□ = i {ii,cyz 2 v — 4/r^* — 4*yhv 4- SyH- - a:^uP)y 


“ 22^ 4 - Syzw, 

Sy □ = 4- Swzw^ 

8;j □ — 3y^z — Gevz^ 4- 3a?y^', 

“ — (c^w - 2y^ 4 - Soayz ; 


then the equation of the Jacobian surface is 

3 ( (cp^ 4- zpi - 22V ) 8x 0 
4- ( 2ZP^ - Wpi) Sy □ 

+ ( (^p6 “ 2yp4 ) Sz □ 

4 - 3 (2a>2)fi- ypti - wjh) h □ = 0 . 

There is not much difficulty in tlio direct investigation; but a simple verification may 
be obiainod by showing that the surface contains upon it the 15 lines 12, 13, ,..66. 
Write in the e( pint ion 

(a*, y, z^ w) — (X 4- /t, \5 4 pt, 4- Xs^ + pt% 

the values S^D &c. arc found to contain tho factor Xp{s — t)\ and omitting tliis common 
factor the values aro as 


J {Xs^ - pP), - {Xs^ - pP\ {\s- pt), -i{X-p): 
the ocpiation thus becomes 

{X(-2s^ + s'^Pi-{‘ Pq)^p{-2P 4 - /> 4 - 2^s)} i'Xs^ - P^^) 

-{X(- s^p,-\^28‘^p, Ppi^2Pj), )](Xs^-pP) 

4- {X {- 2spi 4- Po )'\-'P(- 4 po )] (Xs- pt) 

” (“* ^ ¥0 + 2pfl) 4- ^ Ppa - tp^ 4- ^Pq)] (X - p ) = 0, 

viz., collecting the terms, the coefficient of \p vanishes, and the Avholc is 

--2X^1) Pu pu Pa^ -1)' 

4 - 2 ^** (I, pii p3, p3j P4» po> “ -i) “9 ; 

viz,, this equation is satisfied if s denote any one of the quantities 

and t any one of the same 6 quantities ; that is, the equation ol the surface is satisfied 

when {dc, p, z, w) aro the coordinates of a point on the line joining any 2 of the G 

points, 

23—2 
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Locus of the vevtej' of a QiiadHc Gone which touches each of Hix given Lines, 

109. Repieaentiiig as before each line by means of its six coordinates, let (a;, y, z, w) 
be the coordinates of the vertex, and (X, F, if, Tf^) current coord iiiatoB. >Supposo that 
(a, i, c, / g, h) are the coordinates of any one of the lines, the equation of the plane 
through this line and the vertex is 

a{xW-^wX)-^h{yW^wY)^c{zW -^wZ) 

-\-f(yZ^zV)^g(zX -xZ)^h(xY - yX)^0\ 


or, what is the same thing, writing for shortness 


the ei[uation is 


Pr= . ]iy-gz^aWy 

Q = . ■\^fz-\-hw, 

-S= (J(^-f}) « +0W, 

8 — --ax—hy '-cz , 

PZh- QF+ i?if + >5ir = 0. 


The plane in question is a tangent plane to the cone touched by the 6 lines. Now 
when 6 planes touch a quadric cone, their traces on any plane whatever touch a conic 
the intersection of the cone by that plane. Hence taking the plane TF— 0, the equation 
of the trace is 

PZq-(3F+Pif = 0, 


and forming in like manner tne equations belonging to each of the given lines, the 
condition that the 6 traces may touch a conic is 

{P\ Q\ n\ QR, RP, P0-O, 

where the left-hand side represents a determinant of 6 lines, the several linos being 

respectively Pl^ R^, QiRy^ RiP\, PiQu P^, &c Or more simply we may donoto 

the equation by 

[(P, Q, P)^J = 0. 

To ascertain the form of this, write for a moment 3/ — 0, .^ = 0; the equation is 

[(a?.y, ~ hx -f hio, goo -P = 0, 

or attending only to the highest and lowest powers of this is 

[(a, i, cf ] ... [{a, -It, gf] ^ 0 ; 

and it is thence easy to infer that the whole equation divides by w^\ so that, omitting 
this factor, the form of the equation is 


((a, 6, 0 , /, g, hf^oi, y, 0 ; 

viz,, the equation is of the order 8 in the coordinates (a?, y, vj\ and of the degree 
2 in the coordinates fa, &, c, f y, /t) of each of the lines. It would not be very 
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difficult to actually dcvolopo the ccpiation ; in fticl, starting from the term [(a, h, c)^] the 

1 1 

oilier terms are obtained therefrom by changing a, b, c into ™ A-f 

c •\-^^{gcG — fy) respectively; the equation may therefore be written in the symbolic form 

. exp. i [{hy - yz) -V (- ho) -Vfz) + {yo) -fy) , [(a, i, cf} = 0. 
or, what is the same thing, 

. exp. ” (gS, - hhi) + y (AS« -/Se) -h ^ (/S^ - gSa)} * [(«. <^T] = 

where exp. 6 (read exponential) denotes and [{a, b, c)®] represents a determinant as 
above explained. The equation contains, it is clear, the four terms 

[(a, - A, gf] H- if [(- A, 6, [(- g, /, c)"] 4- [(«, b, cY], 

I am not sure wliothcr this surface of the eightli order has been anywhere considered. 
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ON THE MECHANICAL DESCEIPTION OF A NODAL BICTHCULAE 

QUAETIC. 


[From the Proceedings of the London Mathematical Society, vol. III. (1869 — 1871), 

pp. 100—106.] 

The ingenious method, devised by Mr S. Roberts {Proceedings, vol. rr. iJ. 188) lor 
the description of a nodal bicircular qimrtic suggests a furtbcr investigation. Wo have 
a quadrilateral OAA'O', in Avhich the adjacent sides OA, AA' are equal to each other, 
and the other two adjacent sides 00', O' A' are also equal to each other ; 0, O' are 
fixed points; and we have thus a link the extremities of which are connootod 



with the radii OA, O' A respectively, and consequently describe circles about tho centres 
0, 0 respectively, the radius OA of the one circle being equal to the length AA' of 
the link, and the radius O'A' of the other circle being equal to the distance 00' of 
the centres. The theorem is, that any point G, rigidly connected with the link AA', 
describes a nodal bicireular quartic, that is, a quartio curve with three nodo.s (oi- 
unicursal quartic), two of the nodes being the circular points at infinity. Any .such 
curve IS the invei-se of a conic, and it is also the antipode of a conic; viz., if at each 
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point of the curve wc draw a lino at riglit angles to the radius vector from the node, 
these linos envelope a conic having for its pedal the curve in question. It is worth 
noticing at the outset that to a given position of A' there correspond two positions 
of A, viz., the broken lino OAA' may occupy two positions situate symmetrically on 
the opposite sides of the line OA' But to a given position of A, there corresponds 
only one position of A ' ; viz., the broken line A 2 VO' is situate symmetrically with AOO^ 
on the opposite side of tlK3 axis of symmetry O' A ] the only other position would be 
A' coinciding with 0, that is, A A' witli AO, and the locus of G would then be a 
circle, If the equalities OA — A A', O' A' ==00' did not subsist, then to a given position 
of A' there would corrospond two positions of A, and to a given position of A two 

po.sition.s of A', and the locus of G would be of a liigher order than in the actual 

pro!) loin, 

I liavo calloil A A' the link ; 00' may bo called the bar. OA is then the link- 

radius, O'A' tlic bar-radius; moreover AA'G may bo called the constant triangle; and, 

producing OA, O'A' to moot in K, then AA'K may be called the variable triangle. 

Since at any instant tlie motion of A is normal to KA, and the motion of A' normal 

to KA', it IS clear that the motion at that instant of the constant triangle is a motion 
of rotation about the point ii. 

Imagine any two positions of the link ; say those arc A^A^, and Join 

A 1 A 2 , and at its mid-point draw a perpendicular thereto ; join in like manner A/A^^', 
and at its mid-point draw a porpeiidieular thereto; and let these two perpendiculars meet 
in P; we have the two equal triangles AiA/V, A^A^'T (viz., F-^l, = F^l/ == F/lg', 
A^A/ — A^A^) witli the common vortex F, and which may bo brought to coincide with 
each other by a finite rotation about this point F. Considering any particular given 
position of F, if wc take the constant triangle AA'G ecjual to AiAi'V or A^A^^ 
(viz., AG—At,V, A'G=A^'V), then the constant triangle AA'G will, in the course of 
its motion, come at two difforenb times to coincide with the triangles AiAi'V and 
A^A-i'V respectively; that is, F will be a node oa the locus described by the point 

0] and moreover, if Ki and be the corro.sponding positions (»f K, then by what 

precedes, the directions of the motion (or tangents at the node) will be normal to KiV 
and K^r respectively. 

It is to be observed that the jioiiit F is determined by means of two arbitrary 
positions A^A/, A, A,' of the link; that is, the position of F depends upon^ two 
arbitrary parameters, and therefore F may bo any point whatever in the plane ; iC for 
an assumed position of F, the two positions A^A^' of the link are real, then F is 

a crunodc on the locus ; but if imaginary, then F is an acnodo on the locus. The 
transition case is when the two positions AiAi, A^A^j coincide with each other, F being 
in this case a cusp on the locus. But from the foregoing general construction for F, 
it appears that when AiA^ and A^A^' coincide, F is in fact the point the vortex 
of the variable trianglo. I find that the locus of K is a nodal bi circular qiiartic, 
symmetrical in regard to the axis OO't and having the point 0 for a node ; viz,, when, 
as in the figure, A A' is < 00', then the point 0 is an aciiode, but when A A' is > 00', 
then the point 0 is a crunode. The curve in (juestion — say the " cuspidal locus 
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is a curve such that any point whatever thereof is a cusp on the curve described by 
some point G\ it separates those points F, such that each of them is a crunodc on 
the curve described by some point G, from the points F which are such that each of 
them IS an acnode of the curve, described by some point G. If (as in the figure) 
AA' Is < 00\ then the cuspidal curve is a closed curve (tlie inverse of an cdlipso)* 
the interior region being crunodal, and the exterior region aciiodal. If AA^ is > 00\ 
then the cuspidal curve is a figure of eight (inverse of a hyperbola), the two interior 
regions being crunodal, and the exterior region acnodal 

Passing now to the canalytical investigation, I take the origin at 0, the axis of 
cc being in the direction from 0 to O', and the axis of y, at right angles thereto, 
upwards from 0. The inclinations of OA, AA\ O' A' to the axis Occ, arc taken to be 
d, (j), & respectively. I write also 0A=AA'=a, and 00' — O'A' = a' ; and 


or, what is the same thing, 

m : 1 ; 1 -f- ; I — a : a' + a ; 2a' : 2a ^ 

and finally AB^b, BG-o. 

Observing that the angle AA'O' is =0, wo have + and then, in the 

tiuadrilateral OA 2 VO', the angles jfl, 0' aic — tt — res^icctivcly j whence, 
projecting on the diagonal OA', we have 

a cos ((9 - <j6) = a' cos I (0 + 0), 
which, attending to the \alue of /», is 




a — a 
a'^a ' 


whence, writing 
we have 


tan \6 tail ^(f) = m , 
tan ^6 = w, 

tan id}=z~ 

IT > 


and the sines and cosines of tlio angles 0, f 0' can be all of them expressed in terms 
of the single parameter il 

For the locus of G we have 


— a cos 0 b cos 0 — c sin 
y = a sin 0 -{'b sin ^ + c cos 0, 
or, instead of 6^ introducing we have 


u^—l 


27)111 ] 

M»+ 1 



2a 

+b 

1 



^^6®+ m\t 
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which, in fact, show that the locus is a bicircular quartic. To put in evidence the 
third node, I assume that the values belonging thereto are ic-Ui, and that 

the coordinates of the node are a, /3 ; we have thus 


a = ^ a 


— 1 ^ ^ ^ ^mui 




: — a 


U./ -- 1 , Uq “ 

-'ho 


— 0 • 


2miu 


4- 1 4- W 3 ® -h * 


2itj , 2mui 2«^ , , 2mu2 . 


' 2^1^ 4 1 4 4 7 ) 1 ^ ' 


4 1 4* ^ 2 ^ 4 ‘ 


These give b, c, a, /3 in terms of a, 2 ?i, 2 ^ 1 , 2 <g; and we may then express the values 
of CO — a, ill terms of a, ?7i, zq, «g, «, I find 


6- "M4 


??t4 1 


c = - 


7)1 


and then 


(h,^ +1) (»/+!) ■*' 


— 1 a 

CO- -a-—-:: 4“' 

4 1 m 


- 1 + 


711 4 1 


OT+i 

(!«, 


y= a 


2u 

tt? +" 1 


[(«i + ihY + (1 - m) (1 - if, «!,)]| ~ 

■'■ S {- ■* ■*• (».=>+T)k + i) ■*■ ■*■ ^^ ■ " “■ 




4 2?r 

27mo 
4 * 

2mit 
H- 7)1^ 

- 


a w4l , 

“ ~m WTl) 0 ..’ + i ') (1 “.”•)■ 

ft, wi 4 1 

^ "S W +T)(«;-+ 1) <“' + ”■ > (“+“■“•) 1 

and then 

(*- “>■" w^T)ti«Tf) K* -».«.)<«•• +»)+(! -»)('*.+«. )»], 

where, of course, the factors ( 2 ^ - 2 q), (?t - tq) indicate the nodo (a, /3), We have moreover 

(®-aV+(«-i9v = 
so that, writing 

x — a 1 [(1 ~ itjt/a) (w® + fn) + (1 — to) (ill + u,) u] 

(&>-«)’> + (y — / 3 )“” 2 (m + l)a (it — u.,) ’ 

y -/3 _ _ t [(«! + tta)(-it=' + to) — (1 — ?it) ( 1 - M| ita) w] 

{x — af + {y — ^y 2{7n + l)(t <m — ii,)(it— K j) ’ 

C. Vll. 


24 
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we have tlio locus as the inverse of a conic. To exhibit it as the antipode of a conic, 
taking Y as eiirrent coordinates measured from the node as oHgini the equation of 
the line through a point of the locus, at right angles to the radius vector from the 
node, is 

X (cc- a) + Y{y -IS)- (a) - af ^(y^^y=0; 
or, substituting foi’ (y— /3) thoir values, this is 

X [(1 — Vo) + m) -h (1 (ill + ^a) 

-f- F [(?^a 4- + ^0 - (1 — (1 ««) + 2 (7U + 1) a (u - lOi) (u — Tia) = 0 ; 

and the antipodal conic is thus the envelope of the line represented by this equation. 

Putting for shortness 

P = X(1 - UiMg)+ F(Uji + 2^2 )l Q=^X(Ui’^U^ )"-F(l -llrilli), 

the equation is 

{P+ 2 (7n4- 1) 0^} + w [(1 —m) Q — 2(m-\- l)a{Ui + tO] 4-^uP + 2 (w-f 1) a ihu^-O, 

and the equation of the conic therefore is 

4 {P -h 2 (m -h 1) a) [mP + 2 (m + 1) a iii Ua| — ((1 -m)Q — 2 (m + l)a («, + ii 2 )Y - 

so that the conic touches each of the lines P + 2 (wq- l)a ~ 0, mP + 2 ( 7 ?^ + ] ) a i/iWg = 0 
at its intersection with the line (1 — Q — 2 (m4'l)aui — 0« If these lines were con- 
sfcructeil, one other condition ^vould suffice for the couabruction of the conic. 

The before-mentioned equations 


a 7)1 -It 1 

( 7 ^^ “P 1)0^3^ “h 1) 


(1 ‘-Uiit2){7n + ihU2), 


give 


^ 7)1 + I 

m 1)(U3“ + 1) 


(ni^U2 )(??i4-aqua), 






and thence 


cc ^ m 1 —Uxiii 
+ J3^ (771 + 1) a 771 S 7h U 2 ^ 

^ _ m III H- 

(m + l)a m-^uiit2* 

which deteimine ihSih %«2 rationally iu 
writing — W 2 — we have 

a _ 771 1 ~ -u® 

a® S (??v+ 1) a w + 2/^* ^ 

/3 771 2r 

771 


terms of «, /9. 


For the cusjDidal curve, 
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which show that the cuspidal curve in the inverse of a conic (viz., of an ellipse, if, 
as in the figure, m is positive). The result in the very same form would he obtained 
by considering the curvo cas the locus of the vertex K of the variable triangle. 

If we imagine a plane rigidly connected with the link AA\ and carried along 
with it, then (6, o) are the coordinates of the point G in this moveable plane; and 
if, as above, (a, yS) are the coordinates of the node, then (6, c) and also («, /3), are 
given functions of (? 4 i, ^^ 2 )• Wo have thus (&, c) fiuictious of (a, /9), and reciprocally 
(a, y3) functions of (6, c); that is, we have a correspondence between the points of the 
fixed plane and those of the variable plane. It is worth while to investigate the nature 
of this correspondence, although the result does not appear to be one of any elegance. 

Writing 

, (m + 1) a a 

m 

n ^ + 1) g 

m CL^ 13^* 

WG may, in place of (a, /3\ consider the point in the fixed plane as given by means 
of the inverse coordinates (A^ iJ). And then, = + q — iViUit wc have 


whence 


A^ - 





B f? — 


m + l-g 

(?»!.+ 1) B 

(jn 4- 1 ) ^ 

X A * 

“ 1 + A 


Hence 


m -h 1 


'■(Id- Ay 


a V 


m 4- 1 


7)1 _ 

^ -L /r7 




p(m- I +ff), 


which determine (6, o) in terms of (p, q); that is, of (A, J3) or of (a, jS), 

In reference to some other constructions given in Mr Eoborts’ paper, it may be 

remarked that if wc have a moveable piano TIi always coincident with a fixed plane 

rr, and if a condition of the motion is that a circle fixed in the plane IIi and 

carried along with it, always touches a fixed cii’cle G in the plane IT, thou this same 
condition may be expressed indifferently in either of the forms — (1) a circle Ot in the 
plane IIi always passes through a fixed point of II ; (2) a point in the plane llj is 

always situate on a fixed circle G in the piano II. But if either of the circles C' G^ 

reduce itself to a lino, then we have two distinct forms of condition ; viz., first, if a 
fixed line in the plane IIj always touches a fixed circle O in the plane H, this 

is equivalent to the condition that a fixed line A iu the piano Hj always passes 

24—2 
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through a fixed point of the plane IT. And secondly, if a fixed circle Cj in the piano ITi 
always touches a fixed line L in the plane IT, this is equivalent to the condition that 

a fixed point in the plane ITi is always situate in a fixed line ij in the plane Hi. 

The different forms of condition therefore are : 

(«) A fixed circle C\ in the piano 11^ always touches a fixed circle G in the 
plane IT (where, as above, either circle indifferently may be reduced to a point). 

(/ 9 ) A fixed line hi the plane ITj always passes through a fixed point G in 

the plane IT. 

( 7 ) A fixed point in the plane Ui is always situate in a fixed line L of the 
plane IT. 

Hence, if the motion of the plane IT, satisfy any two such conditions (of the 
same form or of different forms, viz., the conditions may be each a, or they may be 
a and &c.), then the motion of the jilane ITj will depend on a single variable 

parameter, and the question arises as to the locus described by a given point, or 
enveloped by a given line, of the plane IT ; and again of the locus traced out, or 

enveloped, on the moving plane IT, by a given point of the plane TI* The case con- 
sidered in the present paper is of course a particular case of the two conditions being 
each of them of the form or. 

Tt may be remarked, that if the two conditions be each of them /9, then there 
will be in the piano Hi a fixed point Gi which describes a circle ; and similarly, if 
the two conditions be each of them 7 , then there will bo in tlie plane Ox a fixed 
point Oi which describes a circle(‘); that is, the combination /3/3 is a particular case 
of fl/S, and the combination 77 a particular case of 0 : 7 . 

1 Tho theorem is, that if an ifloseoles triangle, on fcho base A A' and wifcli angle =2w at the vertex (7, 
slide between two linca 0/i, OA' inclined to each other at an angle w, in such manner that G is the cGiitio 
of the oii’olo oiioumacMbcd about OAA\ then the loous of 0 is a circle having 0 for its centre. 
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ON THE KATIONAL TRANSFOUMATION BETWEEN TWO SPACES. 

[From the Proceedings of the London Mathematical Society, vol III, (1860—1871), 
pp. 127 — 180* Account of tho Paper given al Lhe Meeting 11 March 1869.] 

Two figures are rationally transformable each into the other (or, say, there is a 
rational transformation between the two figures) when to a variable point of each of 
them there corresponds a single variable point of the other. The figures may be 
either loci in a space, or loons in quo of any number of dimensions; or they may 
be such spaces themselves, 1'hus tlic figures may be each a lino (or space of one 
dimension), each a plane (or space of two (Umcnsions), or each a apace of three 
dimensions; these last are tho cases intended to be considered in fclie present Memoir, 
which is accoi’clingly entitled, “ On the Rational Transfornfiation between Two Spaces/* 
I observe in cxplanatit)n (to fix the ideas, attoiKlmg to the case of two pianos), that 
any rational transformation between two planes gives rise to a ratio ual transformation 
between curves in those planes respectively (one of these curves being any curve what- 
ever): but non oonstat, and it is not in fact the case, that every rational transformation 
between two plane curves thus arises out of a rational tranaforrnatiou between two 
planes* The problem of tho rational transformation between two plaiiea (or generally 
between two spaces) is thus a distinct problem from that of tho rational transformation 
between two plane curves (or loci in the two spaces respectively). 

I consider in the Memoir, (1) tho rational transformation between two linos; 
this is simply the homographic transformation: (2) tho rational transformation between 
two planes; and here there is little added to what has been done by Prof. Cremona 
in his memoirs, Sidle Trasformazioni Goometriclie delle Figure Piano,** {Mem. di 
Bologna, t* ii., 1863, and t. V., 1865 ; see also On the Geometrical Transformation 
of Plane Curves,** BvMsh Assoc. Rej^ort, 1864) : (3) the rational transformation between 
two spaces; in regard hereto I examine the general theory, but attend mainly to 
what I call the lineo-linoar transformation ; viz., it is assumed that tho coordinates 
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of a point in the one space^ and the coordinates of the corresponclmg point in the 
other space are connected by three liueo-linear equations (that is, each equation is 
linear in the two sets of coordinates respectively). The liueo-linear transformation 
presents itself in the preceding two cases ; viz., between two lines, the homographic 
transformation (which, as already mentioned, is the only i-ational transformation) is 
lineo- linear; and between two planes, the liueo-linear transformation is in fact the 

well-known inverse transformation ^ \ regards two spaces, the 

lineo-Iinear transformation has not, I think, been discussed in a general manner, and 
it gives rise to a theory of some complexity, and of great interest. 


The General Primijile of the Ratioml Transformation between Two Spaoes. 

1, In all that follows, the two spaces (lines, planes, or three dimensional spaces, 
as the cn-se may be), or any corresponding loci in the two spaces respectively, arc 
referred to as the first and second figures respectively, The two figures aro in general 

considered, not as superimposed or situate in a common space, but as existing, each 

independently of the other, as a separate locus in quo or figure in such locus. The 
unaccented coordinates (a?, y\ (ce, y, z), or (a?, y, Zy xo\ as the case may be, refer 

throughout to a point of the first figure ; the accented coordinates refer in like 

manner to the corresponding point of the second figure (^). M.oreover X, F, ... are 
used to denote functions of the same order, say % of the coordinates {x, y, ..,); viz., 
(A'", F) are each of them of the form y)”; (X, F, Z) each of the form 

y, zy\ (X, Ty Z, W) each of the form (^][♦^^ y, Zy wy\ as the case may be; 
and in like manner X', Y\ ... are used to denote functions of the same order, say 
n\ of the coordinates (w\ y\ .,,), This being so; 


The condition of a rational transformation is that we have simultaneously 
co^ : y..,.-X : F,...; : y,M.=X' ; F,... 

viz., these equations must be such that either set shall imply the other set. 


2. If, to fix the ideas, we attend to the caso of two planes, or take the sets 


to be 


: / r F-X r F ; : y : ^-X' : F' : F, 


1 The coordiiiatee (.n, y) of a point in a lino may bo eoncoived as proportional to given multiples 
(a times, ^ times) of tho Uistancea of the point from two fixed points on the line ; similarly tlio cooidinafces 
(a?, y, z) of a point in a plane ns proportional to given multiples (a times, ^ times, y times) of the perpon- 
(lioulat clifitanees of tho point from tlireo fixed lines in tho plane j and the cooidinatos (aj, y, 3 , w) of a 
point in a space aa proportional to given iniiltiplcfl (a times, /S times, 7 times, 5 times) of the perpendicular 
distances of tho point from four fixed pianos in tho space. Observe that even if the coordinates [x, y) and 
(x't y*') refer to tho same lino, and to the same two fixed points in this line, they aio not of necessity the 
same coordinates ; viz., the factors for x, y may he a, / 3 , and those for x\ y* may be /3'. If these me 
proportional (viz., if a : a’ i <3'), thou (.r', y') will be tho same coordinates of P' that (.ti, y) aro of P\ 

and ill this case, hut not otherwise, the equation .cy'*~a;'y =0 will imply tho coinoidenoe of the points P, P\ 
The like romnihs apply to the coordinatos (^j, i/, z) and (ir, y, xf, id), 
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UiGn starting with the set cg' : j/ : z' — X : Y : Z, for any given point (a?, y, z) what- 
ever in the first figure, we have a single corresponding point {x\ y\ zf) in the second 
figure, but for any given point {x\ y\ z) in the second figure, we have facie 

a sysicin of points in the second figure, viz., these are the common points of 
infcorsection of tlie curves x' : f : z* : Y \ Z (in which equations y\ z' arc 
rugcarded ns given parameters, x, y, z as current coordinates, and the equations there- 
fore roi^rosent curves of the order 7 i in the first figure). The curves may however 
have only a single variable point of intorsection ; viz., this will be the case if each 
of the curves passes through the same fixed points (points, that is, the positions 

of which are independent of x', y\ /); and in order that the curves in question may 
each pass through the - 1 points, it is necessary and sufficient that these shall be 
common points of intersection of the curves X^O, 7=0, Z^O. (Observe that the 
eonditiou thus iinpo.sod upon the curves Z = 0, 7 = 0, Z-0 will in certain cases 
imply that the curves have common intersections ; or, what is the same thing, that 

tho liinclions X, 7, Z are connected by an identical equation, or syzygy, aX iSYi-yZ-O. 
Tills must not happen ; for if it did, not only there will be no variable point of 
mtorseolion, and the transformation will on this account fail; but there would also 
arise a relation a/r' + /3y' + 7/ == 0 between {x\ y\ z), contrary to the hypothesis that 
((c\ y\ z') are the coordinates of any point whatever of the second figure. It thus 
becomes noeossary to show that there exist curves X = 0, 7=0, Z = ()f satisfying the 
required condition of the 71 ^ --i common intersections, but without a remaining common 
iiitcrsGcUon, or, what is the same thing, without any syzygy aX + /37-i-7.2 = O.j 


3. The curves x \ f \ z* ^X \Y \ Z having then a single variable point of 

intersection, if wo take («?, y, z) to be the coordinates of this point, the ratios x \ y \ z 

will bo (loLormined rntionally; that is, as a consequence of the first set of equations, 

we obtain a second set x \ y \ z^X^ \ Y* \ Z\ where X, ^ ^lationa 

and integral functions of the same order, say n\ of the coordinates (®> ^ 

is, we have a second set of equations, and consequently a rational transformation, as 

mentioned above. 

4. It m easy to see that we have n'=^n\ in fact, consider in the first figure 

n curve aX -h/ 374*7 X= 0, and an arbitrary line ax-^by ^cz=^0 \ to these respec- 
tively GoiTCspond, ill the second figure, the line ax' + /3}/ + r^z' ^ 0, and the curve 
aX' -hbY' ^cZ' ^0; the curves are of the orders 7?, respectively, or the curve an 
line of the first figure intersect in n points, and the line and curve of the second 
figure intorsoct in n' points; which two systems of points must correspond pom 0 

point to oooh other; timt is, »« M l.»« » will 

different, the analogous relation is in the transformation between two spaces. 

6. Ascending to the case of two spaces, we have here the two sets 

m' : y' : w' =X : Y ■ Z ■. W-, x : y : z w=^X' : T \ Z' : W, 

the theory is analogous; the surfaces w' : y" z' •. w ~X : F : Z : 

order in the fu.t figure) must have a single variable point of into see mn and they 
must therefore have a common fixed intersection equivalent to ii - 1 points 
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section r I say equivalent to — 1 points, for this fixed intersection need not be 

71® — 1 points, but it may be or include a curve of intersection (^). The surfaces 

JT — 0, F— 0, ^=0, Tr =2 0 must consequently have a common intersection equivalent 
to # — 1 points ; there is (as in the preceding^ case) a cause of failure to bo guarded 
against, viz, the condition as to the intersection must not be such as to imply 

one more point of intci'seetion, that is, to imply an identical equation or syzygy 
ccX-h 7 ^-f- STF= 0 between the functions X, F, Zy W\ but it is assumed that 
they are not thus connected. There is, then, a single variable point of intersection of 
the surfaces of \ y' : z* \ ^ X : Y \ Z : ^7\ or taking the coordinates of this point 

to be (a?, y, Zy w\ we have the ratios x \ y \ z \ w rationally determined; that is, wo 

have a second sot of equations x \ y : z \ io = X' \ Y* \ Z* \ W\ where X\ Y\ Z\ 
are rational and integral functions of the same order, say n\ in the coordinates 

{ofy y\ z*y ; viz., we have the rational transformation, as above, between the two 
spaces. 


G. Suppose that the common intersection of the surfaces X=0, F==j 0, X — 0, Tr = 0 
is or includes a curve of the order v; and consider in tlie first figure the two surfaces 

uX + ^Z -p S TF — 0, ct^X + ySj F-f* 4" Si TF — 0, 

and the arbitrary plane ax-\-by~^cZ’^(ko = 0. The two surfaces intersect in the fixed 
curve V, and in a residual curve of the order n^ — v; hence the two surfaces and tho 
plane meet in v points on the fixed curve, and in other points. Oorresponding 

to the surfaces and plane in the first figure, we have in the second figure the two 
planes 

cui/ -f 4“ yz' 4“ = 0, ~ 9, 

and the surface aX' 4- iF^+ c-2' 4- — 0 of the order : these intersect in points, 
being a system corresponding point to point with the points of the first figure; 

that is, we must have And conversely, it follows that in the second figure 

the common intersection of the surfaces X'==0, F = 0, ^' = 0, IF' — O will be or include 
a curve of the order p ' ; and that we shall have n =: - v. Hence also 

= ??') ( 71 4 “ n' 4 - 1 ). 

7. The principle of the rational transformation comes out more clearly in the 
foregoing two cases than in tho case of two lines, which from its very simplicity fails 
to exhibit the principle so well; and I have accordingly postponed the consideration of 
it : but the theory is similar to that of the foregoing cases. We must have the 
two sets (each a single equation) x^ : y' — X : F, and x : y^X' : Y\ The equation 
x^ : y^ = X : Y must give for the ratio x i y £i single variable value; viz., there must 
be n — 1 constant values (values, that is, independent of a?', j/0; this can only bo the 
case by reason of the functions having a common factor M of the order — 1 ; but 
this being so, the common factor divides out, and the equation assumes the form 
: y' ^ X : F, where X, F are linear functions of (a?, y ) : and we have then reciprocally 

1 Tho curve of iutorsootion lufiy consist of distinct carves, each or any of which may be a Biugular 
our VO of any kind in i^egard to the several aurfftces. 
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X \ y = X' \ 1"', whore X\ V' are linear functions of (x\ y*). Thus in the present case, 
instead of an infinity of transformations for diflerent values of we have only the 

well-known honiogTaphie transform at ion wherein 1* 

In the discussion of the foregoing cases of the traiisforniation between two 
]>lancs and two spaces, it was tacitly assumed that h was greater than 1, and the 
trunsfoi'inations considered were thus different from the liomographic transformation ; 
but it is hardly necessary to remark that the homographic transformation applies to 
these cases also ; viz., for two planes ^ve may have x' : y' \ z" ^ X \ Y \ and 
X \ y \ z = X^ : r' ; Z\ where {X, Y, Z\ {X\ Y\ Z') are linear functions of the two 
sets of coordinates rospoctivoly ; and similarly for two spaces Y : y' : z' i w' = X : Y \ Z : Tr 
and iv : y : z : ^u^X' : Y' : Z' : W\ where (X, 7, Z, F), Y\ Z\ W^) are linear 
functions of tho two sets of coordinates respectively. We maj^ if we please, separate 
off tho homographic transformation (as between two lines, planes, and spaces respectively), 
and restrict tlic notion of tho rational transformation to the higher or non-linear trails- 
formations ; in this point of view, the case of two lines would not be considered at 
all, but tho theory of the rational transformation would begin the case of the 

two pliiiiGs. 8uch severancG of the theory is, however, sonicwhat arbitrary ; and more- 
over tho liomographic transformation between two linos (being, as meiitioued, the only 
rational transfonnation) is analogous not only to the liomographic transformation between 
two planes, and to tho homographic transfonnation between two spaces, hut it is also 
analogous to the linoo-linoar (or quadric) transformation between two planes, and to tlie 
Unco-linear (which is a cubic) transformation between two spaces. 

9. For the sake of bringing out this analogy, T shall consider in some detail the 
homographic transformation between two lines; but as regards the liomographic trans- 
formations botwcion two planes and between two spaces respectively (although there is 
room for a like discussion) the theories may be considered as aubstautially known, and 
I do not propose to go into thorn. 


The Homographic Transformaiion between Two Lines, 

LO. By what proceclos, it appears that wo have x' : rj'-X : Y, whore {X, Y) are 
linear functions of (a?, //); and conversely, : y~X' : Y\ where X, Y arc linear 
functions of y*)\ or what is the same thing, tho relation is expressed by a single 
equation 

(ax + by) x' ^ (cx + dy) y' = 0 ; 


or, as this may conveniently be written, 



y') = o. 


or, when the expression of the actual values of the coefficients ia un necessary, 

y) y') = 

We thus see that tho rational transformation between two lines is in fact the homo- 
graphic transformation ; and also that it is the lineo-linear transformation. 

C. VIT. 


25 
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11, A special case is when 
Writing here 


ad — 6c = 0. 
c d b' 


the equation is 
that is 


(a.v 4- by) (aV + b'y') = 0 ; 


viz,, either ax q- 6^ = 0, without any relation between y ' ; or else aV H- Vy* — 0, 
without any relation between .c, y; that is, to the single point aX‘^-hy — Q of the first 
figure there corresponds any point whatever of the second figure ; and to the single 
point aV4-6y = 0 of the second figure there corresponds any point whatever of the 
first figure. 


12. In the general ease where «rf-“6c^0, we may either hy a linear transformation 
(ax-\-by, ca; + rfy into y, -a? or into a?, -y) of the coordinates of a point of the lirst 
figure, or by a linear transformation {ax'-^cy\ bx' + dy' into y\ -(d or into a*', -y) of 
the coordinates of a point in the second figure (or in a variety of ways by sinuiltanooiiH 
linear trail sfoimationfi of the two sets of coordinates) transform the rclatiou iiidifforontly 
into either of the forms xy -xy — Qy xx —yi/ — Q] the former of those, or x' : y' — a* : y, is 


the most simple expression of the homographic transformation ; the latter, or x* : y' 
is its expression as an inverse transformation, 


_ I L 
’ y^ 


13. If, to fix the precise signification of the coordinates (a?, y), wo employ the 
distances from a fixed point 0 in the line ; taking the distances of the two fixed 
jioints (say A, B) to be ot, and that of tlic variable point P to bo p, then wo 
have A', y proportional to given multiples <l{p-^) of the distances from the 

two iixecl points; or writing ^ = m, we may say that the coordinate - of the point 

? y ^ 

^ O’’ particular, if »= 1, then the coordinate is = ^ If for 

^ wiite — then take /3 = oo, wc see that in a particulai' system 

of cooidinates, 4 at 0, 5 at co, the coordinate ^ is =p. Proceeding in the same 
manner in regard to the coordinates («', y'), for a particular system of coordinates, 
A' at O', 5' at CO, the coordinate of P' will bo =p'. And the correspondence 
of the points P, P' will be given by an equation 


= U. 


app +bp +cpH-a = 

. equation just mentioned is olten convenient for obtaining a precise statement 

of theorems. Ihus taking A, B at pleasure on the first line, A\ B' the corresponding 
points on the second line, we have 


cp + cZ 
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and thence 


and consequently 


which is of the form 


c/3 + rf 
"”a/y + 6’ 

/ _ / {a<l-bc){ p-a) 

^ {a'x + b ){(ti) + b)' 

, a>_{ad~bc){ P-/3). 

P ^ {af3-^b){ap+ b)' 

/s' — a' __ a/3 -H 6 p — a 
p' aa -{-b p- 

p! ^ q! p~^ a 


where (the corrospondonce app' + -h cp -1- ci = 0 being given, ami also the fixed points 
B) m has a determinate value not assumable at pleasure. If, however, the fixed 
points A, B bo not given, then wc may determine a relation between them, such that 
m shall have any given value not being = i ; we have in fact only to write 


that is 


a/3 - 1 - b = m {m H- h\ 
a (/3 - ma) + i (i - m) = 0, 


(m — 1 would give a — ^ and the transformation would fail). In particular we may write 
m = - 1, we have then 

a (a + jS) 4- 26 = 0 ; 


or the sum of the two distances OA, OB has a given value dependent on the 

transformation; one of those points being assumed at pleasure, the other is known: 
the points XV B* arc also known, and the equation of correspondence is 




-0; 


it is moreover easy to show that we have 

a («' 4- /30 + 2c = 0. 

16, In what precedes, the two lines are considered as distinct linos, not of 
necessity existing in a common space, But they may be considered, not only as 
existing in the common space, but as superimposed the one on the other. Suppose 
this is so, and moreover that the fixed points A\ coincide with X, B respectively, 

and that the coordinates (a*, y) and y') are the same coordinates; so that the 

equation xy' — iv'y-O will imply the coincidGuco of the points P, P\ 


25—2 
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16. If ff(Z-6c=0, the equation of correspondence becomes 

((W + by) {a'x' + h'y) = 0, 


and a.s before, to a single given point ax^hy = Q. considered as belonging to the Inst 
Kguie, there corresponds every point whatever of the lino, or second hgnArei to a 
smgle given point aV + iy = 0 (the same as, or different from, the hrst point), 
considered as belonging to the second figure, there corresponds every point whatever 
of the line, or first figure. 


17. Excluding the foregoing case, or assuming there arc m gonoral on. 

the line two points such that to each of them considered as belonghig to oit ici 
figure there corresponds the same point considered as belonging to Uio othor ngnvo, 
or xsay there ai'e two united points : in fact, writing id \ y x : y, fim 

+ (6 + c) i'ry + dy" = 0, a quadric equation for the defcerniinatioii of tho points in 
question. Unless - (6 + c)' - 0, this equation will liave two utioqnal roots; and 
taking the two points so determined for the fixed points A ^ the equation 

of correspondence will assume the form u}}J -kx'ij-=0. In tins equation h cannot bo = 1 ; 
for if it were so, the equation would be icy^ — x^y — O] that is, the points P would 
bo ahva\s one and the same point. The equation may, bowevoj’, be auj the 

points P, P' are then harmonics in regard to the fixed points A, /?. It is to bo 
observed, that if the equation xy* - kxy = 0 bo unaltered by the intorchangc of {Xy y) 
and (;//, //) we must have — 1— 0, or since =1 is excluded, wo must have /iJ— — 1, 


18. The original equation {ax~\-hy) x' -f {ox + dy) y' — 0 is unaltered by the inter- 
change, only if 6 — c = 0 ; the equation ^ad — (& -[- c)^ — 0 becomes in this caso ad — ho — 0, 
^shich by hypothesis is not satisfied; the two distinct points A-A\ B — B' oonHcquontly 
exist. That is, if the coriGspoiirlenco between the two points P, P' is such that 

whether P be considered as belonging to the first figure or to the secoiul figure, 

theie corresponds to it in the other figure the same point P' — nr say if tlio 

correspondence between the points P, P' is a symmetrical oorrospondonco— then as 
united points in the superimposed figures we have the two clifitiiiot points Ay B : 

and the correspondence of the points P, P^ is given by the conditio ix that tlieso arc 
harmonics in regaid to the points Ay B, 


19. There is still the case to be considered where — (64- c)‘* = 0 ; the ocjiuition 
(ZP4-(i-Hc) A?y 4-f/y^— 0 has here equal roots, or the two iiniicd points coincide 
together, or form a single point. Taking this point to bo the point A, the coordinate 
whereof is ; y = 0 : 1, we must, it is clear, have d = 0, and thoreforo also 6 4- c == 0 : 
the relation between the coordinates (x, y) and (x\ y) is then ctxod 4- b {x}/ — x^y) 0 ; 
viz., this is the form assumed by tlie equation of correspondence wlion instead of two 
united points there is a double united point, and this is taken to bo the fixed 
point A, 

20. It IS to be observed, that we cannot have either 6 — 0, for this would give 
xx —0, which belongs to the excluded case nrf — 6c=0; nor ^===0, fox’ this would give 
.6'y' — .r'y ^ 0 : excluding these cases, the equation is of necessity altered by the inter- 
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change of (a;, y) and {x\ y ‘) , that is, in the case of a double united point, the 
transformation is essentially iinsym metrical. 

By what precedes, if the other fixed point be taken to be at infinity, the coordi- 
nates X : y and x* : y* may be taken to bo p, p' respectively ; viz., p, p* will denote 
the distances of the points V, P' from the double united point A ; auci the oquatioi^ 
of coLTCspondcnce then becom<*s pp' -H & (p - p') = 0 ♦ that is, (p - h) {p* -h 6) + 6^ = 0. 

21. The original equation axx' -b byx' 4- cxy* + dyy* = 0 can be reduced to the 

inverse form only (it is clear) in the symmetrical case b^c\ here, trans- 

forming to the imitod points, the equation is, by what precodcs {ante, No, 1*7) xy-^x^y—i). 
This equation can be written {lx + my) {lx' 4 my) — {lx — my) {lx' - my') = 0, where I : m 
is arbitrary ; viz., we have thus an equation of the required form, 

22, In further explanation, start from the equation app' h{p -y p) \ that 

is, {ap 4 h) {ap 4 b) 4 ad — 6^ — 0, or say (p — a) {p — a) — Ibis may be reducGd to 

pp'*-l=0; viz.^ the point 0 from which are measured the distances p, p is hero the 
mid-point l)otweeii the two united points A, B; and the unit of distance is ^AB] 
the equation expresses that the points 2\ P', harnionics in regard to the two points 
A, Ji, arc the images one of the other in regard to the circle described upon AB 
as diameter. Take any two corresponding points L, IJ ; if the distances of these be 

\ we have W' — 1 ; and hence 


(p — X ) {p' — X ) — 1 ””• X (p 4 p') 4 X'** — X (X 4 X^ — p — p'), 

(p - V) {p' - V) - 1 - V (p 4 p') 4 = X' (X 4 V - p - pO ; 

and consequently 

p X p — “ X x* 

which, writing 

X ^ /u (p — X) x' Ic (p^ X) 
p'^x' ’ 

^ (so Unit k'^ ^ 1) ; or, t — X = , 

X A 

becomes xx' — yy' — O; that is, the correspomlonco of the points P, F' boing symmetrical, 

if the coordinate - of P bo taken to be a multiple of the ratio of the distances 

y 

PL, PL' of P from any two corresponding points P, TJ (and ol course the coordinate 
of P' to be the same multiple of the ratio of the distances P'L, P'L'), the equation 
of correspondence is obtained in the inverse form xx'-^-yy'^O, 


The national Transformation between 2\uo Planes. 

23. Starting from the equations x' : y' : X : Y : Z, where X = 0, = iT—O 

are curves in the first plane, of the same order n, it has been seen that in order 
that we may thence have a rational transformation between the two planes, the curves 
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X = 0, F- 0,^ = 0 must have a common intersection of 1 points, and no more; 
that is, they must nob have a complete common intersection of points. In the case 

= taking the n^-1 paints in the first plane to be any three points whatever, tho 
condition that the curves shall be conics passing through the three points does not in 
anywise imply that the conics shall have a common fourth point of intersection ; and 
we have thus a rational transformation as required; viz., the first set of equations is 
a;' : y' : F— X : F : Zy where X -i), F-= 0, Z^O are conics passing through the same 
three points of the first plane ; and as it is easy to see (but which will be subsequently 
shown more in detail), the second set is tho similar one os \ y \ z — X' \ Y' \ Z\ where 
F'=0, Z' = Q are conics passing through the same three points in the second 
plane; this may be called the quadric transformation between tho two planes. 

21, But the like theory would not apply to the case — if the — 1 points 
in the first plane were any eight points whatever, the cubics X = 0, F-0, 
intersecting in these eight points, would have a common ninth point of intersection, 
and the transformation would fail ; and so for any higher value of taking at pleasure 
any — 1 of the — 1 points of tho first plane, the curves X = 0, Fs=0, 

of the order n passing through these + — 1 points, would have in comraoii all 

their remaining points of intersection, and tlic transformation would fail. A trans- 
formation can only be obtained by taking the — 1 iDoints in such wise that these 
can be made to be tlio common intersection of the curves, and at the same time that 
the number of conditions imposed upon each of the curves X — 0, F—0, Z—Q shall be 
at most - In (ji + 3) - 1. 

25. And this requirement may be satisfied; viz,, the number of conditions may 

be made to be = + 3) — 1, by assuming that certain of the — 1 points of inter- 

sections are multiple intersections of tho curves. For if we have a given point which 
is an a-tuple point on each of the curves X'=:0, F=0, Z^O, then this counts for 

points of intersection of any two of the curves, and thus for points of the — 1 

points: but the condition that the given point shall be on any one of tho curves, 

say the carve X^ — 0, an a-tuple point, imposes on the curve, not but only ^ci£(ci! -f- 1) 
conditions : and we have in this way a reduction whereby the number of conditions 
for passing through the points can be loweied from 1 to the required number 

+ 3) 1 , 

26. In particular, for n ^ 3, we may for the — l points of the first plane take a 

point as a double point on each of the cubic curves X = 0, Y—Q, Z^O (which therefore 
reckons as four points), and take any other four jDoints. Each of the curves is determined 

by the conditions of having a given point for double point, and of passing through 

the same four other given points; that is, by 3 +4 =^7 conditions; and the three cubic 

curves A'’ = 0, F=: 0, Z=^0 have for the common intersection the double point reckoning 

as four points, and the given other four points; that is, they have a common inter- 
section of 4-f 4=:8 points; but this does not imply that they have a common ninth 

point of iuteraectioii ; we have therefore a rational transformation as required ; viz., the 
first set of equations is a/ \ y' \ z' ^ X \ Y : Z \ where X - 0, F=0, X=0 are cubics 
in the first plane having each of them a double point at the same given point and 
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also (^acsli passin,i( Lhrongh Uiu namo four given poiiils; the second set of equations is 
X \ y \ z : V" : //, wlierc A’' = 0, F'~0, are like cubics in the second piano. 

27, (!(ui(imlly .mip})ose that the — 1 points in the first plane are made up of 
«i ])ointH| wliieh are siinplo points; «2 ])oints which are double points; points, which 
am triplu points, ... a, points, which are (?i— l)tup]c points (a„_i=:l or 0), on each of 
tlio throe (JurvtiH ; tlioso will roprosont a system of a- — 1 points if only 

a, -I- 4«j H- Da, ... -1- {n - ly ~ 1 

Tho iminl)(‘r of conditions imposed on each of the curves F — 0, Z = 0 will be 

-p A — 1) a, ; for the reason pro.scntly appearing, I exclude the case 
of this being < .1 *h ~ 2 ; and thcrclbro assume it to bo — •J'?i(a+ 3) - 2. In fact, 
writing 

a, -h 4- ... 4- (?i - 1) (/„_, 4" 

this coml)ino<l with tin* former (upiation givc.s 

a., -I- . . . -1- i - 1) (n - 2) cr„^i - 4 (w -- 1) (a - 2) ; 

vi^, tlie singnlaritu's anj csjuivalont to — — 2) double points, that is, to the 
max n nil m nunibm* of double ])oints of a curve of the order n ; or say each of the 
curves A" F=(), Z^i) is a curve of tho order n having a deficiency = 0, that is, 
it is a unieursal inirvo of tho ovdov «. Hoiico also, taking (a, 6, c) any constant factors 
whatiwer, tho curve UrA'’-!- 6 F-j- 0 is unieursal, 

2iS. It is i?n))or(ant to vomark that tho conclusion follows directly from the geiioial 
notion of the rathmal trunsibrnuition ; in fact, the equation aX + 6F-pc^=0 is satisfied 
if rt; : ?y : A"' : V' \ Z'\ 4 -h o/ == 0. The last of those equations determines 

the ratios : ;//' : in tonus of a single parameter (c.g. the ratio O)' : and wc 

have then x : y \ z expressed as rational functions of this parameter; that is, the cuive 
is unieursal. 


29. Hupposo for a moment that it was possible to have 

a, 4- t]a, 4* ih , , . . + In {n - 1) < 4^ + 3) - 2. 

(.'onibiiiing in tlir h(uh(! way wifcli tho first equation, it would follow that 
a, -1- llaj . . . q- -|{« - 1 ) (rt - 2) > i (» - 1) ('*■ ~ ^)- 

which would imply that the curves Z = 0. 7 = 0, ^=0 break up each of them into 
inferior curves: but more than this, the coefficients a, &, o emg ai ^ ^ won c 

imply that tho curve aX -I- bY + o^^ = 0 breaks up into inferior 

the case if X, Y, Z have a common factor, say j ¥; that is, if X, Y, Z-l ^ u i> 
but wo could thou omit tho common factor, and in place ol lo \ y ■ e ^ ' 

write 1' : y : 7 = X, : 7 : whore X, = 0, F, = 0, ^. = 0, are proper curves, not 

breaking up ; tho above supposition may therefore be excluded from consideia ion. 
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30. We have thus a transformation in which the first set of equations is 

X : ‘ J : r . ir, where A" = 0, Y^O, Z^O are curves in the first piano, of the 

same order n, having in common ftj, points whicli are simple points, doiihlo 

points ,... (k — l)tuple points respectively on each of the curves; these numhers satisfy the 
conditions 

Cfj + “h . H" 1)^ 1 ^ n** — I, 

ofi -f 3of3 H- 6«s ••• + (7i- 1) ttn-i - i 0^^ + - 2 ; 

conditions which give, as above, 

a, + 3as - . 4* - 1) 2) (n 1) (?i 2), 

and also 

fi(j -(- 4 3^3 • « . 4 (n *^1} 1 ^ 3a *“ 3 ; 

so that the relations between o(i, ai’e given by any two of those four cciuatious. 

31. The second set of equations then in x : y : :^ — X' : Y' : Z\ where X'^0, F'=0, Z'-Q 
are cuives in the second plane, of the same order i); and it is clear tliat these must 
be curves such as those in the first plane; viz,, they must have in common a/, cf/, .. 
point^s, which are simple points, double points, (?i - l)tuplG points rcspcctivoly on oacli 
of the curves, the relations between these numbers boirig expressed by any two of the 
four equations 

a/ 4 4^; 4 9a ,' ... 4 {n-lf « = 71' - I , 

4 3c(a 4 6^3 ... 4 ^71 — 1) =; (?i 4 3) — 2, 

^'2 4 Sxa' , , . 4 -J* (?l — 1) (71 — 2) (x'n-i — i (n — 1) (71 - 2), 
ai 4 'la^ + Sofg' . + (n ^ 1) = 37i — 3, 


32, To any line aos 4 ty 4 — 0 in the second plane there eorrespoiids in tlio 

first plane a curve uA-p6F4cif of the order n\ and to any line a'a? 4 4 = 0 in 
the first plane there corresponds in the second plane a curve a'X' -{‘h'Y' ^-c'Z' -0 of 
the .same order «, the curves «A" 4 67 + 0^-0 in the first plane are, it is cloa]^ a 
system, and the enthe system, of curves each satisfying the conditions wliidi have 

been stated in regari to the individual curves X = 0, F- 0, ^-^0, and being as 

already mentioned unicunsal; and similarly the curves a'X' ^b'Y ^ c'Z' in the second 
plane aie a system, and the entire system, of curves each satisfying tlie conditions 
winch have been stated m regard to the individual curves A^'^nO, F=:0, and 

being also unicursah We may say that to the lines of the second 'piano 'there 
corresponds m the first plane the reseaii of curves aZ46F4o^^0j and to the lines 

corresponds in the second plane the of curves 

aA 4c/J=^0; these r^seau being systems satisfying respectively the conditions 
just referred to. i 


33. We have next to enquire what are the curves in the second plane which 
coiTespond to the «, + o-, ... + points of the firet plane. I remark that the 

+ a„_, points are termed by Cremona the principal points of the first plane, 
and the corresponding curves the principal curves of the second plane. But it will be 
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more convenient to say that the + « 2 ... -i- points are the principal system of the 
first plane, and the corresponding curves the pHncipal counter-system of the second 
plane. And of course the a/ 4 - . . , + points will bo the principal system of the 
second plane, and the corresponding curves the principal counter-system of the first 
plane. 

34. The Jacobian (curve) of the curves X =: 0 , F“ 0 , Z = Q is, of course, the 
Jacobian of any three curves + c^ = 0 of the first piano, or it may be called 
the Jacobian of the reseaii of the first piano ; and similarly, the Jacobian of the curves 
X' = 0 , F' := 0 , ^' = 0 is the Jacobian of the reseau of the second plane, 


35. I say that to each point of the first figure there corresponds in the second 

figure a line; to each point a conic; to each point a nodal cubic; ... and 
generally, to oach point a iinicursal r-thio curve; the entire system of the curves 
corresponding to the + a 2 4 * « 3 ftn-i points, that is, the principal count er- system of 
the second piano, is thus made up of «j lines, ag conics, nodal cuhics, ...a,, uni- 
cursal r-thics, unicursal - l)th3cs. It is thus a curve of the aggregate order 

aid-2aa + 3 « 3 ... 4* (n — —3^-3; and it is in fact the Jacobian of the reseau of 
the second plane; as such, it passes through each point cli two times, each point 
five times, ... each point a/ 3?' — 1 times, ... each point 3 ?i “-4 times. 

36. The reciprocal theorem is of course true, The Jacobian of the reseau of the 

fii'st plane is thus made up of a/ lines, conics, ai nodal cubics, . . . a,/ unicursal 
r-thics, . . . unicursal (n — l)thics. Calculating the Jacobian of the reseau of the 
first piano, we have thus the numbers a/, which determine the nature of 

the principal system of the second plane, 


37, I indicate as follows the analytical proof of the theorem that to a principal 
point a,, of the first plane there corresponds in the second plane a unicursal r-thic. 
Consider the simplest case, r^l; if in the equations of : y^ : z’ ^ X : Y : Z the 
coordinates (/», y, z) are considered as belonging to a point etj, these values give identi- 
cally X = 0 , F — 0 , Z =0\ hence for the consecutive point w + So?, y + fiy, -sf 4 - 8z, if 
(A, B, 0) denote the derived functions of X, (^li, J3x, Gi) those of F, (A^, £ 3 , G^) those 
of Zy we have 

\ y' \ z* ^ Sa? J5 hy^G S. 2 ? 

: AiSx Bi8y Gi8z 

* 4 * G^8z^ 


We have 


A y B, a 

•Ai> ^1, Oi 
A^t -Ba? Cg 


= 0 , for the determinant is the value, at the point in 


question, of the Jacobian of the reseau of the first plane ; and the Jacobian curve 
passing through oti (in fact, having there a double point), the value is ~ 0 . 


38. Hence y\ si ^ considered as corresponding to a point indefinitely near to ffi, 
are connected by a linear equation. Corresponding to a, we have in the second figure 
c. VII. 26 
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a line. But it is to be observed, further, that the equation of the lino is that 
obtained by writing in the foregoing equations, say Sz == 0, and eliminating the remaining 
quantities Sa;, Si/: or, what is the same thing, wc ma}" consider the equation of the 
line as given by the equations 

cc' : y' : z' = A Sy 
: AiBxi’jBjBy 
: A^Bx-\‘BiBi/, 

where Bx, By arc indeterminate parameters to bo eliminated. 

39. In the case of a point a,, we have in like manner 

.V : y' : /= (a By, Szy 

; (ai,...$S.77, By, BzY 
: By, Szy, 

where (a,...), (r^u, ...) are the r-th derived functions of X, F, Z respectively. 

In virtue of the relation of the point a,, to the curves A'=»0, F— 0, the coefficients 

will bo such as to allow of the simultaneous elimination from these equations of tho 
three quantities Stc, By, Sz. Tho result of the elimination will bo tho same as if, 
writing say Bz=0, wo eliminate Bco, By; or, what is tho same thing, tho relation of 
y\ z' may be regarded as given by the equations 

a;' : / : (a ,...$^5?, Sy^ 

: JSo;, ByY 

: (ag, ...JSa?, ByY, 

where S^, By are indeterminate parameters. These equations obviously express that the 
point {co', y', z') is situate on a uuicursal curve of the order n 

40. It is further to be shown that the ?‘4hic curve thus corresponding to a,, is 

part of the Jacobian of the rescau of the second plane. The Jacobian in question is 
the loons of the now double point of those curves of the roseaii which have a new 
double point; that is, a double point not included among tho ctg' + ^3'. , . 4 - singular 
points of tho principal system of the second plane. But a curve of tho reseau being 
uuicursal, can only acquire a new double point by breaking uj) into inferior curves. 
Consider, in the first figure, any lino through a,., the corresponding curve in the second 
figure is made up of the iinicursal r-thic curve, which corresponds to the point a,,, 
together with a residual curve variable with the line through a,.; this is a iinicursal 
curve of the order n — r. The aggi’cgate curve of tho order + — r) has singular 
points equivalent to ^ — l)(7i — 2)q-l double points(*); that is, the singularities are 

those belonging to the principal system of the second plane, together with a new double 

^ III general, if r and the outvcb r, r' are eaoh unioureal, then tho aggregate singulanty arising 
from the Bingularitiea of the two ourves and from their interseotiona, is equivalent to -^(r 1) (r*“2)*f 
4 O'' - 1) (r' - 2) that is, to 4 (r 4 / - 1) (r-f- r' 3) -h 1, or ^ (n- 1) (» •** 2) + 1 double points. 
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point constituted by an intersection of the curves 7\ n — n {Observe that the two curves 
have only this single intersection; viz., the remaining — ?*) — 1 intersections are 
at points . 4* principal system of the second plane,] We have thus, 

in the second plane, a series of curves, each of them having a new double point; 
viz., these arc the several curves which correspond to the lines through a,, in the first 
figure. Each of the curves is a fixed curve r together with a variable curve — r. 
The new double point is an intersection of the two curves; that is, it is a variable 
point on the curve r. The locus of the new double point is thus the curve r; therefore 
(ihe curve r is part of the Jacobian of the rescau of the second plane. Since each 
point ay gives a curve r, the curves in question form an aggregate curve of the order 
‘h 2 a 3 ... -f — 1) =371—3; viz., this is the order of the Jacobian; or, as stated, 

the curves r (that is, the principal coimter-sj^steni of the second plane) constitute the 

Jacobian of the reseau of this plane. 

41. The nmnorical systems («!, c-q ... and («/, are each of them a 

solution of the same two indeterminate equations 

^ - I, XrcLy = 37i - 3, 

but not every solution of those equations is admissible; for instance, if then 

ay is =0 or 1, for a,. = 2 would imply a curve of the order 71 with two 7*-tuple points, 
and the lino joining these would meet the curve in more than r points; similarly, 

?’>f7i;, ay is —4 at most, for a, =5 would imply a curve of the order n with five 

?»-tuplc points, and the conic through these would meet the curve in more than 
points; and there arc of course other like restrictions. The different admissible systems 
up to 71—10 are tabulated in Cremona’s Memoir; and he has also given systems 
belonging to certain specified forms of n : these results are as follows : 
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1 Omitted by Greinoiia. 
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42. Tlie system (aj, geometrically determines completely the system 

(c(i\ ^ 2 ^ . . a ; it ought therefore to determine it arithmetically ; that is, given the 
one series of numbers, -wo ought to be able to determine, or at least to select from 
the table, the other scries of nmnbors. Cremona has shown that the two series 

consist of the seme numbers in the same or a different order. By examination of the 
tables, it appears that there are certain columns which are single (that is, no other 
column contains in a different order the same numbers), others that occur in pairs, 

the two columns of a pair containing the same numbers in a different order. Where 
the column is single, it is clear that this must give as well the values of (cf/, 

as of (aj, ofa . , . Where there is a pair of columns, as far as Cremona has 

examined, if tho one column is taken to be (ocj, the other column is 

(a/, OTg' . . . ; it appears, however, not to be shown that this is universally the case; 

viz., it is not shown but that the two columns, instead of being reckoned as a pair, 
might bo reckoned as two separate columns, each by itself representing the values as 
well of («i, as of (a/, ; neither is it shown that there are not, 

ill any case, moi^c than two columns having the same numbers in different orders. 
It soeins, however, natural to suppose that tho law, as exhibited in the tables, holds 
good generally; viz., that the tables contain only single columns, each giving the values 
as well of <5fi3 . . . as of («^^ ... <^lse pairs of columns, one giving 

the values of and the other those of («/> or, say, that the 

partitions are cither sihi-reovprocali or else conjugate. 

43, Assuming that the two systems («!, otg and (a/, arc each 

known, there is still a question of grouping to be settled; viz., the Jacobian of the 
first piano consists of a/ linos, conics, , . . unicursal (a — l)-thics ; each lino, each 
conic, &o., passes a certain number of times through certain of tho points ai, 

but through which of them ? For instance, each of the a/ lines will pass through two 
of the points ai, ttg, will these bo points oti, or points ag, &c., or a point (Xx 

and a point &c, ? The mere symmetry of the different groups of points determines 
certain conditions of the solution (^); for instance, if any particular ono of tho cc/ lines 
passes through two points a,., then each of the a/ lines must pass through two 
points a,.; and since the points a,, are symmetrical, wo must in this way use all the 
pairs of points that is, if ct/ ^ a, .(«,. + 1), but not otherwise, it may he that each 
of the linos iiasses through two of the points a,., In the case of an equality 
(Xy — «g we could not hereby decide whether the line passed through two points a,, or 
through two points So, again, if any one of the lines pass through a point a,, 
and a point thon each of the a/ lines must do so likewise, and we must hereby 
exhaust the combinations of a point a,, with a point viz,, the assumed relation 
can only hold good if = Similarly, each of the conics will pass through 
five of the points each of the nodal cubics will pass twice through 

one (have a double point there) and through six others of the points otj, 

Avhich are the points so passed through? I do not know how a general solution is 
to be obtained, but most of the cases within the limits of the foregoing table have 

^ It is by auoli considerations of Byinmotry that Oromona has domonflti'atod tho bofoio mentioned tliGOtom 
of the identity of the mimbors a3.,.art~i) and («/, 
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been investigated by Cremona. The results may conveniently be stated iu a tabular 
form; the tables exhibit in the outside upper line the values of «!, and in 

the outside left-hand line the values of a/, and they are to bo read as 

( «/ linos ) 

a/ conics I passes ( ) times through ( ) of the points ... 

&o. j 

respectively; the numbers in the table being those of the points passed through, and 
the indices in the table (index = 1 when no index is expressed) showing the number 
of times of passage, that is, showing whether the point is a simple, double, triple, &c., 
point on the curve referred to. 

44. Thus (iu the tables which follow) the last of the tables = 6 gives the con- 
stitution of the Jacobian of the first plane, where the principal system is (3, 4, 0, 1, 0); 
and it is to be read: 

Each of the 4 lines passes through 1 of the points «i and through the point a,; 

The 1 conic „ „ 4 of the points (Xo and through the point 

Each of the 3 cubics „ „ 2 of the points ofi, 4 of the points ofg, and twice 

through the point (that is, «! is a double 
point on each cubic). 

It is hardly necessary to remark that the tables are sibi-rcciprocal, or else conjugate, 
as appeal^ by the outer lines of each table, 

Table n ^ 2 . 

11 

3 

a/ = 3 2 [was originally printed, 3.] 

Table n ^ 3. 


a, Cj, 

II II 

4 1 
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4o. It is to be remarked upon the tables — first, as regards the lines: if wo add 
the numbers in each line, reckoning as mp, (that is, each multiple point, accoixling 

to the number of branches through it,) the sums for the siicecssivc lines arc 
2, 5, 8, 11, 14, &c, ; that is, each line passes through 2 points, each conic through 
5 points, each cubic thiough 8 points, each cpiartic through 11 points, &c. But if wo 
add the numbers reckoning iiiP as (that is, each multiple point according 

to its effect in the determination of the curve,) then* the sums are 2, 5, 9, 14, 20, &c., 
that is, all the curves are completely determined, viz,, tho line by 2 conditions, the 
conic by 5 conditions, the cubic by 9 conditions, &g. Secondly, as regards tho columns, 
if for any column, reckoning as nip, we multiply each number by tho corresponding 
outside left-hand number, add, and divide the sum by the outside number at tho head 
of the column, the successive results are 2, 6, 8, 11, 14, &c,; this merely expresses tho 
known circumstance that the Jacobian passes Sr—l times through each point a,.. 

46. The analogous tables showing the passage of tho Jacobian through tho 
principal system, in the solutions belonging to certain special forms of n, are 


Table n-p. 



«1 



II 

fl 


2^0 -.2 
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a/ = 22^-2 

1 
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2i>-2 
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Tables n = 2p. 
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fltj tt2 fly ^ip-S 

II II II II II II II 

3/}- 3 0 0 1 4 1 0 



47. The before mentioned theorem, that (etj, (3ia...a„_i) and (a/, are the 

same series of numbers, of course implies 2a,. = X«/; this relation Cremona deinonsLralos 
mdc 2 )endontly, by considemtion of the pencil of curves (alf + c^) + ^((hZ + biY +c,.^)= 0 , 

(0 a variable parameter,) which corrcsijonds in the first plane to the pencil of lines 
(aan' + Zijr' + e/) + 0 (aio/ + + 0 ,^) = 0, which pass through a fixed point (a®' + 6 / -h — 0, 

«!«' + &,!/' + Ci/ = 0) in the second figure. In general, in the pencil i!7-f^F’=0(Z7, V 
given functions of the order n) there are 3(n — 1 )^ values of 0 , each giving a nodal 
curve. But in tho present case each of the curves ?7 — 0 , F — 0 has multiple points 
at the principal points of tho first plane: tho question is to obtain the number of 
values which give a curve having one now double point; and this is found to be 

= 3 - 1 )" 1) (3r + 1) a,.. Wo have ^ - 1 , Xra, - Sn - 3 ; or, substituting, 

tho value of 0 is — Sa,.* But the curves which have an additional double point are 
tlioso which correspond to tho lines which in the second figure pass through one of 
fcbc principal points a/; viz., these are the linos drawn from the point (uo?' -h — 0, 
UiO)' -f 6 j 2 /' 4 * Ciz' = 0 ) to tho several principal points a/ ; and the number of thorn is 

We have thus the required relation =;Sa/. 

The Quadric Transformation hekueen Two Planes, 

48. This is of course given by what precedes. The principal system in each piano 

is a set of three points ; and the Jacobian of the same plane is the set of three 

lines joining each pair of points; that is, the three lines of cither plane are the 

principal count er-sy stem of the other plane. But to give the analytical investigation 
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directly: taking the coordinates {x, y, z) to refer to the principal system of the first 
plane (viz., taking the three points to be the vertices of the triangle formed by the 
lines a 7 ==: 0 , y=0, z-0), then X = 0, Y—O, Z—0 being conics through the throe points, 
the functions X, T, Z will be each of them of the form fyz + gzx + hxy ; y\ z* 
being proportional to three such functions, there will be linear functions of y\ 
proportional to yz^ zx, xy\ or taking these linear functions of the original {w\ y\ z') for 
the coordinates {x\ y\ sf) of a point in the second plane, the formnte of transformation 
will (jd \ ij \ ^ ^yz \ zx \ xy, and we have then conversely x \ y \ y'z' i z^x' \ ody ^ ; 
that is, the formulae for the transformation in question arc 

ai \ y' \ d ^yz \ zx \ xy^ and x \ y \ z — y^s! : \ x'y\ 

We at once verify d posierion that the Jacobian in the first plane is xyz — 0^ and 
that in the second plane is = 

The equations may be written 


/ / ^ 1 1 1 ^ 111 
^ X y z' x' y z'' 


or, if we please, xod — yij — zd \ the transformation is thus given as an inverse trans- 
formation, 


{49. With respect to the metrical interpretation and actual construction of the 
transformation, it is to be observed that if x, y, z be taken to bo proportional (not 
to given multiples of the perpendicular distances, but) to the perpendicular distances 
of P from the sides of the triangle in the first plane, and similarly cd, y\ / to be 
proportional to the perpendicular distances of P' from the sides of the triangle in the 
second plane, then in general the equations of transformation must be written, laot as 
x&j zd 

above, but in the form -y — ^ involving arbitrary multipliers f \ g \ h. We may 

imagine in the second plane a point P'' determined by coordinates y", y'), — the 
same coordinates as {x\ j/, d\ that is, proportional to the perpendicular distances of 
P" from the sides of the triangle in the second plane, — -which point corrc.sponds 


homographically to P in such wise that y : | : y" : d\ We have thon, in 

the second plane, the two points P', P" corresponding to each other in such wise 
that rt/rt;" = yy' — /sf'; and either of these points being given, tho other can at once 
be constructed; viz,, it is obvious that, joining P\ F' with any vortex, say A\ of tho 
triangle A'B'G\ tho lines AT\ A'F' are equally inclined to the bisectors of tho 
angle A^] and consequently, F being given, wo have the throe lines A'F\ P'P", OF" 
intersecting in a common point P", which is therefore determined by means of any 
two of these lines. We have thus a geometrical construction of the transformation 
between P and P'.) 


50. The analysis assumes that the principal points A, P, 0 of the first figure 
are three distinct points; but they may two of them, or all three, coincide. In the 
first case, say if P, 0 coincide, the line BG is still to be regarded as having a 
definite direction; and taking for this line, y=:0 for the line joining A with 
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(BO), and 2^0 an arbitrary line through y 1 , the functions X, Y, Z will be each of 

them of the form + 2/i.'ry ; and replacing, as before, the original a?', y\ s! by 

linear functions of these quantities, those linear functions being taken for the coordinates 
{aS, WG may writo ad \ y' \ z' : xy \ xz. Forming the comerse system, the 

equations for the transformation arc 

X* X y' \ z' — y^ \ xij \ mz, and O) \ y \ z=y'^ \ x'y* : x'z\ 

so that the points A\ B\ G' in the second plane are related as the points in the 

first plane ; viz., B\ 0^ coincide, the line B'G' being definito. 

It is oasy to verify that the Jacobian in the first plane is = and the 
Jacobian in the second idane is x'y'^ — 0, 

61. Secondly, if A, B, G all coincide, these being however consecutive points on 
a ciU’VG of finite curvature, or say on a conic ; then, taking a? = 0 for the tangent at 
(ABO), z^O for any other tangent, and ?/ = 0 for the chord of contact, the functions 
X, Yf Z will bo of the form ax^-^b {y^ zx) -f "^kxy ; whence we may write 

— xz. Forming the converse equations, the equations of trans- 
formation are 

X y^ : z*^x^ X xy x y^ — xz, and x \ y x x x'y' x y'^ — x'z'] 

so that the points A\ B\ C in the second plane are related as those of the first 
plane; viz., they are the consecutive points of a curve of continuous curvature. 

Wo may verify that the Jacobian of the first plane is = 0, and the Jacobian 
of the second plane — 0, 


The Lineo-linear Tmnefomiaiion hetwee)i Two Planes. 

62. We have two equations of the form 

(a , y, ^5®', y', /) = 0, 

y, y', ^') = 0; 

writing these in the form 

P x' + Q y'4* = 0, 

+ Qiy' + iiiV == 0, 


where (P, Q, P, Pi, Qu Pi) are linear functions of (a?, y, z), we have 


y\ proportional to 



<3. 

R 

Pu 

<3i. 

Pi 


that is to X \ Y X Zi where — 0, 0, Z^O are conics each passing through the 

same three points in the first plane, 


And conversely, writing the equations in the form 

P'^+Q'y -f JRfz = 0, 
P/fl? + Qiy -f MiZ = 0, 
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where (F, Q\ B', P/. 0/, -B/) arc linear functions of («>', y', ^), we have 
(C, y, z proportional to 
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F, Q', F 
-Pn Ql> -Pi 


th.t is to X'. r, tttete X'.O, r-O, ^--O .» oomes each posting tongl. tho 
same three points in tho second plane. 

.53. The lineo-linear transformation is thus the sanae thing as the qundiic tiaiis 

formation. It is, moreover, clear that the equations must, by linear transformations on 

the two sets of variables respectively, and by linear combination of tho two oquutions, 
be reducible into foi-ms giving the before-mentioned values ol m \ y ^ and « \y : ^ 

respectively. Thus, in the general case, where in each plane tho threo points aic 

distinct points, tho lineo-linear equations will be reducible to 

” y]f — 0, zz* 

in the case where B, G in the first plane, and B', G' in the second plane respootivoly 
coincide, the forms will be 

yz' -yz^^\ 

and in the case where A, By G in the first plane, and A\ B\ O' in tho second piano 
respectively coincide, the forms will bo 

ajy' - y{c' = 0, a?/ - yy + zo)' ^ 0. 

The determination of the actual formulcG for these reductions would, it is probable, 
give rise to investigations of considerable interest, 


The General Rational Transformation between Two Planes {resimed)* 

54. Consider, as above, the first plane or figure witli a principal system (Wi, 
and the second plane or figure with a principal system (aiy To a lino in 

the second plane there corresponds in the first plane a curve of the order n passing 
1 time through each of the points «!, 2 times through each of tho points ofg, B times 
through each of the points Szc , ; or, as wo may write this ; 


Fiist figure. Second figure. 


Points 


(Xg 



Points a/ 


«3 . 



r 

2" 

3 

— 1 

1 

0” 

0 

0 

n — 1\ 


1 

2 

3 

— 1 

. curve order n 

0 

0 

0 

?i-l| 

. curve order 1 

1 

• 

3 

1 



* 

0 




viz,, the I's denote the number of times which the curve of the order n pnsfcics through 
the several points cc^ respectively; the 2's the number of times which the curve passes 
through the several points cu respectively; and so on. 
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55. We may, in the second figure, in the place of a lino consider a curve of 
the order k\ If the e(|uatioii hereof is y\ z'Y —0, then the corresponding curve 

in the first figure is K Zy‘-0\ viz,, this is a curve of the order k=^nk\ If, 

hoAVOvei', the cau’vo in the second figure passes once or more times through all or any 
of tlic points «/, then there will he a depression in the older of the 

corresponding curve in the first figure; and, moreover, this curve will pass a certain 
number of times through all or some of the points The diagram of 

the coiTcspondcneo will be : 


Fiist figure, 

au oig, 

«! a. (-k ' 

^ curve order k 

Cl Cn J J 


Second figure, 
a/ a/ a, 

W 6a' 6/ , ,, 

^ ^ ^ L curve order k 

Cl I : c 


where Ui, Ci denote the number of times that the curve of the order k passes 
through tlie several points etj respectively, (viz,, the number of the letters cti, hi, Cj,., 
is any or all of them being zeros,) «j, Ca... tlie number of limes that tlm 

curve passes through the several points 0(3 respectively, (viz,, the number of the letters 
«a> h^) Cj,,, is =c<a, any or all of them being zeros,) and so on; and the like for the 
curve in the second figui’C, 

66 . By what precedes, it is easy to see that, if the curve Jef passes through a 
point cci', then the curve k throws off a line, and the depression of order is = 1 ; so, 
if the curve passes 2 times, 3 times,,,, or (t/ times through the point in question, 
tlion the curve throws off the lino repeated 2 times, 3 times, , . . a/ times, or the 

depression of order is = 2 , 3,,,, or and the like for each of the points a/; so 

that, writing for shortness «/-h V + the depression of order on account 

of the passages through the several points is —Sai'", Similarly, for each time of 
passage through a point ot/, there is thrown off a conic; or if «/ + 6 /h- ... - 2 a/, then 

the doprossxoii of order is — 22 a/, and so on ; and the like for the figure in the 

other plane; and we thus arrive at the equations 

k = k'n - 2 {a/ + 2a/ + 3a/ . . . + — 1 aVi) 

k ^ k)i — 2 (o-i d* 2^3 3a3 • , , d' — * 1 ), 

57. The simplest case is when the curve // docs not pass through any of the 
points a/, a/, ... Wo have then 

cti = 6/ = “ 0, = 6a * * • = 0, d jt — 1 = 6 “ 0 ; 

consequently k — Jo'n. And, moreover, it is easy to see that 

U; ==? 61 . , » = ^ , a^ == 6 g , , , = 2 /c , ~ ^ I) ^ » 


0. VII. 


28 
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so that the correspondence is; 

Fiist Figure. Second Figure. 


Ctj, fla, 

... a,,-! 

«l'. 





k' 2k’ 3/t' 

(n- 1)^'M 

0 

0 

0 

0 ’ 


k' 2k' 3k' 

(n-l}k' [ curve order 

k = nh' 0 

0 

0 

» 1 
* J 

curvis order //. 

We have 

/ 




• J 



Srti =•* k'a^ , 2^2 - 2^7 Vg , . . 

.... Sai(ui- 

1) = 

k'{k’- 

1)«I, &c, 


and the formulffl for k, k' become 


k =5 k‘n. If = kn - k' {«i + 4«2 . . . + (n — i )<' a,j_, ) ; 

viz., the second equation is here k' = kn^k ' that i.s, lf)i^ = kn, agrouiiig, (is it 
•should do, with the first equation. 


•38. Moreover, the deficiency-relation is 

i {k - 1) 2) ~ S i {/;' (k' - 1) + (2// - I) . ■ . + n -- 1 k‘ (?~1 // ~ 1)) = ^ (// - I ) {If - 2) ; 

01 -, what IS the same thing, this is 


ink' - 1) {nkf - 2) - {h' ~ 1) {U - 2) « 


The right-hand side is 


k'^ {«, -P ioia . .. -p (ji - l)a 
- h' [«j -P 2«a .. . -p (h - 1) 




— oy * 




and we have thus the identical equation 

ink' ~ 1) {nk' - 2) - (// - 1) {k' - 2) = (,i - 1) b' ((n -P 1) h' - .q). 

lu.-. possible, when the nature of tlie eoiTe.spondonco botwonn tlio 

t«o planes is completely given, to express each of the numbers a, hoc h 
in terms of Aj' n ' h' if aj, y,, ... 

'A '' and reciprocally each of tho mimborn 

c'l, ... Ill terms of h a, h. n. n h . /u, i 

system of relations between the two sets , thus complotmg a 

{k, 6,, ... Un-u ...), (//, <, ; 

noticed, that irthremwe'^r^he ^rtlaif 

point P. which is not one of the iwints a number of times tlu-ongh a 

curve in the second plane will fhn '' s*-- or then iho corro a ponding 

s[«MiJing point F, whiok point wiJI i ° “""jl®' “f times through tho ootro- 

po,„t will no, 1,0 o„o of „,o poinfa Tto 
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points P, V will thei’oforo contribute equal values to the deficiencies of the two curves 
respectively; so that, in equating the two deficiencies, wo may disregard P, P', and 
attend only to the points a.j, of the first plane, and a/, «/, of the 

second plane. I’lio rocpiired relation thus is 


i (/,• - 1) (/r - 2) - i {cq (<ii - 1) + Ha (di - 1) ... +«„_! (a„_, - l)j 
= i- (P - 1) (P - 2) - V i (a/ («,' - 1) + «/ (a/ - 1) ... + - 1)}. 

61. In the case of the quadrie transformation n = 2, we have in the first plane 
the three points a,, say those are A, B, G\ and in the second plane the three points 
a/, say those are A', B', G'. And if in the first plane the curve of the order h 
passes a, b, c times through the three points respectively, and in the second plane 
the corre.sponfling curve of the order P passes b', o' times through the three points 
respectively, then it is easy to obtain 


P = 2k ~ a ~b — o, 
a' = k-b ~c, 
b' — k — o— a, 


o' = k — a — b. 


a= k'-b'-c', 
h = P _ c' - ft', 
C= P-ft -P. 


The Qiuulrio Tmnsformaiion any number of times repeated 


62. Wo may successively repeat the quadric transformation according to the type: 

First Fig. Second Fig. Third Fig. Fourth Fig. 

A, B, 0 A', B'. G' 

U, E', F D", E", F' 

G", H", F O'". H'", 


viz,, in the transformation between the first and second figures, the principal systems 
arc ABG and A'B'G' rospeotively ; in that between the second and third figures, 
they arc JJ'E’F' and E"E"F" respectively; in that between the third and fourth 
figures, they are 0"U"I" and 0'"H"'F'\ and so on. And it is then easy to see that 
between the first and any subsequent figure we have a rational transformation of 
the order 2 for the second figure, 4 for the third figure, 8 for the fourth figure, and 
so oil. 


63. But to further explain the relation, we may complete the diagram, by taking, 
in the transformation between the second and third figures, A", B". 0''^^ to corr^pond 
to A' B', G' \ similarly, in that between the third and fourth, A'", B' , G to 
correspond to A", B", 0"; and D'", E", F'" to correspond to D", E', F'. And so in 
the transformation between the second and third figure, wo may make ff, B. I 

28—2 
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correspoiKl to (?", H", I", and between the first and .second figures make i.), Ji, F 
correspond to J)’, E‘, F, and (t, R, I to Q', H', /', the diagram being thus; 


First Fig. 

Second Fig, 

Third Fig. 

b’ourth Fig. 

1 A, B, G 

A', B', a 1 

A", B", 0" 

A"', B'", G"" 

D, E, F 

J)', E', F 

B", E", F' 

1 B", E'", F" 

G, H, I 

O’, S', r 

fin rjff rif 

Cr J xi ^ Ji 



Observe that in the principal systems (for instance, A, B, G and A', B', G") the points 
A, B, 0 correspond, not to the points A', B', (7, but to the linc.s B'G\ O'A', A'B' 
re.speQtively ; and so in the other case. 


64. Consider now a line m the finst figure: there corresponds hereto in the 
second figure a conic through the points A‘, B’, O'; and to this conic there corre- 
sponds in the third figure a qiiartic curve passing through each of the poiut.s 
A'\ B", G" once, and through each of the points B", E", F" twice. And conversely, 
to a Hue in the third figure corresponds in the second figure a conic through the 
points jy, E, P'; and hereto in the first figure a cjimrtic through the points JJ, E, F, 
once and through the points A, B, G twice; that is, we have between the first and 
third figure.s a qiiartic tran.sfonnation wherein «, = a 5 = 3 and or say a 

quartic transformation 3,3j and 3,3,. In like manner, pfussiug to the fourth figure, to 
a fine in the first figure corresponds in the fourth figure an octic curve passing 
through A"\ B"\ O'" once, tfirough D"’, E'", F" twice, and through O'", It'", f" four 
times; and conversely, to a line in the fourth figure there corresponds in the first 
figure an octic enrve passing through the points (?, //, 1 once, the points E, E, F 
twice, and the points A, B, G four times; that is, between the first and fourth figures 
we have an octic transformation, wherein a, = aj = a,==3, «,' = «,' = «/ = 3, or say a 
tonsfm-mation, order 8, of the form 3,8,3, and 3,3,3,. And so between the first and 
fifth figures there is a transformation, order 16, of the form 3 ,:f 23,38 and 3,3A3«. 

Co. It is, moreover, easy to find the Jacobians or coiintor-systoms in the several 
transformations respectively. Thus, in the transformation between the first and second 
gures, in the .second figure the Jacobian consists of 3 linos such as B'O' (viz,, those 
are of course the hues B'O' G' A', AB). Hence, in the tmisfbrmatiou between the 
fimt and third figures, the Jacobian in the third figure consists of 


3 conics 
3 lines 


B"0" {1)"E"F'), 
B'E"; 


viz., one of the conics is that through the five points B", G", D" E" F' one of the 

lilies that through the two ■Dointci D" 7?" r i ^ r* * * 

consists of ^ ^ ^ ^ ^ ^ the Jacobian 


3 qiiartics B'"G"' {J)'"E'"F'''\(Q"'Ii’"T")^ 
3 conics jy"F"' 

3 lines G"'R'" • 
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viz., one of the quartics passes thi-ough B"\ O'"; through D'", E'", F'" each once; and 
through Q'", H"\ I'" each twice. And so in the fifth figure tlie Jacobian consists of 

3 octics {D""E"’'F""\ {0""H""r"% L""\, 

3 quartics Tf'E"" {G""ir"r"\(J""K'"'L"'%, 

3 conics 

3 linos 

and so on. 

66. The conditions arc in each case sufficient for the determination of the curve. 
Tliis depends on the numerical relation 

4 + :M1-2 + 2.3-1-4.6 + 8.9... + 2'’(2‘’ + 1.)) = 2®+‘ (2''+' -h S). 

The term in { j is 

1 + 4 + 16 ... + 2=« 

+ 1 + 2+ 4 ... + 2", 

that is 

220H a _ I 2*’ ' ’ — L 
“2^1"’ 

which is 

=^.[ 2*»+>-1 + 3 ( 2 "+ i - 1 )], 

= ^[22ff+= + 3.2<'+>-4]; 
and the relation is thus identically true, 

67. Conversely, in the transformation between the first figiu'o and tlio several 
other figures re.Hpcctivcly, the Jacobian of the first figiu’o is 

3 lines AB ; and so for order 2, between first and second figures ; 

3 conics DE{ABG\ I , . n 

!■ for order 4, between fimt and third figures; 

3 lines AB J 

3 quartics QH {DEF)i{ABG)i ] 

3 conics EE {ABG)i [■ for order 8, betwoon first and fourth figures; 

3 linos AB 

3 octics JK {DEF)^ {ABG), 

3 quartics GII {EEF)i{ABG\ 

3 conics EE (ABG)i 

3 lines AB 

and so on. 
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Special Cases — Reduction of the General Rational Transformation to a Series of Quadrio 

Tra nsfo rmaiio ns, 

68 . It was remarked by Mr Clifford tliat any Oremoiia-tiaiisforniation wliatcvor 
may be obtained by this method of relocated quadric transformations^ if only the 
principal systems, instead of being completely arbitrary, arc properly related to each 
other. To take the simplest instance; suppose that we have 

First figure. Second figure. Tliird figure. 

A, B, G A\ B\ G' B'\ G" 

l( 

E, F J)\ E\ F' r' 

VIZ, in the transformation between the first and second figures, wo have tlio principal 
systems iVBG and A'B'G' (arbitrary as before); but in the transformation botwoon tho 
second and third figures, the principal systems are L'E^F* and ]y'E^'F'\ wliorc J)\ 
instead of being arbitrary, coincides with A\ And wo then have B'\ Q" in the third 
figure corresponding to B\ O' in the second figure, and Ey F in the first figure corre- 
sponding to E\ F* in the second figure. This being so, to a line in tlio linst figuro 
coiTcsponds in the second figure a conic through A\ //, G', But A^ ^ IF \ viz., this 
conic passes through a point D* of the principal system of the second figuro, in regard 
to the transformation between the second and third figures. That is, (/i?, a, 6 , c referring 
to the second figure, and k\ a\ h\ c' to the third figure, k^2y 6 = 0 , c = 0 , and 

therefore Aj'=3, = 6 ' = 1 , c' = l,) corresponding to the conic wo have in the tlurd 

figure a curve, order 3 (cubic curve), passing twice through but once through E" 
and F' respectively; this cubic curve passes also through the points B'\ G" whicli 
coiTespond to B\ 0" respectively; that is, 

cubic passes through E'\ F'\ B'\ G" each i time 
>1 B" 2 times ; 

or, corresponding to a line in the first figure, wo have in the third figure a curve, 
order 3, passing^ through four fixed points each X time, and through one fixed point 
2 times. That is, we have ?i = 3, And in the same manner, to a linii 

in the third figure there corresponds in the first figure a cubic through four fixed 
points (viz., By Gy Ey F) each 1 time, and through one fixed point, A, 2 times ; so 
that also The transformation is thus of the order 3 , and the form 

4 il 2 and ^ila (this is in fact the only cubic transformation; see the Tables, antoy No. 41), 

_ 69, Mr Clifford has also devised a very convenient algorithm for this decom- 
position of^ a transformation of any order into quadric transformations. Tho quadric 
traubfonnation is denoted by [3], the cubic transforinatiou by [41], the qiiartic trans- 
formations by [601], [330], the qnintic ones by [8001], [3310], [0600], and so on ; see 
the Tables just referred to. (This is substantially the same as a notation employed 
above, the zeros enabling the omission of the suffixes; viz., [8001] = 8 il 4 ; and so in other 
cases.) 
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70. The foregoing result is represented thus [4, 1] = [3^0, 0, 1), wliich I proceed 

to explain. Consider in the first figure a line; the symbol [.3] denotes that in the 
second figure wc have a conic with three points (a/). Wo are about to apply to this 
a qnadrio transformation ; (0, 0, 0) would denote that the three points of the principal 
system in the .second figure were all of them arbitrary; (0, 0, ]) that one of these 
points was a point ; (0, 1, 1) that two of them were points a,' ; (1, 1, 1) that all 

throe of them wore points a,; (0, 0, 2) would denote that one of the points was a 

point a/; only in the present case wc can have no such symbol, by reason that there 
arc no points a/. Hence [33[O01) denotes that the conic has applied to it a quadric 
transformation such that, in tlie transformation thereof, one point of the principal system 
coincides with one of the points (a,') on the conic. To [3], qud quadric transformation, 
belongs the number 2 ; and from 2, (001) wo derive 3, (112), (in general k, («, h, c) 
gives k', {a', V, c'), where h' = 2k~a-h-o, a' = k-b~c, b' = h-o~a, G' = k-a-b}. 

k = 2 coiTesponds to a symbol [3] of one number, k' = 3 to a symbol of two numbers ; 

viz., wo change [3] into [30 J ; wo then, in the symbols (112) and (001), consider the 
frequencies of the several numbers 1, 2 ,... taking those in the fii-st .symbol as positive, 
and those in the second symbol as negative ; or, what is the same thing, representing 
the fi-equcncy as an index, wc have l‘'2», l-> ; or, combining, !=-■ 2* ; these indices 
are then added on to the numbei-s of [30] ; viz., the index of 1 to the first number, 
the index of 2 to the second number (and, in the case of more numbers, so on) : 
[30] is tluis converted into [41], and wo have the rocpiirod equation 

[41] = [31001), 

whoi’o the rationale of this algoritlunic process appears by the explanation, ante, No. 68. 

71. As another example take 


[8001] = [60tp03). 

'fo [601], quit, <piai4ic transformation, belongs the munbor 4; and from 4, (003) we form 
0 , (114); where the .5 indicates that [601] is to be changed into [6010]; then (114), 
(003), writing them in the form 1“2°3“'4', show that to the 111111160113 of [6010] wc are 
to add 2, 0, — 1, 1 ; thus changing the symbol into [8001], so that we have the required 
relation. 

,72. Mr Clifford calculated in this way the following table, showing how any trans- 
formation of an order not exceeding 8 can bo expressed by means of a sorios of quadric 
transformations ; tlio sjmibols Cr. 3, Or. 4 . 1 ; 4 . 2, &c., refer to the order and number 
of Cremona’s table.s, ante, No. 41. 

Or. 3 . = [ 41] = L3J001), 

Or. 4.1 = [601] = [413;002) = [3J001$002), 

4.2 = [330] = [ 3J000) = [4ipi]) = [3p01$011), 
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Gr. 5.1 = [8001] 

5.2 = [3310] 

5.3 = [0000] 

Cr. 6.1 = [10.0001] 

6.2 = [14200] 

6.3 = [41300] 

6.4 = [34010] 


Cr, 7.1 = [12,00001] 

7.2 = [330J001) 

7.3 = [034000] 

7.4 = [503100] 

7.5 = [350010] 


= [601^03) 

= [3p01$0025003;, 

= [ 4i|;ooi) 

= [spoipoi), 

= [33o3;iii) 

[3p00][lll) = [3J001]101] 5;ill ), 

= [8001J004) 

= [ SSOjOll) 

= [ 6oi3;oii) 

= [3310J022) 

= [3P01500250035004), 

= [3p00$011) = [spoijol 1 pit), 

= [3P01][0015022)J 

= [ 330J002) 

= [3p005;002), 

= [3310J013) 

= [3poi5;ooi5oi3), 

= [10,0001£005) 

= [3P01$0025;0035;0045005), 

= [SpOOJOOl) 

= [232100], 

= [SSlOjlll) 

= [.3poi5;ooi5;iii), 

= [ 601 JOOl) 

= [3P01J002$001), 

= [3310P03) 

= [spoijooijoos), 


Cr. 8.1 = [14,000001] = [ 3p01][0025;0035004$0055006), 

8 . 2 = [3230100] =[ 3310J002) = [3|;001ji.00l][002), 

8.3 = [1322000] = [ 3310J011) = [SJOOlJOOlJOll), 

8.4 = [0070000] = [034000P22) = [33;001][001$U1$222), 

8.5 = [3600010] = [ 340103;004) = [330j002][004) = [33;000][0025;004), 

8 . 6 = [6013000] =[ 601J00O) = [3p01][002j000], 

8 . 7 = [0520100] =[ 0600J002) = [3j0005;ill]5;222), 

8.8 = [2051000] = [ 4L300|;il2) = [3J001][000$X12), 

8.9 = [3303000] = [ SJOOOJOOOJOOO). 


73. The reduction as above of a tiuusformation to a series of quadric traiisfor- 
mations, enables the detorminatiou of the reciprocal transformation ; or, wliat is tlio 
same thing, the determination of the Jacobian of tho first figure; see the example, 
ante, No. 67, where it ajipears that the reciprocal transformation of [41] is [41]. But 
I do not see any easy algorithmic process for the determination of the reciprocal trans- 
formation, or still less any general form m which the result can be expressed ; and 
I do not at present pursue the inquiry. 


The Rational Transformation betioeen Two Spaces. 

74. The general principles have been already explained : the two systems 
a/ : y' ; / : w' = X : Y Z : W and w: y : z : w=X' : F ■. Z' : W' must bo derivable 
the one from the other; and starting with the fiiat system, this will be the case if 
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only the surfaces X = 0, Y ^Oy Z = 0, W^O have a commou intersection equivalent to 
n^ — 1 points of intersection, but not equivalent to a complete common intersection of 
points. The las I- mentioned circumstance would arise, if the condition of the common 
intersection slioiild impose upon the surface more than ^ H- 1) {n + 2) (n + 3) - 4 con- 
ditions ; viz., the surfaces would then be connected by an identical equation or syzygy 
aX 4- )SF+ 7 ^ + 811^ — 0. The common intersection is a figure composed of points and 
curvefl : say it is the principal system in the first space ; the problem is, to determine 
a principal system equivalent to — 1 points of intersection but such that the number 
of conditions to bo satisfied by a surface passing through it is not more than 

^ (yt -|- 1) 4 2) (?i 4 3) — 4, 

75. The following locutions are convenient. We may say that the number of 
conditions imposed upon a surface of the order n which passes through the commou 
intersection is tho Postulation of this intersection ; and that the number of points 
represented by the common intersection (in regard to the points of intersection of any 
throe surfaces each of the order n which pass through it) is the Equivalence of this 
intersection. Tlic conditions above referred to are thus 

Equivalence = - 1, 

Postulation ^ ^ 4 i) (n 4 2) (n 4 3) — 4, 

70. It would appear by the analogy of the rational transformation between two 

planes, that the only cases to bo considered are those for which 

Postulation = ^ (a + 1) (?i + 2) (?i 4 3) — 4 ; 
but I cannot say whether this is so. 

77. In the transformation between two planes, the two conditions lead, as was 

seen, to the result that tho curve aX -^bY+cZ-O is uniciiraal. I do not see that 

in the present case of two spaces, the two conditions load to the corresponding result 
that the surface aX ^ bY +cZ clW -0 is unicnrsal; that this is so, appears, however, 
at once from the general notion of the rational transformation, In fact, tho equation 
in question aX bY -h cZ -b dW — 0 is satisfied hy w : ^ : z \ : Y \ Z* : W* and 

aa/ H- by' H- oz' 4 dw' = 0 ; tho last equation determines the ratios x* \ y^ \ z' \ vJ in terms 
of two arbitrary parameters (say these are od \ j/' and (d ; z^\ and we have thou 
(G \ y : z \ w proportional to rational functions of those two parameters ; that is, tho surface 
aX 4- 6F4 c^4cZTF = 0 is unicursal And similaiiy the surface aX -{-bY^ +oZ^ + dW-^ 
is unicursal, 

78, In the most general point of view, the principal system will contain a given 
number of points which are simple points, a given number which are quadriconical 
points, a given number which are cubiconical points, &c. &c,, on the surfaces; and 
similarly a given number of curves which are simple curves, a given number which 
are double curves, &c. &c,, on the surfaces. But, to simplify, I will consider that it 
includes only points which are simple points, and a curve which is a simple curve 

c. VII. 29 
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on the surfaces : this curve may* however, break up into separate curves, and we thus, 
in fact, admit the case where there are any niiinber of separate curves each of them 
a simple curve on the surfaces. It is right to remark that we cannot assert d priori — 
and it is not in fact the case — that the principal system in the second space will be 
subject to the like restrictions: starting with such a principal system in the first 
space, we may be led in the second si^ace to a principal system including a curve 
which is a double curve on the surfaces; an instance of this will in fact occur. 

79. It is shown (Salmon*s Solid Geometry^ 2nd ed., p. 283, [Ed, 4, p. 32IJ), that in 

the intersection of three surfaces of the orders /4, p respectively, a curve of in tor- 
section of the order m and class r counts as ??i (/i -h + p 2) — r points of intersection. 
For a curve without actual double points or stationary points, wo have r = m (w 1) — 2A, 
where h is the number of apparent double points; or, substituting, wo have the curve 
counting for + p — 2) — — 1) + 2A points of intersection; this is in fact a 

more general form of the formula, inasmuch as it extends to the case of a enrvo with 
actual double points and stationary points. Or, what is the same thing, the three 
surfaces intersecting in the curve of the order m with h apparent double points, will 
besides intersect in pvp — + p ~ 2) + n 1) — 2/t points ; viz., the curve may, 

besides the apparent double points, have actual double points and stationary points ; 
but these do not affect the formula. 

80. Some caution is necessaiy in the application of the theorem. For instance, 
to consider cases that will present themselves in the sequel: let tlie surfaces bo cubics 
(/i = y «p = 3); the number of remaining intersections is given as = 27 lin m (m -1)- 2/t. 
Suppose that the curve consists of four nondntersecting lines, m — 4, A = G, the number 
is given as = 1. But observe in this case there are two lines eacli meeting tlio 
four given lines ; that is, any cubic surface passing through the four given linos moots 
these two lines each of them in four points, that is, the cubic passes also through 
each of the two lines; the complete cwrye-intersectiou of the surfaces is made up of the 
six lines m-6, /i — 7 (since each of the two lines, as intersecting the four linos, gives 
actual double points, but the two lines together give one apparent double point), 
and the expression for the number of the remaining points of mtorsoctioii becomes 
— 27 “-42 4*30 — 14 = 1, which is correct. 


81. Similarly, if the given curve of intersection to a conic and two nou-intorsootiiig 
lines, there is here in the plane of tlie conic a line meeting each of the two given 
lines, and therefore meeting the cubic surface, in four points, that is, lying wholly in 
the cubic surface: the complete ciwiie-intersection consists of the conic, the two given 
lines ancl the last-mentioned line, w = 5, /i = 5. and the number of points of intersection 
is 27-30 + 20-10, =2 which is correct. Again, if the given curve of intersection 
he two eonics, hem the line of intersection of the planes of the conics lies in the 
cubic surface; or, for the complete cMm-intersection ive have m = 6, and the 

number of points is 27-35 + 20-8, =4. If m this last case each or either of the 
conics hecome a pair of intemeeting lines, or if in the preceding case the conic becomes 
a pan of inteisecting lines, the results remain unaltered. 
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82, If a surface of the order /a pass through a curve of the order m and class 

r without slationary points or actual double points, this imposes on the surface a 
number of conditions = (/a + 1)7m — In the case in question, the value of r is 
= — X)“2 /a; or, substituting, the number of conditions is 1) m — ; 

and the formula in this form holds good oven in the case where the curve has 
statioiuiry points and actual double points. Thus /a — 3, tho number of conditions is 

~ 4??t — (m — 1) 4* /i. If the curve be a line, h=0, number of conditions is 

= 4 ; if tho curve bo a pair of non-iutorsecting lines, m = 2, /a = 1, number of con- 
ditions is = 8. And so in general, if the curve consist of k non -intersecting lines 
(/j = 4 at most), then m^k, A ~ J /*;(/*;— i), and the number of conditions is — 4/c. If 

the curve ho a conic, or a pair of intersecting lines, ??a= 2, and tlic number of 

conditions is =7. If tho curve consist of k lines, such that there are 6 pairs of inter- 
secting lines, then m — k, h — 8, and the number of conditions is = 4 / 1 ;“**^, 

It is obvious that, the number of conditions for a line being =4, that for the Ic lines 
with 0 intersecting pairs must have ilie foregoing value 4i/c—9. In fact, when the 
lines do not intersect, wo take on each lino 4 points, and the cubic surface passing 
through any such 4 points will contain the line ; but for two lines which intersect, 
taking this point, and on each of tho intersecting lines 3 other points, the cubic 
surface through tho 7 points will pass through the two lines; and so in other cases. 

83, Tho formula must, in some inatanccs, be applied with caution. Thus, given 

five non-intersecting lines A — 5, 0 = 0, and the number of conditions is = 20 ; and a 
cubic surfaco cannot bo, in general, made to pass through the linos, But if the five 
lines arc mot by any other line, then a cubic surfaco, if it pass through the five 

lines, will pass throiigh this sixth line ; for the six lines k = 6, 0 == 5, and the number 

of conditions is 24 — 5 = 19 ; so that there is a cletcrminato cubic surface through the 
six lines, and therefore through the five lines related in tho manner just referred to. 

84, llcGurring to tho probloin of transformation, it appears by what precedes, that 

if tho principal system in the first piano consists of points, and of a curve of the 
order rtii with hi apparent double points (the oti points being simple points, and the 

curve a simple curve on tho surfaces), then the conditions for a transformation are 

(3?i “• 2) vii — mi (wii - 1) *f 2 /ai 4* cti = if — 1, 

( 71 4 - 1) Dll “ ('^^1 1) + ki-\-cCi^^ -j- 1) ( 71 4- 2) (11 4 “ 3) — 4, 

where, in tho second line, instead of I have written =. I remark, in passing, 
that I have ascertained that an actual triple point counts as an apparent double 
point ; or, what is tho same thing, that if tho curve has ^ actual triple points, then 
we may, instead of /q, write The equations give 

7?Ai (4 ?a — 6 ^ nil) = i 1) — <?A — 12) - 2Aj, 

(« — 4) 7 ?Aj — « = ^ (n — 1) (2?a^ — 471 — 15), 

to which may bo joined 

(371 -p 8 ) Dll ^ 27?Ai (77Ai — 1) + 4iJti + 5«i = (71 — 1) ( 6 ?A + 17). 


29—2 
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The first two e<[uafcions for the successive values of n give 

n = 2, wt, ( 3 — nil) ~ 2 - 2/j,, %ni + fli — ; 

n — 3, nil ( 7 — ^Hi) = 20 — 2/ij, 7n, + aj » 6 ; 

» = 4, mi(ll — ??ii) = 64 — 2/ti, «! — — 1; 

n = 5, 7?j, (15 — ??ij) — 144 — 2/i], — nii + «]»=— 20; 

11 = 6, - }fti) = 270 - 2/(i, - 2?«i + «, = — 55; 

&c. &c, &o. 

85. It is remarkable that for b = 4 there is no solution of tho geometrical 
problem; in fact, a, = -l, a negative value of aj, show.s tliat this is so. b'or tho 
higher values of 7i, there seem to be solutions with large values of »»,, /u, Uj; for 
e.xample, n = 5, we have ui, = 20 + Kj, is = 20 at least. Writing Wi » 20, wo have 

-100=* 144 - 2/t,, or 2/ii = 244. The highest value of 2/ti is = (wj ~ 1) (jhj — 2), which 

for w, = 20 is =342; or the foregoing value 2/i, = 244 is admissible, Thus ?fti = 20, 
/(i = 122, ai = 0 gives a solution; aud, moreover, any larger value of 7n,, say 7«i = 20 + a, 
gives an admissible solution, w, = 20 + a, /i, « 122 + |a(a + 25), ax = a. And so for n= (i, 
&c. ; but I have not further examined any of these cases, and do not uuderataud 
them, 

There remain the cases m = 2, n= S. For n = 2, since 2 ?m, -p ^x = -5, we have uix ~ 

1, or 2 ; »ix =: 0 gives hi = 0, which is not admissible. The remaining solutions are 
»ii s= 1, hi -0, ttj-S; and jn, = 2, hi — 0, a, = 1. 

For 11 = 3, since }«x + ai = 6, we have wix = 0, 1. 2, 3, 4, 6. or 6. w, = 0 gives 
/lx =10; mi=l gives fij = 7; in, = 2 gives A, = 6; 'mi = 3 gives A = 4: theso values aro 
not geometrically admissible. The remaining cases are ?it, = 4, A = 4, «,==2; m, = 5, 
hi = 5, a, = 1 ; m, = 6, hi = 7, a, = 0. 


86. The reciprocal transformation is in every case of tho order «' = - »i,. 

Hence considering the quadric transformations: 

First, the case w = 2, in, = 1, A, = 0, aj = 3 , the reciprocal transformation is of tho 
order n = 3. Suppose for a inomeut that the principal system in the second space is 
of ^ the same nature as that above considered in the first spaco, consisting of «/ 
points, and a curve of the order 7)i/ with Ax' apparent double points (tho a/ points 
each a simple point, and the curve a simple curve on the surfaces X' = 0, &c.), 
Passing back to the original transfonnatiou, we should have 2 = 9- Wj', that is in ' = 7 
But It has just been seen that, for n = 3, the only values of mx are 4, 6. 6; hence 
r n 3 we cannot have in,' =7. The explanation is, that tho principal system in 
le second space zs 7iot of th^ form in question; it, in fact, consists (as will appear) 

.surfaces .r-0, &c In the mtei-seotion of any two of these surfaces, tho three linos 

rThusi+rrs: „ ft M't '■""“"■“i •>'“ "'J®® ®f a® «""o «t int™(,io„ 

= 3 l]'=S principal sysiem may be characterized a/ = 0. 
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Nextj the case mx = % Ai==0, — 1: the reciprocal transformation is of the 

order n' =^%\ it is ovidontty not of the form above considered (for this would make 
the original transformation to bo of the order 3). Hence, assuming (as it seems 
allowable to do) that the principal system does not contain any mnltiple point or 
curve, the reciprocal transformation will be of the same form as the original one; 
viz., we shall have = 7a/ = 2, A/ — 0, 

87. Considering next the cubic transformations, or those belonging to w = 3; in 

the case = 4 , hi = 4, = 2, the reciprocal transformation is of the order 9 — 4 , = 5 ; 

and in the case Ai — 5, o^i = l, the reciprocal transformation is of the order 

9-6, =4: I do not consider these cases. But A,™ 7, cti — 0, the reciprocal 

transformation is of the order 9 — 6, =3; and assuming (as seems allowable) that the 
principal system does not contain any multiple point or curve, it must be of the 
same form as the original traiisfonnatiou, that is, wo must have n* — 3, ml = 6, hi = 7, 
al^O. 

88 . The transformations to bo studied arc thus, — 1 " The quadri-tpiadric trans- 
formation }i-2, = Ai = 0, and = ml = 2, A/ = 0, the principal 

system in each space consists of a point and of a conic (which may be a pair of 
intersecting lines); and the surfaces are quadrics. 2'* The quadri-cubic transformation 

?ai = l, ori==3, and 7 /== 3, 7k/=3, A/ -3, ml=l, A/ = 0; in Iho first 

space the principal system consists of three points and a line, and the surfaces are 
quadrics : in the socond figure, the principal system consists of three simple linos and a 
double line; and the surfaces arc cubic surfaces passing through this principal system, 
that is, they aio cubic scrolls. 3*^ The cubo-cubic transformation ?i - 3, =? 0, ?ai = 6, 

/ii = 7, and a' —3, <?c/=0, t??/ = 6j A/ = 7; in each space the principal system is a sox tic 
curve with seven apparent double points (but there arc different cases to be considered 
according as the sox tic curve does or does not break up into inferior curves), and 
the surfaces arc cubic surfaces through the sextic curve. 

The Quadri’-quachne Transformation heiioeen Two Spaces. 

89. Starting from the equations of \ y \ z* \ : Y \ Z ; TP*, we have here 

X — 0, &c., quadric surfaces passing through a given point and a given conic (which 
may bo a pair of intersecting linos). Take ia? = 0, y — 0, for the coordinates of 

the given point; w=^0 for the equation of the piano of the come; the conic is tlien 
given as the intersection of this plane by a cone having the given point for its 
vortex; or say the equations of the conic are w=(>, (a,,.. Jo?, y, tho general 

equation of a quadric through the point and conic is w {ax 4 * + 7 ^^) + 3 (a, ...Ja*, y, zY^0\ 

and it hence appears that the equations of the transformation may be taken to be 

al \ y* \ z' \ — : yw : zw : (n, y, z)^; 

these give at once a reciprocal system of the same form; viz., tho two sots are 
i y' : z' \ w' -mo ; yto : zw : (ct, ...Jo;, y, 

X i y : z to : yV : z'w' : (a, ***^x^y y\ z'f. 


and 
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90. Tile Jacobian of the first space is at once found to be 

w^(a, ij, zy^O; 

that of the second space is of course 

The two spaces are similar to each other; we may say that there is in each of tliem 
a principal point and a principal conic; that the plane of the conic is the principal 
planCj and the cone having its vertex at the point and passing through the conic is 
the principal cone. To the principal point of oilhor space corresponds any point 
whatever in the principal plane of tho other space; and conversely. More definitely, the 
points of the one principal plane and the infinitesimal elements of direction through the 
principal jioint of the other space correspond according to the aquations w : y : z ^ co^ : y' : z'. 
To any point on the principal conic of either space corresponds in the other space, not 
a mere clement of direction through tho principal point of tho other space, but a 
lino of the principal cone ; that is, to tho points of tho principal conic of the one 
space correspond the lines of the principal cone of the other space. The Jacobian 
of either space, consisting of the principal plane twice, and of the principal cone, is 
thus tho principal counter'-system of tho other siiace. 


91. {Writing (a, ,.,5^^ zy = = the equations of transformation 

become 

io' : y' ) z : i y \ z : (c^ + 

and 


rt? : y : z : 1 : y' : z' t y'^ + z'% 

or, what is the same thing, if for shortness 

H- 2^^ H- y'^ + 

tho equations are 

j 0 ) t y , z , y' z* 

2/=;'5> « aud ® = 1/ = ^^, z = 

whence also = 1 ; this is the well known transformation by reciprocal radius 

92. The principal conic may be a pair of intersecting lines; taking its 
to be w = 0, £cy = 0, the equations of transformation here become 


and 


cd' : y' \ z' : — aav : yzu i zw : xy^ 


vectors.} 

equations 


X \ y I z : 10 =(c'w' : y'w ; z'w' : x'y\ 
There is no difficulty in the further development of the theory. 


The QuadH-citbio IVansfoi^mation between Two Spaces. 

93. It will bo convenient to have tho unaccented letters {x, y, Zj w) referring to 
the cubic surfaces. I will thei’efore take the quadric surfaces in the second figure; 
viz,, I will start from the equations x : y : z : w^X' : T i Z' • W\ where Z'=^0, 
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F' — 0, Z* ^ 0, TF — 0 are quadric surfaces 2 ^«'Ssing through three fixed points (say the 
priiicq^al points) and through a fixed line (say the principal line) in the second figure. 
Taking cc* — 0, = 0 for the planes passing through the principal line and through 
two of the principal points respectively; ^ = 0 for the plane passing through the 
three principal points, w' — 0 for an arbitrary plane passing through the first mentioned 
two principal points, the imidicit factors of .F, y\ may bo so determined that for 
the third principal point That is, we shall have 

for principal line as* = 0, y' = 0, 

for principal points {sf = 0, / - 0, w* = 0), 

„ /-O, 

and this being so, the equation of a quadric surface through the princqoal points and 
line will bo 

{aaf + /3y') / + y/r' {y' + w') h/ (a/ + to*), 
and the equations of transformation may be taken to be 
CO \ y \ z \ w =: : jfV ; sS {y* + td) : y* {aS + mS), 

94. Writing these in the extended form 

(0 \ y \ z : to \ x — y \ z-'W = x*z* : y*z* ; x* {y* -h w') ; ij (x' + to*) : z* (x* - y*) : w* (x' - }/) 
and forming also the equation 

xy : {xi0'-yz) = z* : x'-^y*, 

we at once derive tlio recq^rocal system of equations 

X* \ y \ ^ \ to* —x{xv)-yz) : y{xm-yz) \ {X’-tj)xy \ {z--tjo)x\j, 

so that this is a cubic transformation. A.nd tlio cubic surface in the first space 
(corresponding to an arbitrary plane + 6/ + 0 ^ + = 0 of the second simcc) is 

{ax^-hy){xw—yz)’\' 0 {x — y)xy\(l{z--to)xy — ^\ viz., this is a cubic surface having 
the fixed double lino (^r == 0, j/ = 0), the fixed simple lines (a? ~ 0, 0), (y ^ 0, = 0), 

and {x--y^^, z-w-Q)\ it has also the variable simple line (dir-pca? = 0, 4- cy = 0). 

The principal figure of the first space thus consists of the three simide lines (ir=:0, 
z-=Q\ (y = 0, w = 0). (^ -- y = 0, z-w- 0), and of the line {x =: 0, y = 0), a double line 
counting four times in the intersection of two of the cubic surfaces. 

95, The cubic surface as having the double line (a^ = 0, y=0) is a cubic scroll, 

and this lino is the nodal directrix thereof; the lino (dz -{-cx^Oy dw-^oy^Q) is the 
simple directrix ; the lines {x — z^ 0), (y =0, = 0), Z'-to — 0) are at once 

seen to bo lines meeting each of these directrix linos; and they are generating linos 
of the scroll, To explain the generation of the scroll, observe that the section by 
any plane is a cubic curve having a given double point (viz,, the intersection of the 
plane with the nodal directrix); and three other given points (viz., the intersections of 
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the plane wifcb the three generating lines respectively); this cubic also passes through 
the intersection of the plane with the simple directrix. Conversoly, if the plane be 
assume cl at pleasin’ o> and if, taking for the simple directrix any lino which meets the 

given generating lines, we draw a cubic as above, then the scroll is tho scroll 

generated by a line which meets each of the directrix lines, and also the cubic. 

If the plane be taken to pass through generating line, then the cubic section 
breaks up into this line, and a conic; the conic does not meet the simple directrix, 

but it meets the nodal directrix ; and any such conic will serve as a directrix ; vij 5 ., 

the scroll is generated by the lines which meet the two directrix lines and the conic. 

96, Any two scrolls as above meet in the three fixed generating lines, and in 

the nodal directrix counting four times; they consequently meet besides in a curve of 

the second order, which is a conic (one of the conics just referred to), In order to 

further explain the theory, suppose for a moment that the two scrolls had only a 
common nodal directrix; they would besides meet in a quintic curve; this curve would 
meet tho nodal directrix in four points, viz., the points at which the two scrolls have 
a common tangent plane, Now if at any point of the nodal directrix the two scrolls 
have a common generating line, then the plane through this line and the nodal line 
is one of the two tangent pianos of each scroll; that is, the scrolls have this plane 
for a common tangent plane. Hence, in the case of the common three generating 
lines, the points where these meet the nodal lino are three of the four points just 
referred to; there remains therefore one point, which is the point where the conic 
meets the nodal line; through this point there are for each of the scrolls two 
generating lines; one of these for the first scroll, and one for the second scroll, lio in 
a plane with the nodal line; the other two determine the plane of the conic; and 
the tangent to the conic at its intersection with the nodal line is the intersection of 
tho plane of the conic with the plane of the first-moiitioucd two generating lines, 

97. Analytically wo have the two equations 

c (w — y) ojy -h (art? H- % ) ((cw - y^) -h d (z to) xy = 0, 
c' {x — y)xy + {a'x 4* Vy) {xw - yz) -f- d' (^ — to) xy=^0\ 

or, combining these equations so as to eliminate successively the terms in x{xtu---yz) 
and y {xw — yz)y and for this purpose writing 

{hd-lfCy ca'-cUt, ah' --( 1 % ad'-a'd, bd'-b'd, od'-o'd) = (a, b, c, f, g, h), 
and therefore 

af 4 bg “H ch = 0, 

we have 

b (x — y) rt? — c {xtv — yz) — f (z -- w) x = 0, 

- a (rt? - y) y 4 c (xw — y^) - - to) y Oj 

and multiplying the first of these by c4g and the second by c-f, and adding, the 
whole divides by x — y, and the final result is 

(c 4 g) {hx - fsr) (c - 0 (ay + gw) = 0 ; 
viz., this is the equation of the plane of the conic. 
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98. Any two sci'olls aa above [meeting in a conic, a third scroll will meet the 
conic in six points; but these include the point on the nodal directrix twice, and 
the points on the throe fixed generating lines each once; there is left a single point 
of intersection, viz., this is the one mriahle point of intersection of the three scrolls; 
which is in accordanco with the theory. 

99. For the Jacobian of the second space, we have 

z* ^ 0 , ii/, 0 = 0 ; 

0 , / , y', 0 

+ < a?' , 0, 0 

y' , + vJ, 0 , y' 

that is, 2a?"y V — y') = 0 ; viz., / = 0 is the piano containing the three principal 
points ; and cd = 0, y* 0, x* y' = 0 are the planes which pass through the principal 
line and the three principal points respectively, 

100. For the Jacobian of the first space, we have 


2.W — ym, 

- 

• xz , 



= 0 

yxo , 

anv 

~2yz, 

-y\ 

xy 


txy ~ f , 


~2xy, 

0 , 

0 


(jn - w) y, 

(z- 

■ w) a?, 


-xy 



that is, 3a;y (a? — y)^ (iW — y- 2 ^) =« 0 ; viz., ii;=0, y = 0, a* — y = 0 are the planes through the 
nodal directrix and the three fixed generators respectively (each piano therefore ocourring 
twice) ; and xw - y^ = 0 is the quadric scroll goncratod by the lines which meet each 
of the three generators {x — 0, 0), (y ~ 0, w = 0), — y — 0, ^ — 0) ; this scroll 

passing also through the nodal directrix «? = 0, y = 0. 


The Qiiho-ouhio Transfomiaiion between Two S2)cices, 

101. The principal system in the first space is a sextic curve with 7 apparent 
double points; but this curve may be either a single curve, or it may break up into 
inferior curves. I have not examined all the cases which may arise ; but the two 
extreme cases are — (A) The sextic curve breaks up into six lines, viz,, two non- 
intersceting lines, and four other lines each meeting each of the two lines (this 
implies that no two of the four lines meet each other) ; here the two lines give 
I apparent double point, and the four linos give 6 apparent double points ; total 
number is =7, as it should bo. (B) The curve is a proper sextic curve, with 
7 apparent double points : this gives, as will be shown, the general Uneo-linear trans- 
formation. The two cases are each of them symmetrical. 

0. VII. 


30 
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(A) The Principal System coymsts of Sio) Lines, 

102. Taking in the first space, for the equations of the two lines, = y — 0) and 

= and for the equations of the four lines, (a? — 0, ^~0), (y=0, «/;=0), 

{{s — y^Qy z — = 0, z — qw=^ 0), then, if the equations of transformation 

are taken to be 

CG —pf : (0^ — f ; P ^qxd \ P --w* {(c -’py){ cow— yz) 

: (iy - y){sioow-pyz) 

: (z — qio) {cow— yz) 

: {z — w){qxiu—pyz)\ 

these lead conversely (see post^ No. 104) to a like system, 

X -py \ 00 —y \ z - qw : z --to — (o' —pf) M' 

: tf)r 

: -qio')W 
: (/- w')N\ 

where for shortness 

W^p{q-- lyx'ti/ -q{p- ly yV -h {pq -l){p — q) ftJo\ 

PP = - 1 y &fw' - {p-iy y V + ii^q -l){p- q) y V ; 

or, as these are better written, 

M'=~q{p-l)y' - (pq - 1) w'\ +p {q - 1) w' {(5- - 1) ®' - (pq ~ 1) jJ], 

= - (p-l)y’ [(p~l)/-(pq~l)w']+ {(q-l)af-(pq-l)y']. 

Honce the principal system in the second plane is composed of the two non -iu ter- 
seating lines (aj' =s 0, y' = 0), (z == 0, w ^ 0) and the four lines {(p — l)z' — (pq — 0, 

(q - l)(c' - (pq - l)y' ^ 0], (y'^0, w'^0), (x' -tf ^0, z' -w' ^0), (x'-py'^O, z'-qw'^O), 
each meeting each of the two lines. 

103. The Jacobian of the first space is 

2cyw — yz—pyWj ^xz — pxw 2pyz ^ —y(x‘-'py) , x(x—py) =0, 

2qcGW - joyz - qyw, --pxz — qxw^'tqoyz, "-py(o^'-y) , q(G(x — y) 

to(z-qw) , ‘-^z(z — qw) , xw — 2yz qyio , coz — 2qmv qyz 

qvj (z - tu) , —qoz (z - w) , gxio - ijjyz +pyw, qmz — 2qano ^-pyz 

viz., this is xyzw (x — y)(x— joy) (z --w)(z‘- qio) = 0, the equation of the planes each 
passing through one of the four lines and one of the two lines. 

Similarly, the Jacobian of the second space is 

{(? - 1) a?' - {pq ~ 1) /) \{p~l)z'~ (pq - 1) V}'\ {(^ - y') (if ~ w') (®' -py') (/ - qw’) y'vf = 0 ; 

viz., this is the eqriation of the eight planes each passing through one of the four 
lines and one of the two lines. 
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10^. To effect the foregoing transformation, writing 

«)' : 2/' ; / : w' — {x—py)^ xio— yz) 

y){fiX'H}-injz) 

: {z — (po) ( XIV — yz) 

; {z “ w) {ipm -pyz^ ; 

or what will ultimately be the same thing, bub it ia more convenient for working with, 

od = {jo — py') om- yz), 

2/' = 

d {z—(pi}){ xw— yz\ 

'ud Tz (z ^ w) (qxio —pyz ) ; 

these give 

(G — py^ Jl/ V, 

0?- y--N'y\ 
z --qiv — M^z\ 

^ NW, 

where M\ JV^ are quantities which have to be determined; and thence 

(1 - p) (0 - il/V - pN'y\ 

N'y\ 

{l^q)z = ]\'rz'-qN'w\ 

iVV; 

whence also 

{1 -i?) (1 - 2) ( coto ~ t {(<Z - 1) - (P - 1) 'JA + (P - 9.) y'w'N'], 

(1 - i?) (1 - q) (qanu - pjjz) = M' [- {f - q) afz'M' + ((jug^ - q) ®V - (2)q -p) y'e'] N '] ; 

but we have 

xio ^yz ^ ^py _ ^ . 

qcGW'-pyz y^ ‘ x^y y^ * N'y* 

or, substituting, 

M { (q-^) (oW -(p-l) J/V) -h iV' (?^ - ?) y''^' 

= Jf {- (p - q) xW] + i7' {{i^q - q) - {pq —p) y'sd\ \ 

that is 

M' ((2 - 1) icV - (jJ “ 1) 2/V + (p - O') «'«'} = ((2>? - ®) - (jP? - 2^) 2^^' " (^ “ ?) 2/'^"') ^ 

or, what is the same thing, 

M = {pq ~ q) ®V - (P2 - i^) J/V “ (P ~ <?) 
iV' = ( 2-l)«»V-( jp-l)2// + (j)-2)a;V; 


30—2 
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viz,, M\ N* having these values, the original equations 

: y : / : w' — aw— yz) 

; (a— y){po(no — qyz) 

: {z — qw) { mw — yz) 

\ {z^ w) {pxiu - qyz), 

give 

x--py \ x-y \ z — qm \ : xVy : i¥V : iVV. 


If, ill these equations, in place of {x\ y, v)’) we write (a' — py', of — y', ,sr' — q\{)\ / — 
the new values of U\ W are found to be 


M^p (q - ly xW -q(p-iy y'z' + {pq - 1) (jii - cq) y V, 
N' = (? - I)"* X\if - {p^ 1/ yV q- (yg J ) (jt; g.) y V, 

and we have the formula of No. 102. 


(B) The Vrindpal Syeimi of a Proper Sextio Curve; the Linco-linear Transformation 

between Two Spaces. 

105. I start with the lineo-linear transformation, and show that this is in fact 
a transfoimation such that the principal system in either space ia a sox tic curve witli 
seven^ apparent double points. I do not attempt any forma! proof, but assumo that 
t e lineo-linear transformation is the most general one which gives rise to such a 
principal system. 

Au y\ w') three linoo-linoar equations ; writing 

these first under the form 

{Pi> Qu Rii y\ z\ wO-O, 

{P 2 > Ca> S'aJoj', y\ z\ w!) = 0, 

{P^^ Qs, iij, y\ z\ w') = 0, 

(each with’if/ ■ y -12 : W. where X, Y. X, W are the cletorminants 

(each with its proper sign) formed out of the matrix 

P^i Qli Pit Si . 

Pit Qi, p2t S^ 

P^> Qs) P^y Sq 

106. Each of the surfaces n 

<iS + bY‘^cZ^dW^O + 1 .,, i,- ' ^-0, Jr^O, 01 generally any surface 

+ ir 0, IS thus a cubic surface passing through the curve 


I Pii Qli Pit Si = 0, 

I P2t Q^y Pjt Sq 

I Pb* Qaj Psf S^ 
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which is at once seen to be',, of the order 6. In fact any two of those surfaces, for 
instance 

Pu Qu Py =0 and Fu Q„ 8, *0, 

P Qif -Ba P*i3 Qaj ^2 

Pa* Qa* -R 3 ! Pat Qa> ^8 

have in common a curve 

Pi* Pi) Pa I — 0 , 

Qi » Q 2 * Qa 1 

which is of the order 3; they consequently besides mterscct in a curve of the order 6, 
which is the before mentioned curve of intcraectioii of all the surfaces. And it further 
•appears that the number of tho apparent double points is = 7 ; in fact the formula 
in the case of two surfaces of the orders fi, the complete intcraecfciou of which consists 
of a curve of the order m with h apparent double points, and of a curve of the 
order with h' apparent double points, the numbers m, h, A' are connected by the 
equation 2 = — 1), (Salmon's Solid Oeometri/t 2nd Ed., p. 273 

[Ed, 4, p. 311]), Hence, in tho case of tho two cubic surfaces intersecting as above (since 
for the cubic curve wo have 7?2-' = 3, A' = l, and for the soxtic on-G), the formula becomes 
2(/t— 1) = 12, that is A = 1-1- 6“ 7; or tho number of apparent double points is =7, 

107. It thus appears that tho principal system in the first plane is a curve of 
the order 6, with seven apparent double points : it is to bo added that there are 
not in general any actual double points or stationary points, so that the class of the 
curve is 6. 6 “-2, 7, =16, and its deficiency is ^5,4 — 7, —3. For convonionce I will 
refer to this as the curve S. 

The transformation is obviously a symmetrical one; lionce the principal system in 
the second space is in like manner a curve of the order 6, witli seven apparent 
double points; say it is the curve S'. 

108. Consider in tho first 8i)aco any point P on tho curve 2; for this point the 
three equations 

(A, ^0-0, 

(P.* Q.* P.* 8,1 „ )-0, 

(Pfii Qa* Pa* 8(i^ „ ) ^ 0, 

iire not independent, but are equivalent to two linear equations in (oi^, y\ w*)\ 
that is, to the point P on the curve 2 there corresponds in the second space, not 
a determinate point P', but any point whatever on a certain line or say to the 

point P on 2 there corresponds a line L * ; and as P describes the curve 2# 
rJ describes a scroll 11'; that is, to the curve 2 there corresponds a scroll 11', the 
principal counter-system in the second space. Similarly to the curve 2^ there corresponds 
a scroll n, the principal countor-systom of the first space, 

109. The scroll H is the Jacobian of tlie first space; and as such it is of tho 
•order 8, having the curve 2 for a triple line — ^aiid it thus appeal's that the Jacobian 
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of the first space is a scroll (a theorem the analytical verification of which seems by 
no means easy). But without assuming the identity of tlie scroll II with this Jacobian, 
or taking the oi'der of the scroll to be known, I proceed to show that tho scroll H 
is the scroll generated by the lines each of which meets the curve X three times; 
it will thereby appear that the order is = 8, and that the curve is a triple line on 
the scroll. 

Consider a point P' on S', and the corresponding line L of the first space: take 
©' a plane in the second space; corresponding to it the cubic surface @ in the first 
space. By imposing a single relation on the coefficients (a, &, c, d) in the equation 
a-r' + 0 of the piano 0', we make it pass through the point P' ] 

therefore by imposing this same single relation on the coefficients (a, 6, c, d) of the 
cubic surface ®, we make it pass through the line £; © is a cubic surface through 2; 
and it is easy to see that tho effect will be ns above only if the line L cuts the 

curve S three times; this being ao, the general cubic surface © meets L in three 

points the three intersections of L with S), and if 0 be made to pass through 
a fourth point on the line it will pass through the line L\ it thus appears that 

the line L meets 2 three times, and consequently that the scroll II is generated by 

the lines which meet 2 three times. 

110. The theory of a scroll so generated is considered in my "Memoir on Skew Surfaces, 

otherwise Scrolls'" (^). Writing w — C, A = 7 and therefore 1) + A], ~ — 8, 

the order of the tjcroll is — 2)J/=5 40-32) = 8; but calculating tho values of 

NO ^ (3 {_mf - 12m + 33) + ilf^ . 3, 

^ Imf 1 [m]® — ^ [wi]“ — 3m d- M ^ [?7ip — f •“ 20) + (i ; 

these arc found to be respectively =0; viz., there are no nodal generators, and no 
nodal residue ; the sexlic curve 2 is a triple curve on the surface, and there is not 
any other multiple line. 

111, It may be remarked that any piano ©' meets the sextic curve 2^ in six 
points; hence the corresponding cubic surface © contain.s six lines, generatrices of 11, 
and, therefore, each meeting the curve 2 throe times; say six lines Through one 
of these lines Z, draw to the cubic surface © a triple tangent plane meeting it in the 
line Jj and in two other lines, say il/, J7; this plane must meet 2 in three new points 
which must lie on the lines Jlf, N; viz., one of these lines must pass through two 
of the points, and tho other line through tho third point. 


AdditioJi — SGptemhe)\ 1870. 

[Some corrections have been made in aceorclanco with the concluding paragraph of a 
paper ^'Note on the Rational Transformation and on Special Systems of Points," 450.J 

Tlie formulee of No. 84 are included in the following more general formulas; viz., 
if the principal system consist of «i points, each a simple point, points each a 

1 FhxU Trans, vol. oliii. 1863, pp. 463 — 483, [839], See tho Table S p. 467 ; in the value of 

instead of term -j-8i» road -Swi, [This oorreotioii should have been made m the present Reprint.] 
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quadivconical poinl, otg points each a ciibi-conical point, &c.^ and of a simple curve 
order with /q apparent double points, a double curve order with A a apparent 
double points, and so on ; and if moreover, the curves ?ni, vh intersect in a points, 
the curves in points, &c, ; then writing in general p = - 1 )- A ; that 

is, Pi = ^nii (??Zi ~ 1) — Ai, Pa “ \ma {nia — 1) — Aj, &o., I find that the general condition of 
equivalence is 

«! + ( 3?i — 2) Ml - 2pi 

■p 80 C 3 4 “ ( 12 h 16) 'ihla Ifipa 

4 - r^ciy 4- (3r^/i — 2r®) - 2r^py 

2 8/i?l J (3?* — 1) ICl ^ y 

-28^2,3 

-s^{Sr-s)kg^ r (s<r) 

and that the general condition of postulation is 

otj 4“ ( 4- 1) Vh - pi 

4- 4^2 + (3>i' 1) 'in.i — Spa 

+ ir(r4-l)(r4-2)a, 

4- [ir (r + 1) 71 - (7’ 4- 1) (27^ - 6)] 

■” [O’ 1) 0’ 2) 0’ "" 0’ 0^ + 1) (^ + 2) (n + 3) — 4 : 

+ 47'(r4-l)(2r-hl)]p. 

“* 2Ai^ 2 3 ♦ ♦ • 1* 

87^2^8 

- (s + 1) {7’ 4- 1 - i 0 4 2)) ICs^r (s < r) ^ 

in which fonnuhe it is however assumed that the curves have not any actual multiple 
points. This implies that if any one of the curves, say w,., break up into two or 
more curves, the component curves do not intersect each other; for, of course, any 
such point of intersection would bo an actual double point on. the curve 7ny, I believe, 
however, that the formuloe will extend to this case by admitting for s the value s — r\ 
viz,, if wo suppose the curve viy to be the aggregate of the two curves m/, ??i/' inter- 
secting in Ky points, then that the corresponding terms in the equivalence -equation are 

(37’2^2, - 2?’®) (m/ 4- 771/0 — 2r“ (p/ + p/0 ™ 2?’‘*/r,., 
and that those in the postulation-equation are 

r (r + l)n- ^7* (r + 1) (2;* - 0)] (771/ + 7?i/0 

- [O’ - 1) 0’ - 2) (7^ 3) (7* ^ 4) 4- 47^ (7^ + 1) (2r 4- 1)] (p/ + p/0 

( 7 * 4 ' 1 ) ( 2 ?’ + 
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Let tlie r4uple curve consisi of three right lines meeting in a point: this is an 
actual triple pointy and the forinulse do not apply. But calculating the postulation- 
terms by the formula, we have ???,, = 3, = ^3.2~0, =^^3, and the terms are 

[ir (r (r^l) {2r - 5)] 3 ^ [(r -- 1 ) (r ~ 2) (r ^ 3) (r - 4) + 4r (r + 1) (2r 4- 1)], 

which are 

= Jr (r 4- 1) (3a ^ 4r 4- 4) J (r ^ 1) (r ^ 2) (r - 3) (r - 4), 

or say 

(r -f 1) {Srt - 4?’ -f 4) 4- J (- + 107'^ - 357^2 + 50?* - 24). 

I have found by nil independent investigation that this value requires the correction 

+ i [?-' -- 8?*^ 4- 30?*' - o6r 4- 24 + J {1 - (^y 1}], 

and that the true value of the j^ostulation is 

- Jr (r -h 1) (371 -- 4?* + 6) + J [ 2^^ - 5?*^ - 6r 4- J {1 - (-Ym 

viz,, that tins is the number of the conditions to bo satisfied that a surface of the 
order n may have for an 7’-tuplc curve throe given right lines meeting in a point, 
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NOTE ON THE CARTESIAN WITH TWO IMAGINARY AXIAL 

FOCI 

[From the Proceedings of the Londo)i Mathematical Society, vol iii* (1869 — 1871), 

P 2 )* 181, 182, Head June 9, 1870.] 

Let Ay A\ if, B' bo a pair of points and antipoints \ viz., 

(A, A') the two imaginary points, coordinates (±/3iy 0), 

(if, B') ilio two real points, coordinatos (0, ± /?) ; 

and write p, p\ a-, a for the clislancos of a point (/r, ij) from the four points respectively ; 

say 

p + cr = + + 

p' = - Var=T(f/ -;3)*- 

Wo have 

p^ + p'^ = 2*= + - 2/3“ = a- + <r'« - 4/?“ 

pp' = V («; -I- /3i +^’) (■« 4 ySi “ yi) (<» - /3i + yi) (£O~0i- yi) = era ' ; 

and thence 

(p -i-py = (cr + a'y — 4/3“, 

(p -p'y = {a- a'y - 4/3“ ; 

01 ' say 

p^p' =v'(<r + <r')‘“-4/3“, 

i(p-p') = ‘/ 4;S“ - (cr - a'f. 

I'he equation of a Cartesian having the two imaginary axial foci A, A' is 

(P + 5O P + (P~ Q^) / + 2i;“ = 0 > 


C. VII. 


31 
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viz., this is 


{p + P^) + {p ^ p') + — 0 I 


or, what is the aanie thing, it is 

V(cr + cr')^ 4* 4/3^ + V 4^^ — {a — <r*y + = 0, 

which is the equation expressed in terms of the distances o-, cr' from the non-axial 
real foci B, Of course, the radicals are to be taken with the signs ±. This 
equation gives, however, the Cartesian in combination with an equal curve situate 
symmetrically therewith in regard to the axis of y. 

The distances cr, <t* may conveniently be expressed in terms of a single variable 
parameter 8\ in fact, we may write 

+ p ^{a- + cr')-* — == — — kOy 

± q = *- k^-^’kd ] 

that is 

Jr 

and therefore 

u 4- <r^ = 4/3" 4 - “ {k 4- 


SO that, assigning to 9 any given value, wc have o*, g\ and thence the position of 

the point on the curve. Wo may draw the hyperbola ^^ = 4/3*^ 4- and the ellipse 

!P 

y8=s= 4/3’® — ^ 0 ?^; and then measuring off in these two curves respectively the ordinates 
which belong to the abscissae k^-O for the hyperbola, k-6 for the ellipse, we have 



the values o' + tr' and (r--cr\ which determine the point on the curve. Considering 
P* (Z> /3 disposable quantities, the conics may be any ellipse and hyperbola whatever, 
having a pair of vertices in common; and the complete construction is, — From the 
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fixed point K in the axis of (c, measure off in opposite dircotious the equal distances 
KM^ and take 

o-H-o-' the ordinate at M in the hyperbola, 

± (cr - cr') „ „ N „ ellipse ; 

where tr, a" denote the distances of the required point from the fixed points B and B' 
respectively, the distance of each of those from the origin being ^ the common 
semi-axis, Wc may imagine N travelling from one extremity of the a?-axis of the 
ellipse to the other, the value of cr-|-<r' will bo real and greater than BB\ that of 
a — cr real and less than BB\ and the point (or, cr') will bo real. The construction 
gives, it will be observed, the two symmetrically situated curves. 

The A’-semi-axis of the ellipse is and the form of the curve depends chiefly 

on the value of the ratio h : or, what is tlio same thing, Wo see, for 

instance, that, in order that the curve may meet the axis of y in two real points 

between the foci, the value 0 must give a real value of cr — cr' ; viz., that wo 

4iJc^ . n 

must have 4/3“ > ; that is, or If Jo has this value, viz,, & — 2/3 = 

Q tc 

soini-axis, the curve touches the axis of y at the origin; if A* < i semi-axis, the curve 

cuts the axis of y in two real points between the foci; if /a > ^ semi-axis, the curve 

does not cut the axis of y botwcou the foci. 


31—2 
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SKETCH OF BECENT KESEABCHES UPON QUARTIG AND 

QUINTIC SURFACES. 

[From tho ProGeedings of ihe London Mathematical Society^ vol, iir. (1869 — 1871), 
pp, 186—195. Read Nov. 10, 1870.] 

The classification of quartic surfaces is even as to its highest divisions incomplete; 
and it is by no means easy to make it at once exhaustive and precise ; an enumera- 
tion of all the immA facie possible cases would include forms which do not really 
exist. Thus the singular curve (if any) is of the order 1, 2, or 3— but in the case 
where the order is - 3, the curve, as is at once evident, cannot be a plane cubic, 
nor (among other excluded forms) a system of three non-intersecting lines. And certain 
forms of the singular curve, o.g. all but one of tho admissible forms of a enrvo of 

the order 3, make tho surface to be a scroll, so that, if (as is convenient) wo wish to 

separate the scrolls, certain forms otherwise admissible must be excluded. The expression 
'‘singular” means double or cuspidal, or refers to a higher singularity, but the cases 
of higher singularity are very special. I will, at the cost of some inaccuracy, use the 
expression ‘‘ nodal " as meaning, in general, double, but as including the signification 
“ ousjnclai ” ; and, if there are any cases of higher singularity, as extending to cases of 
higher singularity: and I provisionally arrange the noii-scrolar quartic surfaces as follows: 

1. Without a nodal curve, 

2. With a nodal line. 

3. With a nodal conic, or line-pair (pair of intersecting lines). 

4. With three nodal lines (not in the same plane) meeting in a point. 

(Observe that the omitted eases are cases which, as I believe, ought to be omitted ; 

thus the case of a nodal skew cubic is omitted, because the surface is then of necessity 

a scroll.) And to these I join : 

5. The quartic scrolls; 
omitting altogether the torse and cones. 
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The references, by the name of the author, and number (if any) of his paper, are 
to the subjoined list of Memoirs* 

As to the scrolls, wo have Cayley (3) and (4), and Cremona ; the division into 
12 species is, I believe, com2)lote : see the remarks upon Schwarsi's papci’ on 

ipiintic scrolls. 

As regards the non-acrolar surfaces ; 

1. Without a singular curve. The surface may bo without a cnicnode (conical 

point), or it may have any number of cnicuodes up to 16, Cayley (7) : the cases of 

singularity higher than a cnicnode are probably very numerous, but they have been 

scarcely at all examined. The memoir just referred to relates chiefly to the several 
cases of not more than 10 nodes; the coses of 11, 12, 13, 14, 15, 16 nodes are con- 
sidered incidentally, Kummer (2), but it was not the object of his paper to make an 
enumeration, and tlierc may he cases which are not considered; the discussion of the 
cases considered is very full and interesting, The case of 16 nodes ivS also considered, 

Kummer (]). As to the surface with 16 nodes, it is to be remarked that the wave- 

surface, or generally the surface obtained by the liomographic deformation of the wave- 
surface — called, Cayley (1), the ‘netrahedroid — is a special form of surface wiih IG 
nodes : its relation to the general surface is explained, Cayloy (2), 

2. Quartic surface with nodal line ; considerocl incidentally, Olobsch (2) and (3), 

T’'horo are through the nodal lino 8 pianos, each nioefcing the surface in a line-pair ; 
considering any 7 of these, and taking out of each of them a lino, the 7 lines aro 

met by a conic whicli also meets a doterminato lino out of the remaining line-pair ; 

there arc thus on the surface =128, conics; viz,, those form 64 pairs, each pair 

lying in a plane, and being the complete intersection of the surface by such plane; 

the ntimbcr of these planes is of connso =64, 

Altiiough not properly included in the present case, I mention the (luartic surface 

which is the reciprocal of the cubic surface XIX = 12 — — C'g, Cayloy (5); tho nodal 

curve is here an oscnodal line counting as three nodal lines, 

j 

3. Quartic surfaces with nodal conic, Such a surface may bo without enicnodcs, 
or it may have 3,2, 3, or 4 cnicnodos; the cases, other than that of S cnicnodcs, are 
meiilioned, Kummer (3); but tho question is examined, and the remaining case of 3 
cnicnodcs established, Cayloy (6)* 

The general case of the nodal conic without cuieiiodes is elaborately considered, 
Globsch (1): it is shown that there aro on the surface J6 lines, each meeting tho 
conic, and which in their arrangement aro strikingly analogous to tlie 27 lines on a 

cubic surface ; viz,, if on a cubic surface we select at pleasure any one of the 27 

linos, and through this lino draw a plane which besides meets the cubic surface in a 
conic; then, disregarding tho line in question and the 10 lines which meet it, the 
remaining 1 G linos each meet tho conic, and are related to it and to each other in 
tho same manner that the 16 linos of the quartic surface are related to the nodal 
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conic and to eacli other. And the ground hereof appears, Geiser; viz., it is shown 
that the qiiarbic surface with tlic nodal conic, is rationally transformable into a cubic 
surface, the 16 lines and the nodal conic corresponding respectively to the 16 lines and 
the conic of the cubic surface, 

The several cases of 1, 2, 3, and 4 cnicnodes arc considered, Korndbrfer. 

In the case where the nodal conic is the circle at infinity, the surfaces have been 
termed ''anallagmatie*' (perhaps " bicircular “ would be a more convenient name), and 
a great deal has been written upon these surfaces by Moutard, Clifford, and others. 
Such a surface may of course have 1, 2, 3, or 4 cnicnodes; these surfaces, viz. the 
ciiicnodat auallaginatics, in fact arise from the inversion of a quadric surface by the 

method of reciprocal radius vectors ^tliat is, by the cliange of a?, y, ^ hifco 

the centre of inversion is a node on the qiiartic surfiice. If the quadric surface is 
a cone, there is another node, the inverse point of tho vortex ; if the quadric surface 
is one of revolution, there arc two other nodes; and if it is a cono of revolution, 
tliero are three other nodes — viz., in all, four nodes. The last-mentioned surface is, or 
includes, tlie Cyclide ; viz., this is a quartic surface having the circle at infinity for 
a nodal curve, and having besides four nodes, which arc a system of skew auiipoints. 
The surface was first considered by Du pin (Ajyplications de Qeometne tbc., 1822) as the 
envelope of a spliere touching three given spheres — its lines of curvature arc thus 
circles; and the surface has been, very frequently considered in reference to this 
property and otherwise ; see Maxwell, where a classification (not quite complcto) is made 
of tho different forms of the surface, and also stereographic drawings given. It is to 
be observed, that one interesting form, the parabolic cyclidc, is not a quartic but a cubic 
surface. 

In tlie class of surfaces which have been under consideration, the cnicnodes have 
been points not on tho nodal conic — in fact, a point on a nodal curve cannot be^ 
properly speaking, a cniciiocie, though it may bo a point of higher singularity in the 
nature of a cniciiode; viz., there may bo on the nodal curve points which, in the 
classification of the surfaces, must be counted as cnicuodos. Such a case iDveaents itself 
in the Conic Torus,” or surface generated by the rotation of a conic about a lino 
whether not in or in tho plane of the conic. The surface has been considered, 
De la Qourncrio (1), although more in reference to the constructions of descriptive 
geometry than as a theory of pure geometry, and Cayley (6). The surface has a 
nodal circle, and upon it two singular points, tho circular points at infinity; so that 
it belongs to the case of a nodal conic with two cnicnodes. In the particular case 
where the axis of rotation is in the plane of the conic, then there are on tho axis 
two cnicnodes ; .so that the case is that of a nodal conic and four cnicnodes ; and 
when the generating conic is a circle, viz,, when the surface is the ordinary torus, or 
anchor ring, generated by the rotation of a circle about a line in its own plane, then 
the nodal cunio is the cii'cle at infinity having upon it two cnicnodal points (its inter- 
sections by the planes at right angles to the axis) and the surface has also two 
cnicnodes on the axis: the surface, althotigh presenting considerable peculiarity, may be 
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regarded aa a particular case of the cyclide. In reference to the plane sections of the 
conic torus and its various particular cases> see He la Goitnierio (2) ; the ordinary 
torus has been the subject of numerous papers by Darboiix and others, and possesses 
very interesting properties. 

In connexion with the foregoing, I speak of the surfaces having a cuspidal conic: 
the general case is briefly referred to, Cayley (6) ; viz., this is tlie surface the 

0(1 nation of which is and Avhich it is shown has a reciprocal of the order 6. 

A special case is the surface {AB) having a rcciiDrocal of the order 3 ; viz., the 
quartic surface is here the reciprocal of the cubic surface XX — 12~*?78, Cayley (5). 
And it appears from the memoir last referred to, that thoro is another cubic surface, 
XVII 12 “ 2J5a - Cg, the reciprocal of which is a quartic surface having a cuspidal 

conic. But the theory of the (jiiartic surfaces with a cuspidal conic has been hardly 

at all considered. 

I do not know that anything has been done in regard to the quartic surfaces 
where the nodal conic becomes a liuo-pair ; that is, where wo have two intersecting 
nodal lines. Although not properly belonging to the case in question, I mention hero 
the quartic surface which is the reciprocal of the cubic surface XVIII = 12 — 2(72, 

Cayley (5); the nodal curve consists of two intorsectiug lines, but one of tliom is 

tacnodal, counting as two nodal lines, 

4. Quartic surface with three nodal linos (lujt in the same plane) meeting in a 
point. This is, in fact, Steiner's quartic surface; and it has boon the subject of 

numerous investigations. 

The equation of the surface may be taken to bo + + ; and the 

surface thus presents itself as the reciprocal of the cubic surface ^ + + 

{XVI = ] 2 - iOa,) with four cnicnodes(^). 

It was convenient to make the foregoing enumeration before speaking of Kiimmer's 
paper (3), and of the several memoirs which relate to the Abbildung of certain qiiartie 
and quintic surfaces. 

As regards Kummer’s paper, the object appears by the title, viz,, he considers in 
what cases a quartic surface has upon it a system of conics; or, Avhat is the same 
thing, in what coses there is a system of planes each intersecting the surface in two 
conics. It is, in the first place, x’cmarked that there is no proper quartic surface cub 
by every plane in a pair of conics, or even a proper quartic surface cub in a pair of 
conics by every piano through a fixed point. The cases considered arc — I., where the 
planes are non-tangent pianos; II., whero they are single tangent planes; and III,, 
where they arc double tangent planes. The case L is — (1) when there is a nodal conic 
and two cnicnodcs ; viz,, any plane through the 2 cnicnocles gives a Rcction with 4) 
nodes, therefore a pair of conics, (and the special case of 4 ciiicnodes is noticed 


1 Tho Author exhibited, and pointed out somo of fche properties of, a model of Steiner’s surface, 
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incidentally) ; — (2) Avlien there is a nodal line ; anj plane through the nodal line besides 
meets the suifiice in a conic; — (3) when the surface has two " Solbstberllhrungspunctc” ; 

viz., either of these is a point where the tangent plane is replaced by two coincident 

planes, and which, when a piano passes through it, gives in the section a tacnoclc, 
= 2 nodes; the section by a plane through two such points, consists of two conics 
touching each other at the point in question: the equation of such a surface is 
= ^ is a quadric function, and p, q linear functions of the coordinates. 

In all the cases the planes pass through a fixed line, and the surface may be con- 
sidered as the locus of a variable conic, the plane of which always passes through 
such lino. II is — (1) Steiner's surface, where every tangent plane meets the surface 
in a pair of conics; and (2) surface with a nodal conic and one cnicnocle, where cveiy 
tangent plane through tho enicnode meets tho surface in a pair of conics. And 
III is (1) tho surface with a nodal conic, where every double tangent plane meets 

the surface in a pair of conics; it is shown that there are 5 quadric cones, such that 
a tangent plane of any one of these cones is always a double tangent plane of the 
surface. Or the surface is (2) a quarbic scroll; any plane through two intersecting linos 
of tho surface besides meets tlic surface in a conic. 

It is in the paper, Cayley (6), remarked, that the quartic surface F, 

can also be expressed in the form F- = 0; under which form the surface is 

seen to be the envelope of the series of quadric surfaces {Uy F, TF$^, 1)" = 0; and 
by reason of this property it is very easy to find the equations of the reciprocal 
surfaces, or plane -equations of the (|itarbic surfaces in question. And, in the same paper, 
it is noticed that the surfaces of the form in question include the reciprocals of 
several interesting surlacos of the orders 6, 8, 9, 10, and 12; viz., order C, parabolic 
ring: order 8, elliptic ring: order 9, centro-surfaco of paraboloid: order 10, parallel 
surface of paraboloid; envelope of planes through the points of an ellipsoid at right 
angles to the radius vectors from the centre: order 12, ccntro-surface of ellipsoid; 
parallel surface of ellipsoid. 

It will be noticed tliat several of tho papers by Clcbsch and others refer in their 
titles to the 'Abbildung" of a surface; viz., tliey show that a (1, 1) corresiDondcnce 
exists between the points of tlie surface and tho points of a piano. The most simple 
instance is the quadric surface; here, taking any fixed point 0 on the surface, the 
lino OP drawn to any point P on tho surface meets a plane in a point P\ and the 
points P, P' have, it is clear, a (1, 1) coiTespondenoc, And, of course, to any curve 
on the quadric surface there corresponds a curve on the plane, and the discussion of 
the nature of the plane curves which correspond to the different curves on the quadric 
surface would constitute a theory of tlie Abbildung of the quadric surface. 

Similarly, as rernaiked, Olcbsch (2), for a cubic surface, taking upon it any two 
lines which do not meet, if from a point P on the surface we draw, meeting each 
of the two Hues, a line to meet the plane in P\ then the point P on the cubic 
surface and tho point P* on the i:)lane will have a (1, 1) correspondence; and wo have 
thus a like theory for the cubic surface, The Abbildung of a cubic surface had been, 
however, previously ofifected by Clebsch jin the papei ^^Die Geometrie auf den Fldchen 
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dritter Ordming,” Grelle, t. Lxv, (1866), pp. 359 “380}, and by Cremona, in a different 
and really the most simple manner (^), but h£iviiig a lc«s obvious geometrical signification. 

For surfaces of the higher orders, it is onl}^ cei’tain surfaces which admit of an 
Abbiklung, or (1, 1) correspondence of the points thereof with the points of a plane ; 
viz. (in the same as a plane curve, in order to its being uniciirsal, must have a 
snlficiGnt number of nodes or cusps) a surface, in order that it may thus correspond 
with the plane (or say, in order that it may be iiniciirflal), must have a sufficient 

singularity in the way of a nodal or cuspidal curve. The quartic and <|uiniic surfaces 
considered in the oiiumcrated memoirs are there considered for the sake of tlie 
Abbiklung theory which they give rise to ; whereas, in the present sketch, the Abbiklung 
theory is considered only for tlie sake of the quartic and quin tic surfaces to which 

the theory has been applied, But the methods of the theory furnish results in relation 
to these surfaces ; and it is proper to give some account of them, 

Clebsch^s memoirs (2) and (8) relate to the same subject, which is elaborately 

treated in the latter of them : the former of them contains, however, some valuable 
remarks which are not reproduced in the other. In these memoirs (2) and (3), after 
explaining the above method of the transformation of a cubic surface by means of 
two of tiic lines tlieroof, the author goes on to notice that tlie like method is 

api^licablo to certain quartic and quintic surfaces; viz., (1) quartic surface with a nodal 
conic : there are hero, as already tncntionocl, 16 lines, each meeting the conic ; if, 

selecting any one of these, from a point P on the surfaco wo draw, meeting the lino 

and the conic, a line to cut the plane in P\ thou the points P on tlic surface and 

P* on the plane have a (1, 1) correspondence. (2) Quartic surface with a nodal line: 

as already mentioned, there are on the surface 128 conics, each meeting the nodal 

line ; selecting any one of these, if from a point P of tlio surface we draw, meeting 
the nodal lino and the conic, a line cutting the plane in P\ tlioii the point P on 
the surface, and the point P' on tho plane, have a (1, 1) corrospondcncc, 

Similarly, (3), for a {|uintic surface having a nodal skew cubic; then if from a 

point P on the surfaco wo draw, meeting the skew cubic twice, a line to cut the 
piano in P\ tho point P on tho surface and the point P' on tho piano have a (L, 1) 
GOiTGsponrlcncG. Tho nodal skew cubic may break up into a conic and lino whicli 

meets it, or into tliroo linos, two of them not mooting each other, but each met bj" 
the third lino; and the like theory applies to these quintic surfaces. 

It is to bo noticed that (as for the cubic surface) the above methoclvS of Abbiklung, 
although they have the most olwious geometrical significations, are (as explained in iht^ 
foregoing footmoto) not the most simple ones; but for each of tho foregoing cases (1), 
(2), (3), tho most simple transformation is established in tho memoirs now under con- 
.sidcration. The memoir [Memoins (1) and (2)] of Koruclorfer, as indicated by its title, relates 
to the Abbildung of a quartic surface having a nodal conic and 1, 2, 3, or 4 cnicnodes, 

1 Any method of transformation leads to an exprossioii of tho ooordinntoB of a point on tho surface as 
pioportional to rational and integial fimolions of a given degieo v of tho cooulinates (.r, z) of a point ou 
tho piano, and that tiansrorination is the move simple for whioli v has tho smaller value ; for tho method 
of the text, the valuG is but for tho methods previously given by Glebsoh and Oromona, it is v^2, 

c, vn. 32 
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Clebsch’s paper (4) relates to the Abbildung of a ((iiartic scroll. 

As regards ijuintio surfaces (not being scrolls), wo have, so far as I am iiwar(3, 
iHily the before-mentioned paper, Clebseh (*J), relating to quintic surfaces witl» a nodal 
skew cubic, and the paper, Clebseh (5), which relates to the Abbildung of a ([iiinlic 
Mirfoce having a nodal quadriquadric. The method employed is that of a prcdiniiiuiry 
Abbildung upon a twofold plane (2-blattrigo Ebeno) ; that is, it consists in establislnug, 
in the tirst instance, a (1, 2) correspondence between tlic surface and the plane ; and 
by means hereof it is shown that there exist on the surface tlie conies K and (J 
]n‘esently referred to, and which give, ultimately, au ordinaiy Abbildung or (L, 1) coito- 
.>pondence of the points of the surface with those of the piano ; visir, this final result 
IS as follows : 


There is on the surfoce a system of conics Z, such that their planes pass tlirouglx 
a point and envelope a quadricone ; and also G4 conics G each meeting each of the 
conics K in a single point- we select one of these and call it the conic 0, 

Take now the plane Bi of a conic Zj of the scries of conics Z, wliicli piano 
passes, of course, through the vertex V of tlie cone enveloped by the planes of tho 
conies Z; viz,, these planes intersect the plane Zj in a senes of lines passing througli 
the point K 


Take a point P on the surface ; this lies on a conic Z meeting tho coiiiic 0 in 
a point and if we draw the line to meet the plane P, in P\ thou P on 
the .(uintic surface, and P' on the plane P,. will have a (1, 1) coiTcspoudoiioo ; in 
fact, It appears that, given P, there exists a single position of P' ; and (H)nvorHoly, 
given P, this lies on a Hue FP' through wliich fchci-o passes tho plane 7i, and one 
other tangent plane of the cone: this tangent piano contains a conic K mooting 
the come C in a point ^ ; and joining ^P', this meets tho conic K in one other point P • 
VIZ, given P', there is a single position of P; and there is thus a (1, t) correspondcnco,’ 


Ihere are, as originally shown by Schliifli, and as further appears by my monioir 
on cubic surfaces. Cajdey (o), 3 kinds of cubic surfaces of tho class 5 ; viz., tlicso aro 
he surfaces XIII = 12-P,-2C' , XIV = 12 - P. - (7,. and XV=]2- U,, for each of 
hese the reciprocal surface is a (piiiitic surface of the class 3, having a nodal liuu 
and a cuspidal quartic curve. For the reciprocal of XIII, the cuspidal curve is a 
qua nquadrie; for that of XIV, the cuspidal curve breaks up into the nodal lino (viz., 

TcZmirf T- curve i 

13 ^ intersection of two quadric surfaces with singular 


vcmalrdr3nh‘' - qnintic scrolls: it is to bo 

the Zll tl V '’f' plane section of the scroll, the linos 

and the scvolls ‘^n^’espoudenee with tho points of the piano SGction. 

of th“LLr “one; 

what IS done by Oreinoiia m the memoir on quartic 
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scrolls cabovo referrotl to; viz., for a quart ie scroll the clefioienc}' is either 0 or 1; 
and of the 12 species, there are 10 for 'which the deficiency is — 0 {or which arc 
iinicuraal), and 2 fur whicli the deficiency is ~1, And this is the principle of classi- 
fication in Schwarz’s memoir; viz., for a quintic scroll the deficiency is =0, 1, or 2: 
the number of species established being 10, 4, and 1 for these deficiencies respectively. 


JAst of Memoir H, 

Cayley. 1. Sur la surface des ondcs. Liouv. t. xi. (1846), pp. 291 — 296, [47]. 

2. Sur un cas particiilier do la surface cUi cjuatriiiine oidro avee seize points 

singuliors. Crelle, t. Lxv, (1800), pp. 284 — 290, [366]. 

3. Second Memoir on Skew Surfaces, otherwise Scrolls, Phil, jTmns., vol, CLiv, 

(1864), pp. 559—577, [340]. 

4. I'hird Memoir on Skew Surfaces, otherwise Scrolls. Phil, Tnms,^ vol OUX. 

(1869), pp. 111—120, [410J, 

5. Memoir on Oubic Surfaces. Phil, Tram,^ vol CLix, (1869), pp. 231 — 32G, 

[4J2]. 

6. On the Quarlic Surfaces 7", ]r)^ = 0. Quart, Math. Journ, vol x. 

(1868), pp. 24 — 34; and vol xi, (1870), pp. 15 — 26, and pp, 111 — 113. 

7. A Memoir on Quarlic Surfaces. Proe, Loncl, Math, Sog,^ vol iin (1870), 

pp. 19—69, [445], 

Clebacli. 1. Uober die Flachcn vierter Ordnung wolche oino Doppeleurvo zwciioi) 
Grades bositzon, Grelle, t. nxix, (1868), pp. 355 — 358. 

2. Inlurno alia rapprosentaziono di siiporficio algcbricho sopra un piano. AtU 

del li, Ist, Lomb, (12 Nov. 1868), 13 p. 

3. Ueber die Abbildung algcbraischor Flachon, insbesondere der vierten iiiul 

ffinfion Ordnung. Math, Anv,, t, I. (1869), pp. 253 — 316. 

4, TJobor die cbcnc Abbildung dor goradlinigcn Flachon vierter Ordnung, 

wolche cine Doppclcurve dritlcn Qrade.s besitzon. MaiL A?m., t. ii, (1870), pp 

5. Ueber die i\bbildung oiner Classc von Flachon funfter Ordnung. Oott Abk, 

t. XV. 04 p. 

Cremonai, Sulle superficie gobbe di quarto grado, Mem, di Bologna^ i, vili. (30 Ainll 

1868), 16 p. 

T>e la Gournerie. 1. Mdmoirc sur la surface eugondrdo par la rdvolubion d’uiie coniqiie 
autour cFimc droito situ5e dhmc inaniero qvielcoiique dans Tespaco. Jour, de 
VEg, Polyt, t. XXIII. (JS63), pp. 1—74. 

2, Mcinoiro sur los lignes spiriques. Liouv,^ t. XIV, (1869), 92 p. 
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Gelser. Uebov die Flilclieii vierteii Grades wolche eine Doppelcnrve zweiteii Grades 
habeii. GrelU^ t. EXX. (1869), pp. 249 — 2oV. 

Korndorfer. [There was only a general rofereuco ; the several memoirs are 

1, Die Abbildung einer FlUche vierfcer Ordtmng mil einer Doppelcurve ssweiien 

Grades und cinem oder melireren Knotenpiiukten, Math Ann.y t. I. (1869), 
pp, 592 — 626. 

% Forfcsetzung dieses Anfsatzes. t, ri. (1870), pp. 41 — 64. 

3. Ueber cliojenigeti Ratnneurven clcren Ooordinaten sich als rationale Fiinctio- 

neii eines Parameters darstellen, t. IIL (1871), pp. 415 — 423. 

4. Die Abbildung einer Flaclic vierter Ordiuing mit zwei sxch schncidcnclen 

Doppelgeraden. t. iir. (1871), pp, 496 — 522. 

5. Die Abbildung einer Flaehe viorter Orduuug mit einer Doppelcurve zweifcen 

Grades welche aus zwei sich schneidenden unendlich nahen Gcradcn besteht. 
t. IV. (1871), pp. 117—134.] 

Knmmer. 1, {Surfaces of the fourth order with sixteen conical points.) Berl, 
Monatsh (1864), pp. 246 — 260, and 495 — 499. 

% Uober die algebraisclien Sirahlonsystemo, insbesondero liber die der orsten 

und zweiteu Orduung. BerL Abh (1866), jxp. 1 — 120. 

3, Ueber die Fliichon vierteii Grades auf welchen Schaaren voii Kogelschiiitten 

liegcn, Berh MonatsK (July) 18G3). Grelle, t Lxiv, (1864), pp. 66 — 76, 

Maxwell. On the Cyclido. Quaii. Alath Journ,, t. ix. (1867), i^p. Ill — 126, 

Schwarz. tJobci’ die geradliiilgen Flticlieii fllnften Grades. Orellet t LXVri, (1867), 
pp. 23 — 57. 
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NOTE ON THE THEORY OF THE RATIONAL TRANSFORMATION 
BETWEEN TWO PLANES, AND ON SPECIAL SYSTEMS OF 
POINTS. 

[From the Proceedings of the Londo)i Mathematical Society, vol. Hi. (1809 — 1871), 
p])* 196 — 198. Read December 8, 1870.] 

In Prof, Cremona^s theory of the transformation of plane curves, the fuudamontal 
equations are taken to be 

4' 4^3 + 4 , , ♦ = — 1 (l)j 

ft) 4 3fto 4 6 ft 3 4 * • * ^ a "h ^^0 ^ ) 

unci from these wo have as a consequence 

ftg 4 Sft.i 4 * * ♦ = -^ 1) ““ 1 ) ( 3) J 

viz., the first ei] nation expresses that any two curves of the system intersect in a 
mngle variable point ; the second, that tlio curves form a rdsetm, or system containing 
two arbitrary parameters; and the third, that the curves arc unicursaf 

In the equivalent theory of the rational transformation between two pianos, as 
given in my ** Memoir on the Rational Transformation between Two Spaces,*^ [447], 
luivG the equation (1) ; but instead of the equation (2), it woiikl prirnd facie appear 
to be Ksufficient if we had the inequation 

ft) 4 3«i3 4 Gft;, 4 . = I (n® 4 3a) - 2 ; 

but on the ground there explained, the case 

«! 4 3«2 P6^*t34 .*♦ < 2 

is excluded, and we thus have the equation (2), giving with (1) the equation (3). 
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I believe the better course is to assume (1) and (3) as the fundamental equations, 
from them tledncing (2); and avc thus also got over a difficulty presently referred to, 
but wliich did not occur to mo ^vhen the memoir was Mudlten. 

[ii fact, starting witli the eejuations // : \J \ z* ; Y \ Z (which arc to give 
(c \ y \ z^X' : Y' : Z'\ wo have in the first instance the equation ( 1 ). Moreover, 
establishing for w\ y\ / a linear equation aa*' -h fi/ q- c/ - 0 , wo Imvc corresponding hereto 
a curve aX bY-^cZ ^0, and the coordinates os, ij, z of n point on this curve are 

proportional to X^ : Y' : Z' ] that is, substituting for z' the value -- (ax -h by'), tliey 

c 

are proportional to rational and integral (homogeneous) functions of (os', y'), that is, to 
rational and integral functions of the single parameter x' : y' \ wherefore the curve 
«uY+ 6 r + c ^=0 is unieursal; whence the equation (3), The like change may l)c 
made in the theory of the rational transformation between two spaces; and it is in 
this case a more important one. 

The clifflculty is as follows: It is not solf-cvidont that we are at liberty to assume 

«i + .San q- ficfj 3«) - 2 ; 

for imagine that we had a system of (etj, ay, ag, ...) points, such that aiq-4a^q-,,, being 
= n-— 1 , and cti q- 8 c(a -h ... being > ^(n^q- Sa) *- 2, the points were such that the conditions 
in question (viz., the condition that the curve passes once tliroiigh each of the points a^, 
twice through each of the points ao*,.) should be lesa than a^ 4 ‘ 8 au+..,, and in fact 
= or < ^ (n'-q- 8 «)— 2 ; thon the functions X, F, Z would not of necessity be connected 
by a linear relation AA'’ q- ^Fq- 0 , and the ground for the assumption in question, 
«! q- 3 ^} + ... 8 ^i) — 2 , would no longer exist. And except by the iwocess now 

adopted of deriving the equation ( 2 ) from the C(iuations ( 1 ) and (3), I do not know 
how tlie impossibility of sucli a system is to be established; viz,, I do not know how 
wo are to prove the following theorem: — Tliere is nob any system of (aj, a., ag...) 
points, where 

Cl q- 4^2 + . .. = - 1, 

!»] -f 3^0 q- GoTg . . . > ^ (n^ q- 3n) - 2, 

such that (for a curve of the order n passing once through each point aj, twice througli 
each point ...) the number of conditions actually imposed on the curve is = or 
< 3a)- 2. 

A system of points such that the number of actually imposed conditions 

is less than a^q- 3 aj,-h ..., may be termed a special system; wo have, of course, the 
well-known case («i = ?i') of a system of w- points, such that an}" curve of the order n 
passing througli -J- (;i^ q- 871 ) — 1 of these passes through all the remaining points for what 
is the same thing, where the number of conditions actually imposed is =*|-(? 2 ^q- 37 t) — 1 } ; 
and we have the following special system, which presented itself to Dr Clebsch, in 
his researches on the Abb i Idling of a quin tic surface with two nou-intersecting nodal 
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lines; viz., = 0(3=2. Wo may have 12 points and 2 points such that, for a 

(jiiintic curve passing once Lhroiigh each of the 12 points and twice through each of 
the 2 points, the mimbcv of conditions actually imposed (instead of being 12 + 8.2, ===18) 
is =17.’^ The construction is as follows: viz,, starting with the 2 ])oints and any 
10 poijits, wo may draw a quartic passing twice through the first of the 2 points, 
once throiigli the second of them, and through the 10 points; and another quartic 
passing twice tln’ough the second of tlio 2 points, once through tlic first of tliom, and 
tlirougli the 10 points: the two quartics intersect in the 2 points each twice, in the 
10 points, and in 2 new points, forming, with tlio JO points, a system of 12 points; 
and the lirst-moiitionod 2 points and the 12 points form the s3^stom in (jnestiou. 

A more complicated case, ai = 10, ^2 — fh <^,»=1> occurs in Dr Ndthor^s paper, "'Ueber 
Flachen, welcho Hchaaron rationalor Curven besitzen,'" [Math. Ann,^ t. iir. (1871), pp. 
IGl — 227]. Except these two, I do not know any other case of a special system for 
which (Zo, are not all =0; the investigation of such systems would, 1 think, bo very 
interesting. 

[A conclnding paragraph of seven lines gave soiuo corrections to the Memoir on 
the Bational Transformation between Two Spaces,*’ *147, which coiTectio]is arc made in 
the present reprint of that paper.] 
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A SECOND MEMOIR ON QUARTIC SURFAOE>S. 


[From the Proceedings of the London Mathematical Society^ voL rti, (1869 — 1871), 
pp, 198 — 202, Eoacl December 8, 1870.] 

In my Memoir on Quarbic Surfaces, ante pp, 19 — 69, [4*15], although remarking (see 
No, 79) that the idcnUficafcion was not completely made out, I tacitly assumed that the 
synimetroid and the decadiauonic (caoli of them a cpiartic surface with 10 nudes) were 
in fact identical. There is yet a good deal which I cannot completely explain ; but the 
truth appears to be, that the dccaclianomc includes two cases of coordinate generality, 
say the sextic dccadianoine, and the bicubic decadiaiiome symmetroid : viz., in the first 
of these the circumscribed cone, having for vertex any one of the 10 nodes, is a proper 
sextic cone with 9 double lines; in the second it is a system of two cubic cones, 
intersecting, of course, in 9 lines, which are double lines of the aggregate sextic cone: 
or, in the notation of the Table No. 11, in the case of the sextic decadiaiiome, the cir- 
ciuiiscribed cones are each of them 6^; in that of the bicubic decadiaiiome symmetroid, 
they are each of them (3, 3). We thus arrive at a very remarkable system of 10 points 
in space, viz., giving the name '^ennoad” to any 9 jioints in p/a«o, which are the 
intersections of two cubic curves, or to any 9 lines through a point which are the 
intersections of two cubic cones ; the 10 points in space are such that, taking any one 
whatever of them as vertex, and joining it with tlie remaining points, the 9 lines form 
an ennead. I purpose in tlie present short Memoir to consider the theories in question , 
the jmragraphs are numbered consecutively with those of the Memoir on Quartic 
Surfaces. 


Pla?ie Sextic Curve with 9 Nodes. 

110, A soxtic curve contains 27 constants; and the number of conditions to be 
satisfied in order that a given point may be a node is = 3. Hence it would at first 
sight appear that the curve coiikl be found so as to have 9 given nodes; this would 
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be 9 X 3, = 27 conditiions, or the curve would be completely determinate. But observe 
that through tlio 9 given points we have a determinate cubic curve 0; we have 
therefore ?7^=0 a sextic curve, and the only sextic curve with the 9 given nodes; 

that is, there is not in a proper sense any sextic curve with the 9 given nodes. The 
number of given nodes is thus =8 at most. 

111. The sextic curve with 8 given nodes should contain 27 ““3.8 = 3 constants. 

We may through the 8 given points draw the two ciibics <2=0; and we have 

then (a, b, oJP, Qy = 0, a bicubic, or iiniu’oper sextic curve having the 8 nodes, and 

also a ninth node, viz., the remaining point of intersection of the two cubic curves, 

or say the remaining point of the emicad, Honco if 7=0 be any particular sextic 
curve having the 8 given nodes, we have 

(a, 6, Qy^\^0V =0 

a proper sextic curve having the 8 given nodes; and this, as containing the right 
number (=3) of constants, will be the general sextic curve having tlie 8 given nodes. 

112. There will be a ninth node if 6-0; viz., the curve is then («, i, — 

a bicubic, or improper sextic curve, having for nodes the 9 points of the enuead, 
Observe that the ninth node is here a point completely and uniquely determined by 
means of the given 8 nodes. Moreover the number of constants is =2, so that we 

liave here a general (improper) solution of the question of finding a sextic curve with 

9 nodes, 8 of them given. 

U3. But if 6 is not = 0, then the ninth node must bo a point on the curve 
Q> V) = 0; viz,, this is a ourvo of the order 9, determined by means of the 

given 8 points ; say it is the ” dianodal curve ” of those 8 points, and, as is easy to 

see, it has each of these 8 points for a node. The ninth node of the sextic may be 

any point whatever on the dianodal curve; and regarding it as a given point, the 
sextic will still contain 1 constant ; that is, wo have the general solution of the 

problem of finding a sextic curve with 9 nodes, 8 of them given, and blio 9th a given 
point on the dianodal curve. 

114. So long as the 8 points arc arbitrary, the dianodal curve does not pass 
through the 9th point of the ennoad, and the two coses above considered are mutually 
oxclnsive. It will bo noticed how closolj'' analogous this theory of the plane sextic 
with 9 nodes, is to that of the quavtic surface with 8 nodes, 

115, Of course, instead of the plane sextic curve, we may have a sextic cone; 

such a cone has at most 8 given double lines ; and if there be a 9th double line, 

then there are the two cases of coordinate generality; viz., (1), the new double line 
is the ninth line of the onnead, the cone being in this case not a proper soxtic cone, but 
a bicubic cono ; (2), the now double lino may be any line Avhatover on the dianodal 
Gono, (cone of tlie order 9 determined by the 8 given lines, and having each of those 
for a do u bio line,) and regarding it as a given line on the dianodal cone, the sextic 
cono contains 1 constant, 
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Each oxYcxinmriheA cone of the Eymuetroid is ( 3 , 3 ). 

116. Using (if, ij, z, w) as current coordinates of a point of the synunotroiil, I 
take /S, T, U, V to be (quadric functions of the coordinates (a, /3, 7 , S) ; tln^ o(|nutioii 
of the synnnetroid is therefore given by 

iVS 4 - i/T-\‘zlT'\-'wV^ cone, 

and the node.s thereof are determined by 

ivS ^yT-hzU'i-wV— planc~pain 

Suppose that a node is (if=:0, y-0, the condition for this is V == piano-pair ; 

and we may without loss of generality write Hence, putting for sliortiK^ss 

(^=ivS^i/T‘hzUy that is 0 a quadric function 

(«, &, Cy dy /, (Jy hy ly W, ll^CLy ^y % S)^ 

wherein the coefficients «, 6 ,... are arbitrary linear functions of {o)y xjy z), biit not (U)ii- 
taiuing ii}, the equation of the symmotroid is given by 

0 + S^)= cone, 


117, It follows that the equation is 


viz., this is 


h, f 

g, f, c + w, 
I , m, n , 


I 

m 


= 0 ; 


11 

f/H-W 


V + w (So + S„) V + 1 jy’ (S„ + Sri)’ V - 0, 


where V denotes the foregoing determinant, writing therein v) = 0. Or, observing tlml. 
V contains c and d eacl, only linearly, the equation may be written 


V + w{hn + Sri) V + w’S^SriV = 0, 

which is a. quartie surface having, as it should have, the point ( 0 , 0 , 0 ) for ono of its 
ten nodes. 


118. The equation of the circumscribed cone is 

(SoV + SriV)’-4 V.SAV=0; 
or, what is the same thing, it is 

(S.V ~ SriV)= + 4(S,V. SriV ~ V. S«SriV) = 0. 


But wc have identically 


SoV.SriV-(4S„V)’=» V.S„SriV ; 
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SO that the equation is 

a aextic cone breaking up into the two cubic cc>nes 

±tSrtV==<), 

so that the cone ia (3, 3). And since clearly the point (0, 0, 0) may be regarded as 
representing any one whatever of the 10 nodes, it follows that for any node whatever 
of the syinmctroid, the circumscribed cone is (3, 3), >so that, as stated above, bicubic 
decadiaiiomc == sym mot void. 


Deductions from the foregoing theory. 

119. Referring to No, 85 of the original memoir, it appears tliab, with G given 
points as nodes, we can actually find for the symmetroid an equation containing 6 con- 
stants. I cannot discover an}'' ground for doubling that 3 of these maj^ be dotormined 
so as to give to the symmetroid 'a seventh given node ; and I therefore assume that 
with 7 given points as nodes, an ecpiation can be found with 3 constants. The 
syininotJ’oid is certainly not octaclic, hence tlic eighth node must lie on the dianodal 
surface of the 7 given points. I can discover no ground for doubting but that two 
of the constants may bo determined so that the eighth node shall be any given point 
whatever on the dianodal surface of the 7 points; and (this being so) that further 
tho remaining constant may be detormined so that the ninth node shall be any given 
point whatever on tho dianodal curve of tho 8 points. Bub if all this bo so, tho 
eonaocpioucc is very remarkable; tlm tenth node is not any one whatever of the 22 
dianodal oontres of the 9 points, but it is a uniquely determinate onnoadic centre/^ 
viz., we must have the following theoi'om ; 

120. '‘''Pako any 7 ])oints; an cightli point at pleasure on the dianodal surface 
of the 7 points; a ninth point at pleasure on the dianodal curve of tho 8 points. 
In the system of 9 points so determined, take any one as vertex, and joining it with 
the remaining 8, construct the ninth lino of the eiineach Performing this construction 
with eacli of the 9 p{)ints successively as vortex, we obtain 9 linos passing througli 
the Q points respectively. These 9 lines meet in a point which is tho 'eniieaclic 
centre’ of the 9 points: and further, tho 10 points form a completely symmetrical 
system, so that each one of tliem is tho enncadic centre of the remaining 9,” 

121. Assuming that tho 9 lines do intersect so as to give rise to an enncadic 
centre, there is no difficulty in conceiving that the loci, which by theu' intersection 
determine the dianodal conti’cs, do each of them pass through the eniieadio centre; 
80 that this onneadic centre counts once or more among tho dianodal centres, and the 
number of proi^er dianodal centres, instead of being = 22, will be suppose == 22 — 
and if, further, the 9 points, together with tho onneadic centre, are tho nodes of a 
symmetroid, but the 9 iDoints together with any one of the 22—0) dianodal centres 
are the nodes of a sex tic dccadianome, then wo must also have as follows; 


33~2 
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122. ''Considering any 9 points as above; taking any one as vertex, and joining 
it ^vith the remaining 8, these 8 lines detorniine a diaiiodal niiitbic cone. Wc have 
thus 9 dianodal cones, which cones pass all of them through the same 22 — w points.'' 

123. I am not able to verify these theorems d jmtenori. It appears to me that 
the theorem in regard to the otnieadic centre subsists for a system of 9 points such 
as referred to in the statement; but that if by possibilit}^ the statement be too general, 
the theorem must, at all events, subsist for a more special system of 9 points; and 
that there certainly exist systems of 10 points, such that each 9 of the points have 
as an emieaclic centre the tenth point. {I have since ascertained that if a quartic 
.surface with 10 nodes has a single node (3, 3), the surface is a symmetroicl ; whence, 
by what precedes, the remaining nine nodes are each of tiiem (3, 3). Added 26 March, 
1871} 

124. I notice, as a subject of investigation, the follo^Ying system of correspond once 
viz., given any 8 points In space : then to every point in space corresponds a line 
through this point, viz., tlie ninth lino of the ennead obtained by joining the point 
with the 8 given points respectively; and to each lino in sjiacc a point or points on 
the line, viz., the point or points for each of which tlie line is tlie ninth lino of the 
ennead obtain od by joining the point witli tJic eight given points respectively. 
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ON AN ANALYTICAL THEOREM FROM A NEW POINT OF VIEW. 


[l^Vom iho Proceedwjs of the London Mathematical SocietUt voL iii, (1869 — 1871), 
pp. 220, 221, Read February 9, 1871.] 

The theorem is a well-known oiio, derived from the equation 

+ 2t^ -f c) 20 ^ + 2 (aV + Wz + o') w + aV d- Wz 4- c ' “ 0 ; 

vi; 5 ,, considering this equation as establishing a relation between the variables z and w, 
and writing it in the forms 

‘In - Aw'^ + "iBw + G - + 21?'^ + 0' — 0, 

(whore, of course, A, By (J are quadric functions of Zy and A\ B\ O' (jnadrio functions 
of Wy) we have 

0 = dto + dz. = (Aw + li) dio + {A'z + B') dz\ 

blit in virtue of the eiiuation u ~ 0, we have A-w + B — 'JB^‘ — A0, and A'z + B' = 'dB'- — A' O', 
and the differential eejuation thus becomes 

_ dw dz _ Q 

Vi'* -'A'a' ^ ‘JB^'-'AG~ 

where B''^~A'Q' and B^-AG are tiuartic functions of w and ^ respectively. This is. 
of cuur.sc, inlograble (viz., the integral is the original equation a=0); and it follows, 
from the theory of elliptic functions, that the two quarbic functions mn.st be linearly 
tran.sformable into each other; viz., they must have the same absolute invariant B -i- 
It is, in fact, easy to verify, not only that this is so, but that the two functions 
have the same quadrin variant I, and the same cubinvariant J. 
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Tlie new Jioint of view in, that we take tlio coeflicicnts b, &c., to be homogeneous 
functions of {(c^ y), their degrees being «iich that the equation i<=0 is a <[uartic 
equation i/, 2 , — 0: viz., this c(|uation now represents a quartic surface luiving 

a node (conical point) at the point (a? — 0, //=0, ^=0), and also a node at the point 
y— 0, w = 0), say, these points are 0,0' respectively. The e([iiation 
gives the circumscribed sextic cone having 0 for its vertex, and the equation B" — AO=0 
the ciroumscribed sextic cone having O' for its vertex ; each of tlioso cones has the 
lino 00'{(v — 0, if — O) for a nodal lino, as appears geometrically, and also by the 
equations containing z, 2 v respectively' in the degree 4. Considering — as a 

quartic function of z, its r^imdrin variant is a function (a\ y)^ and its ciibiii variant a 
function (a*, tyV"; and similarly, consideiing ]i- — AG as a quartic function of w, its 
invariants are functions (a?, ?/y and (a?, y)^-, Wc have thus, between the two cones, a 
geometrical relation answering to the analytical one of the identity of the invariants; 
but the nature of this geometrical relation is not obvious; and it presents itself as an 
interesting subject of investigation. 
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ON A PROBLEM IN THE OALCRJLUS OE VARIATIONS, 

[Prom Iho Proceed'mis of the London Mathenmtioal Society, vol. in, (1869— 1871)^ 
pp, 221, 222. Read February 9, 1871,] 

Tiik problem is, z — to fhul y a Amctioii of /r such that j^rfoi-max, or 

min., Hubjccli to a given condition Jyd'V-o (the limits of each integral being a’j, .n, 

wherti these (piantitics arc each pOBitive, and The ordinary method of solution 

gives f^oj + X, whore («.’! X)** = ; ko long as c is not loss than (ii‘j •»- a;o)^ 

tliuro is a real value of X, but for a sinaller value of o there is no veal value. The 
difificulty arising in this last case in somewhat illustrated by replacing the original 
problem by a like problem of ordinary maxima and minima; viz., being 

given positive values of a?, in the order of increasing magnitude ; and if, in general, 
^c^(Swi-yi^)yi, then the problem is to find y^ a function of jCi, such that X-ar^-max, 
or min., subject to the condition Xyi^o* Wo have lioro = a/V 4- X, whore X is to bo 
dotorniinod by the condition the remainder of the investigation turns on the 

<picstion of the sign — V^a-v + X or yt^^VA'i + X, to be taken for the several values 
of i respectively. 
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A THIRD MEMOIR ON QUARTIC SURFACES. 

[From the Proceedings of the London Mathematical iiociety^ vol. iil (1S69 — 1871), 
pp, 234 — 266, Head April 13, 1871.] 

The prosGiiti Memoir is a coiitinuafcioii of my former rosoarclies on Nodal Quartic 
Surfaces, [445, 451]. The leadioig’ idea is, that for a (piartic surface with /j-nodes, given 
the nature of the circumscribed, (/ir— 1) nodal, soxtic cone belonging to any one node of 
the suriacG [for instance, A = 10, that it is a couc (3, 3) composed of two cubic cones], 
wo thereby determine the eepmtion of the (piavtic surface, and consequently the nature 
of the remaining {k — 1) nodes thereof. By means of this general theory I . complete, 
in an essential point, the theory of the Symmelroid; viz., I show that a 10-iiodal 
quartic surface having a single node (3, 3) is a Symmetroid; whence, as aiDpoars by 
iny second Memoir, [451], each of the remaining nine nodes is also a node (3, S); and 
wc have the theory of the remarkable system of ten points in space such that, joining 
any one of them witli the remaining nine, the nine lines thus obtained arc the inter- 
sections of two cubic cones. A large part of the Memoir is devoted to tlic consideration 
of the surfaces with 16, 15, 14, and 13 nodes: this is substantially ta reproduction of 
the results obtained by Kummer in the Memoir “ Ueber die algebraischen Strahlen- 
.systeme, already refeired to ; but the results in question are brought into 

connexion witli the theory of the jn'esont Memoir, and they are, by a change of the 
constants, exhibited in a form of much greater symmetry and elegance, I attach 
importance also to the square diagrams by means of which I have exhibited, in a 
compendious form, the relation between the several nodes and circumscribed sextic cones. 

The paragraphs arc numbered consecutively with those of the first and second 
Memoirs. 


Prelimmary Considerations and Classification, 

125. I call to mind that if a quartic surface has a node (conical point), then 
there is for this node a tangent quadricone and a circumscribed sextic cone; viz., if 
the surface has (i* — 1) other nodes, or in all k nodes, then the sextic cone has (A*-!) 
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nodal lines (passing through the other nodes respectively), and we have thus for the 
different forms of the sextic the table No. 11; viz., this is 

CmcuMsciuBED Sextic Cone, 

Norios of NodalLinea 
Surface, of Gonos. 

1 0 6 

2 1 6 , 

3 2 6 , 

i 3 6, 

5 4 6 ^ 

6 6 6, 5 , 1 

1 6 6 „ 6 „ 1 

8 7 G, 6,. 1 


0 

8 

6 b 


1 

4. 

2 
















10 

' 9 

6 . 

64 , 

1 

4., 

2 

4, 

1 . 

1 

3 , 3 












11 

10 

6io 

651 

1 

4,, 

2 


1 , 

1 

3i. 3 












12 

11 

... 


1 

4„ 

2 


1 . 

1 

3i, 3i 

3 . 

2, 

1 









13 

12 

... 



.. 



1 . 

1 

... 

3u 

2, 

1 

3, 

1. 

1. 1 

2, 

2. 

2 



14 

13 

1 

... 

• • 

. 



* 

.. 


« . « 


*. 


3., 

1, 

1, 1 

2, 

2. 

1. 

1 


16 

14 

... 


. 

.. 


. 

.. 


. • 

. 





.. 

2,. 

1, 

1, 

1. 

1 

16 

16 

. . . 

* . 

, 

1 < < 


, 

t » 


. * • 


, , 



. , 


1 , 

1. 

1. 

1. 

1, 1 


viz., 6 denotes a proper sextic cono without nodal lines; 6, a proper sextic cone with 
one nodal lino; 6, i a irropor (juintic cono and a plane, &c. 

Wo may distinguish the nodes according to the sextic cones; thus, a node 6 means 
a node for which tho circumscribed cone is a proper sextic cono, (1, 1, 1, 1, 1, 1) 
a node where the circumscribed cono brealts up into six planes, &e. 

12G. A 16-nodal surface has 16 nodes (1, 1, 1, 1, 1, 1), and a 15-nodal surface 

has 16 nodes (2, 1, 1, i, 1); but, for a 14-nodai surface, tho question arises how many 

nodes ai’o (3j, 1, 1, 1), and how many (2, 2, 1, 1). It was remarked, No. 13, that the 

only possible cases were 14, 0; 8, 6; or 2, 12; and that wo miglit, in like manner, 

limit tho number of possible cases for other values of k\ but that the inquiry was 
not then further pursued, I resume this inquiry, but without obtaining as yet a 
complete auswor. 

127, It is to bo observed that a line joining any two nodes is not, in general, 
a line on the surface, but that it may be so; the surfaces for which this is so 
(viz,, any surface which contains upon it a lino through two nodes) form, liowever, 

C. VII. 34 
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a class by themselves, which at present I altogether eoscltide from considevatioUi This 
being so, it will appear in the sequel that there is but one kind of surface having 
a node (2, 2, 1, 1), and but one kind of surface having a node (3i, 1, 1, 1). Now there 
is a surface, Kummer’s 14“nodal, the nodes of which are 8(3i, 1, 1, l)+0(2, 2, 1, 1) ; 
wherefore the two kinds are identical, and are each of them Kummer^s 14-nodal surface. 
Similarly, for tlie IS-nodal surfaces, there is but one kind having a node (4^, 1, 1), 
but one kind having a node (3, 1, 1, 1), and mox‘eover but one kind having a node 
{Su 2, 1); and we have Kiimmer’s 13-nodaI surface with the nodes 3 {4a, 1, 1) 
+ 1(3, 1, 1, 1)4* 9 (3a, 2, 1); hence the three kinds are identical with each other and 
with Kiimmer’s, Moreover, there is but one kind having a node (2, 2, 2) ; hence all 
the other nodes must bo (2, 2, 2), and we have a surface 13 (2, 2, 2) not given by 
ICummer. And in like manner for the 12-nodal surfaces, we have the two kinds given 
by ICummer, and a third kind 12(42, 1> 1) given by him; the arrangement thus 
far being 

No, of Nodes. Oharaofer of Surface, 

16 16(1,1,1,1,1,1), 

15 15 (2, 1, 1, 1, 1), 

14 8(3,. 1, 1, 1) + G(2, 2, 1, 1), 

13 (a) 3 (4,, 1, 1) + 1 (3, 1, 1, 1) + D (3„ 2, 1), 

„ (fi) 13(2,2,2), 

12 (a) 12 (4„ 2), 

„ (13) 2(6e. l) + 6(3„ 3,) + 4(3, 2. 1). 

„ (y) 12 (4„ 1. 1). 

128, But in the next following case we have Kummev’s surface, viz. 

11 («) 1(6„) + 10(3„ 3), 

and I do not know whether one, two, or three kinds of surface having nodes (4,, 1, 1), 
(4a, 2), and (5*, 1). And in the next covse we have (as will appear) the Symmetroid, viz., 

10 (a) 10 (3, 3), 

and I do not know how many kinds of surfaces having a node or nodes 6j, 1), (4,, 2), 

(4, 1, 1), 

It will be observed that the present division has nothing to do with the ootadio 
and dianodal division in the former Memoir, 

129. I consider a conic A=0, and any six tangents thereof, = 0, 0, <j = 0, = 0, 

^3 = 0, if8=!0; we have an identical equation which might be written — 

but it will be convenient, introducing a constant factor K, to write it 

B being a cubic function and 0 a quartic function of the coordinates. 
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Consider now the series of factors, such as 

^ 1 , 

iS^ 4* 7M 

t/yt 'H Tfh i\ tt\ 1 

VA + 771^1 
WA 4-7?i<i4y 

where m is a constant, I a constant, « a linear function, [T, F, W functions of the 
clegroos 2, 3, 4 rcapectivoly ; and compose with one or moro such factors an expression 
involving tho term instance, such mi oxiirossion is 

, (s-4 + m t, t.j (,) (I' A -h m’i , t,) t , ; 

this is, of tho form AD, + vk,, AJil (AO ~~ Ii‘), ov A (D -}• 0) — say AF-JS^’^ 

or wliat is (Jio saino thing, iutroduoing a now coordinato w, wo have a quadric function 

yiw" 2 JJ 111 -I- r, 

tho discriminant of which, vlP - JP, is equal to tho expression in question. 

180. In tho Boquol («>, y, z, w) aro considored jis tho coordinates of a point in 

spneo ; yL = 0 is thus a (jundric cono, ii — 0, = 0 . . . = 0, any six tangent pianos 

thereof; and henco ylw*' -I- 27iw + P =■ 0 a quartic surfaco, having tho point (i» = 0, i/==0, 
«==0) for a node, whoroof tho cirouniscribod cono .4.r~il* = 0 breaks up in tho assumed 
manner. 

Thus, in order that tho circumscribed cono may bo as ahovo 

^i?yl “f" jd. q* 77i iof 

wo havo only to assume 

r = (7 -h (si' A + s)nXt„ -h I'mtiiila) 4. 

mm 

and so in other cases. Observe that sA H- mltiais »= 0 is a cubic cono, wliich, so long as 
s, m are arbitrary, has no nodal lino ; but establishing a siuglo relation (say s remains 
arbitrary, but a proper valuo is assigned to m) it will bo a cubic cono having a 
nodal lino. And so UA + mtitit»ti’=‘0 is a qimvbic none without any nodal line, but 

by particularising tho constants it may bo mado to havo one, two, or throe nodal lines. 

Such nodal determinations aro obviously required in onlor that tho formula may extend 
to all tho beforo-mentionod forms of tho circumscribed cone. Tho foregoing analysis 
is tho foundation of tho wholo theory: I havo given it, os above, apart from the 
theory, in order tliat tho nature of it may bo tho bettor perceived ; but I have now to 
bi’ing it into connoxlon with tho theory. 


Oft the Sesilio Curves, AaB^ — (7«*‘ = 0. 

131, I revert to tho consideration of plane curves. The equation of a sextic 
y> '3)‘‘ = 0 cannot bo in general expressed in tho form ylO-7J’=0, where 

34 — 2 


curve 
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the degrees of A, B, G are % 3, 4 respectively; in fact, the existence of such a form 

implies that there is a conic ^ 0 touching the sex tic 6 times ; and since a conic 

can only be made to satisfy 5 conditions, there is not in general any such conic. 

132, Such conic, 'when it exists, is said to be inscribed in the soxtic, and the 
sextic to be circumscribed about the conic, or to be an amphigram ; and then, 
-4—0 being the equation of the conic, that of the sextic is expressible in the form 
in question AO--B^^O, It is clear that — 0 is a cubic curve passing through the 
6 point. 9 of contact of the conic with the sextic, and that any such curve may be 
taken for the curve B; in fact if a particular cubic through the 6 points is 

and the equation of the sextic is 4 f?' — -B'* ==: 0, then taking an arbitrary linear 
function of the coordinates, , the equation of the general cubic is 5= -B'q-jo4 = 0; and 
then writing 

B == + 

we have AG^B^=^AO'-’B'^; so that the original form 4C?' — = 0 becomes 4(7 — 5^=: 0. 
Bub the cubic B^O being assumed at pleasure, the quartic (7 = 0 is a determinate curve. 

133, It is to be observed that a sextic curve may be an. amphigram in more 

than one way: certainly in two, three, or four, and possibly in a greater number of 
ways. For the equation of the curve contains 27 constants, and hence determining 
the sextic so os to touch 4 given conics each of them C times, there are still 

3 constants ; and the curve will be an amphigram in regard to each of the 4 conics ; 

say it is a quadruple amphigram. But in the sequel wc are only concerned with a 
sextic curve considered as an amphigram in regard to a given conic 4—0 (no 
attention being paid to the other inscribed conics, if any); and then, by what precedes, 
taking ^ — 0 any cubic whatever through the 6 points of contact, we have a determinate 
quartic curve (7-0, and the equation of the sextic curve assumes the form AG--B^-0. 

134, The curves 4=0, 5 = 0, (7=0 contain respectively 5, 9, 14 constants; whence 
considering the function S as containing an arbitrary constant factor, for the curve 
4(7 — jB^ = 0, the number of constants is primd facie 6'f9q-14-Hl = 29; but on account 
of the arbitrary linear function j), the real number is 29 - 3 = 26 : this is right, for a 
sextic curve contains 27 constants; and the curve being an amphigram, there is one 
relation between the constants, 27 — 1 = 26. 

135, Suppose now that the sextic curve 4(7— = 0 breaks up into two or more 
separate curves, say into the two curves P — 0, Q = 0 of the orders f g respectively ; 
/+^;“6. We have 

4a-iJ»=:PQ:=0; 

land the conic 4 = 0 touching the sextic six times, must, it is clear, touch the curves 
P = 0, <2 = 9,/ and g times respectively. And so when the sextic breaks up into any 
number of curves, each component curve of the order / must touch the sextic 

g times. 
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136 . It follows that if the sextic break up into six lines, say ^6^ — 0, 

then that each of the lines fi = 0, ia = 0, ... = 0 is a tangent to the conic. And con- 
versely, starting with the conic and any six tangents thereof =0, ^2= 6, ... ^5— 0, 

wc have an identity of the form in question. In fact, taking any two of the tangents, 
say == 0 and = 0, then, if ^ = 0 be the equation of the line joining their points 
of intersection, the equation of the conic will be of the form ya-|-^j^=r0, that is, we 
may write or what is the same thing, (Oonsideilng .4 as a 

given quadric function of the coordinates, this of course implies that the implicit 
constant factors of Ui p arc properly dotorniined.) Similarly, 5 — O being the line 
through the points of contact of ^3, U> ft-^d r=0 that through the points of contact 
of 4, tot we have ^3^1 = 4 -5* and — whence, to satisfy the equation 

AG - 

we have only to assume B^lA-hpqr, I an arbitrary linear function of the coordinates, 
and the equation then gives 

0 = 42 - 4 (pH 4- r^) -H (q^r^ 4 ry -h^^Y) + 

137 . It will be observed that the grouping of the six tangents into pairs is 

arbitrary. By altering this grouping, wc merely alter the linear function I, but do not 
obtain any new solution. Thus, say that the now form is B^l'A then, by 

properly determining the linear function we can reduce this to the original form 

B^lA+pqr; viz., wc can satisfy identically the equation (I — T) A pqr - p'qV \ or 
what is the same thing, X4 q-pgr — = 0, where X is a linear function of tlie 

coordinates. We have, in fact, the conic 4=0 and the cubic pjr^O intersecting in 
the six points of contact any other cubic through these six points; and consequently 
the cubic p'yV = 0 must be expressible in the form X 4 -{-pg'r = 0, and we have thus 
the identity in question. 

138 . We have just seen that the value of B is necessarily of the form B=^IA +pff>’, 

hut we arc not concerned with its expression in this particular form. What we require 
in the sequel is a value of B, and thence one of G, satisfying the identity in question, 
4C^— = or what is the same thing, introducing for convenience a constant 

factor Kj the identity 

AG-B'^=^Kt,UtAM^ 

189 . Instead of Oy I write F, and consider the sextic amplugram 4 r-JS 3 = 0 

touched by the conic 4=0 in the points of contact of the conic with the six tangents 

0, ^2 = 0 , = Suppose the sextic curve breaks up into factors; if one of 

these factors is a line, it is one of the six tangents, say the tangent ii- 0 . If there 
is a conic factor, this is a conic touching the conic 4=0 at its iDoints of contact with 

two of the tangents, say the equation is /4 4-wij^3=0. Similarly, if there is a cubic, 

quartic, or quin tic factor, then the equation hereof is ^4 + 0, UA 0 ^ 

■or F 4 + mi^3^3^44 = 0 . Or going on to the next case of a sextic factor (being of course 
the whole curve), wc may say that this is W 4 -f 771/1^2^3 0 . (Observe that since 
AG - B^ = this means only that the equation of the sextic amphigram is 

ef the assumed form 4r — J 5 ® = 0.) 
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140. By what precedes we can, for a se.\tic amphigram which breaks up in any 
assigned manner, detormiue the value of P. For instance, let the amphigrani break 
up into two cubic curves; say these are +?}i{,<a <3 = 0, = Assume 


A r - (sA + (s'A + m'tM 


then this equation is 

that is, we have 

and so in any other case. 


Ar - \ss^A^ 4- {s7n%tifa + s'mtit^ts) A}^ AG- 
r - (7+ (ss'A + sm'Wa -I- s'mtiUi), 

QfiTn 


I have already adverted to the question of tho "nodal determination’' of the 
formulsG, and it might be properly here considered; viz,, tho question is as to tho 
determination of the constants in such manner that, for instance, 5-4 = 0 may 
be a nodal cubic, UA + mtit 2 tsU — 0 a nodal, binodal, or trinodal quartic, &c. ; but I 
defer it for tho moment in order first to apply the theory to the quartic surfaces. 


Ap 2 )lication to Quartic Surfaces. 

141, If a quartic surface has a node or node.s, we may take for a node the point 
= y=:0, ;sr=s0; tlio equation of the quartic surface is then of the form 

“h + r s=: 0, 

where A^ jB, V are functions of cc, y, z of the degrees 2, 3, 4 respectively -^^1=0 is 
tho tangent quadricone at the node in question ; and the circumscribed cone is 
-4r — — 0. By what precedes, this is an amphigram touching the quadricone along 
six generating lines thereof ; gay the tangent planes of the cone .4 = 0 along these 
six lines respectively are #i = 0, = 0, — 0. AVe have then an identical equation 

AG-B^^KtyUUkk%, 

vk., regarding for a moment this equation as an equation for the determination of By 
and jB' as any particular solution thereof, then its general solution is B' A, where 
i is an arbitrary linear function of (a?, y, z\ and the B in the equation of the surface 
is properly But by tho substituting w — tm place of w, the B of the 

equation of the surface would then be made and it thus appears that wo may, 

without loss of generality, take the B of this equation to be my particular value 
satisfying the identity in question; and then, B having such particular value, (7 is a 
quartic function of {cOy y, z) completely determined by the same identity. And we then, 
by what precedes, at once determine P so that the circumscribed cone AT — 5^=0 
may be a cone breaking up in any assigned manner; for instance, if it be a cone 
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(3, 3), then, as just mentioned, the two cubic cones are siL + ?ntjt24 = 0, s',/1 + ni'fitjte = 0 5 
and r has the value 

r “ "h / ^ H* swr 4“ s 

Hiffh 

above obtained. 


0)1 the Nodal Determination. 

142. I am not able to discuss with much completeness the question of nodal 

determination. Wo have to consider a cubic curve sA + mhUts-Of a quartic curve 

UA = the case may be, and to determine tlie constants so that 

this shall have a node or nodes. Consider for a moment the form PA + tiQ - 0, where 
Q denotes the product mtita... of all or any of the tangents the orders of 

PAf are of course equal, that is, the oi'dcr of P less by unity than that of Q. 
I say that, by establishing a single relation between the constants, this may be made to 
have a node at the point of contaot yl = 0, i5i = 0. In fact, writing A =\S.v*f ^^8^, 

where /t, v are arbitrary, there will be a node at any point if for that point 

A (PA + ^iQ) = 0. But for the point =: 0, = 0 this becomes PA^ + = 0 j 

moreover, if t^O be any other tangent of the conic -4 = 0, and if i) = 0 bo the lino 
joining the points of contact of the tangents t, tu then we may write A — 

thence (since at the point in question, = 0, = 0, we have also p = 0) we find 

£^A = tAtiy and the foregoing equation thus becomes (iP-h Q) A^i = 0 ; viz., this equation 
is satisfied irrespectively of the values of X, /t, v, if only at the point in question 
(tliat is, for the values of the coordinates which belong to the point = 0, A — 0) ^YO 
have ^P+Q = 0, which is a single relation between the constants. 

143. In particular the cubic curve sA + = 0 may bo made to have a node 

at the point of contact of any one of the three tangents ; the quartic curve 

UA a node, or two or three nodes, at the point or points of contaot of 
any one, two, or throe of the four tangoiits; and so in other cases. Those are not 
the only solutions, and they arc in fact solutions which (as afterwards explained) 
I propose to reject, attending in each case only to the remaining or proper solutions 
of the problem, 

144. To obtain in a different manner the foregoing result, consider again the 

■cubic curve s.4 = regarding this as a given curve, the conic = 0 is a conic 

determined (not of course completely) as a conic having therewith 3 points of 2-pointic 
intersection; viz., if the cubic has a node, then the cone -4 = 0 is either a couic 
passing through the node and besides touching the curve twice, or else it is a conic 
touching the curve 3 times; the former is of course the above mentioned case where 
there is a node at one of the points of contact on the conio = 0 ; tlio latter is 
regarded as the jiroper solution. So in the ease of a quartic curve UA mtit^tj^i = 0, 
regarding this as a given curve, the conic -4 = 0 is a conic having therewith four 
points of 2-pointiG intersection; viz., if tlie quartic curve has one, two, or throe nodes, 
then the conic is either a conic passing through one, two, or three nodes, and besides 
touching the quartic thrice, twice, or once; or else it is a conic touching the quartic 
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four times. The former is the ahovo mentioned case where there is a node or nodes 
at a point or points of contact with the conic A — 0 ; the latter is regarded as the 
proper solution. 

145. To fix the ideaSj and at the same time obtain a result which will be 
afterwards useful, I work out the formulae for the cubic curve sA ^ taking 

this equation under the form 

-f — 2yir — 2z(& — "iosy) + m myz == 0. 

YX yu V/ 

This may have a node in two cHflTerent ways; viz., 

1°, At the point of contact of one of the tangents y^O, z=^0 with the 

conic il = 0; say at the point of contact of ^ = 0, that is, the point = y-^z^O, 

4 4 11 

The value of m is =5-+-; hence and, substituting, the equation of 

the curve becomes 

(x (y +■») + (y - ■2')°) + (•* + y~^y~o, 

which has obviously a node at the point in question. 

2^ The node may be at a point not on the conic -d = 0, viz. the value of m 
(X + /A + v)^ ,, 

IS the equation is 

(k ^ 9 + f + z^~ 2yz - 2ix ~ %) + = 0. 

In fact, writing for shortness 

— X + /4 + j^=5i/, 

X — /J> V =: Mt 

X + ^ V = jV* 

X 4- /u. -P V = P, 

the node is at the point co : y \ z^LX My, : Nv\ which is at once verified, if we 
remark that, writing for convenience a?, y, z^LX, Mfi, Nvy then we have 

— a? 4“ y + ^ — MN, 
a* — y 4- = NL^ 

4- y - ^ = LM^ 

^ ^ 4- ^ — -P, "b y^ 4- -2f“ Sy-? — ^zcs — 2a?y = — XilfA^P (— ^1). 

For, of the three equations for the coordinates of a node, the first is 
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that is, for the values in question, 

- i LMNP + P (- U(N) + MNfj^v = 0, 

tliat is 

- LMNP ^ 2XJlfiYP 4- PmN == 0, 

or, finally, — P=:0, which ih satisfied; and similarly the other two equations 

are satisfied. 


Quariw Surfaces resimed 

14(). Passing now from curves to cones, and to the theory of the quartic surface, 
suppose that there is a compoiionb cone having a nodal line, say the cubic cone 
sA -bmtitJs^O i if the remaining factor is then we have 

AV - }P (sA + mil IJs) tJsto, 

Sui^pose the nodal lino is a lino of contact with the cone ^1=0, say its equations 
are ti — 0,p — 0 (p a linear function), thou sA + vitiUt^ is a quadric function 2^^), 

(of course with variable coclRcients) ; honce AV - B’ is a quadric function; and A 

being a linear function p), it follows that 5 is a linear function, and thence 

tliat r is also a linear function; that is, A^ B, F are each of them a linear function 
p), or the lino in question (viz, the line of contact ^*1 =0, — 0) is a line on the 

quartic surface 4- 2i^z(;4- F = 0, As already mentioned, / exclude from consideration 
the surfaces which have upon them a lino througli two nodes; that is, I exclude 
from consideration the case in question whore any compouont cone, or say where the 
sextic cone, has a nodal line wliicli is a Hue on the tangent cone A - 0. 

147. Now, excluding the case just referred to, I assume as a lyostulate that there 

is but one way in which the cubic cone 4- 0 can be made to have a nodal 
line, or the quartic cone UA'^mtit^Utx^O one, two, or three nodal lines &c., as the case 

may bo. Ib is to bo understood that this does not mean that the constants are in 

any of these cases complelely dotorinincd, but tliat there is between them a relation 
or relations constituting a general solution which includes in itself every particular 
solution whatever, I have no doubt that as regards the cubic cone at least the 
assumption is correct. This being so, the character of a single node determines the 
nature of the surface; for instance, if tliero is a node (3i, 3), then taking this as 
the point (i»=0, y=0, z — ^) the equation of the surface is A.?^4’2i?t(;4-r = 0, where 

r « (7 + ~ (ss'il + VstiUt, + ls%Uh), 

mm 

a surface of a determinato nature ; so that the character of all the remaining nodes 
is completely determined, 

148. The point to be attended to is, that if for instance there were two essentially 

distinct ways of giving the cubic cone 4- ^ ^ nodal line (such as there 

would be if the excluded case wore considered admissible), then the foregoing equation 

35 


0. VII, 
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of the surface would or might include two distinct forms of equation applying to 
different kinds of surface. The conclusion is that there is but one kind of quartic 
surface having a node (3i, 3). Admitting this, and similarly that there is but, one kind 
of quartic surface having a node 6io, it follows that if (as the fact is) there is a 
surface having the nodes 1 + 10(3i, 3) (Kumraer's 11-nodal surface), then that the 

two first-mentioned kinds are in fact each of them this last-mentioned kind of 
surface, and it was in this manner that I arrived at the enumeration given near llio 
beginning of the present Memoir, 


149. The reasoning is, of coui‘ae, in place of a direct clomonstratiou which would 
consist in showing that a surface having a node (3i, 3) has 9 other like nodes, and 
also a node fijo; and that a surface having a node 10 other nodes (3i, 3); 

and that, starting from either form of equation, we could, by passing to a node of 
the other kind, obtain the other form of equation. 



Enuineration of the Gases, 

150. I collect the results as follows : I call to iniud that we have always the icioiitical 
equation AG ~ that the equation of the surface is Aw^ -i- 2JJio -{■ F = 0, 
and that the circumscribed cone is ^r-5« = 0. The equation of a surface having 
different kinds of nodes will assume different forms according as the origin (or point 
.c — 0, y = 0, ^ — 0) is taken to be at a node of one or other of these kinds; those 
forms of the equations are distinguished as “ node-forms,”— viz., we speak of the noeJo- 
form (3i, 3) when the origin is a node (3„ 3), and so in other cases. 

The 16-nodal surface 


node-form 

16 (1, 1, 1, 1. 1, 1), 

cone is 

(1. 1, 1. 1. 1, 1), 

and 

= 0, 

viz,, equation is 

fl 

The 15-nodal surface 

Aiv^ + 2Bto +G~0. 

node-form 

15(2, 1, 1, 1, 1), 

cone is 

(2. 1, 1, 1, 1) 



A THIUD MEMOIR ON QUARTIO STJBEAOBS. 


275 


454] 


The 14-iiodal surface 

8(3., 1, 1, l) + 6(2, 2, 1, 1). 


node-form 

(3„ 1. 1, I), 

cone is 


where 

5^1 + 0 is a nodal cubic 3, 

and 

r=o + --u<o; 



node- form 

(2. 2, 1, 1), 

cone is 

{lA -|- {Jf A -h ^5^0 — 0, 

and 

r = O' + {W A + hn%ti + tita- 

The 13{c:<)-noclal surface 


3(4^, 1, ])+l(3, 1, 1, l) + 9(3u 2, 1), 

node-form 

(43, 1, 1), 

cono is 

{JJ A ?Ui(| 

where 

UA = Q is a Ivinodal quartic 43, 

and 

r = (? + — %<«; 

m 

node-form 

(3. 1. 1, 1), 

cone is 


and 

r = (7+-s<4W; 


nil 

node-form 

(3*, 2, 1). 

cono is 

(s^ (I'A + to — 0, 

where 

sjI +mtittts = 0 is a nodal cubic 3i, 

and 

r - (? + {si' A + m'sttti + ml'ti ht^ to. 


35—2 
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The 13 (y9)-nodal surface 
node-form 


13(2. 2, 2). 

( 2 , 2 , 2 ). 

{lA mtyQ {I’ A A m%ti) {["A -f m\Q = 0, 


cone la 
and 

^ + ll'm"t,t,) A 

■V 4- IVmiJatita 

12 ( 4 „ 2 ), 


The 12(a)-nodaF surface 
node-fom 


cone is 

(43, 2 ), 

where 

(l/A wi4444) a -f = 0, 

and 

C44 + »ii ,444 == 0 is a trinodal quartic 4 a, 


^ ~ mm' tl44 + I'mt, tat, 4 ). 

The 12(/9)-nodal surface 

node-form 

2(5«, l)-h6(3i, 3,) + 4 (3, 2 , 1 ), 

cone is 

1 ), 

where 

(^‘^-‘1 +«j44444)4 = 0, 

and 

K4 -t-m44444=:0 is a 6 -nodal qiiintic 6,, 

node-form 

r^G+^ n,. 

m ' 

cone is 

(3i) 3j), 

whei’e 

(sA + W2^i<2^3) (^'^1 -I- — Of 

and 

0 and syl-4»i'444 = 0 are each of them a nodal ^ 

node-form 


cone is 

(3. 2 , 1 ), 

and 

(sA -f ?n 444 ) (J>'A + ni' 44 ) 4 =3 0 , 
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The 12 ( 7 )-noclal surface, 

noclO‘form 
cone is 
^vhore 
and 


12 ( 4 „ 1 , 1 ), 

(4„ 1. 1), 

( JJA, H" ^ 

JJA — ^ is a binoclal qiiarfcie 


The ll(a)“nodal surface, 
node 'form 


cone IS 


r=(7+- ut,t„ 

m 


l(6,o) + 10(3„ 3) 

WA 4 = 0, 


where this is a lO-nodal soxtic 6io, 
and 


r=a+- F; 

ni 


node- form 
cono is 
whero 
and 


(8i, 3). 

(sA -h (s' A + ni%tQt(i) — 0, 

sA — 0 is a nodal cubic 3i, 

p ^ (7^ (^ss'A + in'stit^ta -h 
mm 


Other 11 -nodal surfaces, 


node- form 

i)> 

cone is 

(VA + mtitJatAn) to = 0, 

where 


VA -\-mtilototits = 0 is a 5-uoclaI qnintic 6 

and 

Cf=r+-Fio = Oi 


m 

node-form 

0,. 2). 

cone is 

( UA + mtMoto) {I'A + m'toto) = 0, 

whore 

UA + mtitotsti = 0 is a binoclal quarlic lai 

and 
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cone is 

where 

and 


1 , 1 ), 

( UA. -j- ^ 0^ 

UA is a nodal quartic 4i, 

r = c+- t/u; 

m 


but whether these node-forms belong to tho same or to different surfaces is not 
ascertained. 

The enumeration is not extended to the 10-nodal surfaces, but I consider one case 
of these surfaces. 


The 10 {ayjiodal ^^^w/c^oc 10(3, 3). 

161. I assume only that there is a single node (3, 3): taking the cone to be 

(sA + == 0 ; 

then for the equation of the surface, in the node -form (3, 3) in question, wc have 

r =5 C'4. (ss'A + sm'titsto + smtit^ts). 

IflhYtX 

But I present this result under a different form, as follows: I write 
A -f gtA ^ r’^ + 

where /, g, h are constants, and, as before, p = 0 , J = 0 , r = 0 arc tho lines joining the 
points of contact of fa! #sj ^ 4 ; and respectively: we have 


sA + = 5^4 -f mtz ^ j , and s'A + = sA + m% \ 

or in place of 5 , s' introducing new linear functions cr, < 7 ', the cubic curves may be 
taken to be (rA--yp\t o-'J- — ^ so that we have 

^ — > [(rfT o-A y~ — <r A ^ , 

mm' V A f^fh^ g )' 

whence jB = ©‘ {pqr -i- tA), where ^ is a linear function of the coordinates ; and we 
then have 

^ K ( , . n . . mm' . A K . „ 
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whore A may bo consiclGrcd as standing tov The equation + 2 -Bw + T = 0 

of the surfacG, substituting throughout for A its value, is therefore 


w 


mm 


wliero iho cono is 


(?” + M + 2 [pqr + «(?» + - 

0 - 0 -' (q^ + gt,t,) -<rj r% ~ <r'jp% + [t^ (q^ + gU,) + 2ipqr] = 0 , 

|tr ((7* + gt^t,) - jph)^ <t' {f + gl^^ - ^ r’tjj = 0. 

162. Writing in tho equation of the surfaeo v) instead of w, it becomes 
(?” -I- gtat^ W*' + 2 [pqr + t ({“ + (/tail)] w 

+ pili' (f + 7 ^ ’’’it - «■' yP% + /JV’J + P {q^ + gt^t^ + itpqr - 0 ; 

and then Avriting j, a- and <t' for <r and cr' respectively, this is 

(?“ -I* Okti) w” + 'i.pqno + 2t?(i (5’ + gtit^ 

-I- g [(Ta-'{<f + gts t,) - (rr“ U - o-'/)’ t, + ^ + P {q^ + gtA>^ + 2 tpqr = 0. 

Wo may consider tg, ti as douoting not tho functions originally so represented, but 
those functions each multiplied by a suitable constant, and thereupon write (/ = — 1 ; 
viz., ta = (), ti = 0, will now donoto any two tangents to tho conic ^1=0, the implicit 
factors being so determined that A — q’^ — tit^. The equation of tho surface is 

((/ - i^ti) vA + 2 pqriv -|- 2iw (q^ ~ ijij) 

— <t<t' (q^ — tit.,) -I- <ri% + <r'p^li +2^^ + P (q‘‘ - iaii) + 2 j}qrt = 0 ; 

viz., this is 

((/“ — igii) [(w + i)’ — (r(r'] + '22)qr (w 4 i) + <n% + cr'pH, = 0 , 
tho soxtio cono being 


{a- (5« - t,t,) -p%} {cr' ((/ ~ tail) - rH,] = 0. 

163. But tho foregoing equation of the surface is 

- <r', w + i, . , r I = 0, 
w + i, ~cr, p , . 

. , p , U , -q 

r , . , ~q, ij 

as is at once soon by developing tho detonninant ; the functions w + t, cr, cr', p, q, r, ig, i^ 
are all of them linear ; and tho detonninant is thus a symmetrical quartic determinant 
tho terms Avhorcof are linoar functions of the coordinates ; viz, the surface is a 
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symmetroid. Tliafc is, a surface having a single node (3, 3) is a symmetroid ; but 1 
have shown {Second Memoir, No. 116) that a symmetroid has each of its ten nodes 
(3, 3)j wherefore the surface having a single node (3, 3) is the 10 (a)-noclal surface, 
nodes 10 (3, 3), 

154. Start from two cubic cones U -0, 7=0, having each the same voi’lox 
(rt? = 0, y==0, z — 0); we in a vaiiety of ways determine the two cones aU 4-/97= 0, 
7 ?/+ S7— 0, having a common inscribed quadric cone A = 0 (viz., a ; /3 being assuniod 
at pleasure, then 7 : S will be determined; not, I believe, uniquely, but I do not 
know what the multiplicity is). This being so, the quadric cone ^^1=0 is uniquely 
determined; and then, assuming at pleasure the plane w — Ot the 10 («)-nodal surlVioo 
4* -f r = 0 is uniquely determined : consequently the remaining nine nodes aro 
determinate points on the nine lines 17= 0, 7=0 respectively. And wo have thus 
a system of ten points in space such that, joining any one of them with the remaining 
nine, the nine lines so obtained are the intersections of two cubic cones, or say that 
they are an ennead of lines. 


Notation for the Oases a/teynuards considered. 

155. I proceed to further develope the theory of some of the different surfaocH. 
The same node-form of equation will, of course, assume different shapes according to 
the actual expressions in terms of the coordinates (w, y, z) of the several functions 
A, &c., which enter into it. I have found it convenient to attribute to A and Ji 

certain specific values which are not in every case those of the coeflioiGnts of w\ w in 

the equation of the surface : this means that wc must, in the equation of the surface, 
substitute new sj^mbols for these coefficients, and write the equation say in the form 
A'wH 4- r = 0 ; the change of notation, when it occurs, will be duly explained. 

166. It is in general (but not always) convenient to take the equation of tlic 

tangent cone to be + + 2y^- 2a?y = 0 ; for then any plane ^ + M + 

^ a p y 

where a 4- ^4- 7 = 0, Avill be a tangent plane; so that six tangent planes may be 
represented by = y-0, ^ = 0, and by three equations of the form just referred to. 

And in reference to this assuniod form of the equation of the tangent cone, and to 

what follows, I write 

® ^ + </ = 0, 

a' +13' + 7 '*= 0 , 

«" + )S" + ry" = 0, 


P + l + £ 

« /3 7’ 

p' =-£■ + y 

« P’ W’ 

P"_£ 4. y 
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X (7V'y-/9'/?M 

F (a'a" z-y'^"!c), 

Z =y 

X'^cc' (y"y y-/8")9 4 
F =/3' (a"a z~y"y «), 
F =7' (/3"/9.^-a"a y). 


Z" = a" (yy'y~^^'z), 
Y" =/S"(a 7'»). 

if" =7"(/3;8'a--««'y), 


^ — 2^^® — txy, 

B — aa'ct" {xj^z — yz^) + /3/3')3" — zx^) + yyy" {a?y ~ soy^) + Mxyz, 

0 — {a(^a"yz + /S/S'/3"ir® + yyy"xyy ; 

where 

ilf=(/3 -y )aV' + (7 -a)^'/3"+(a -/3 )7V', 

= (/3' - 7' ) a"“ + (7' - «' ) /9"/5 + («' ~ /3' ) i‘y, 

= (/3"-7")aa' + {7" - «") /9/3' +K-/9")7 7'. 

= - H(/3 - 7) {&' - 7') (/3" - 7") + (7 - «) (7' - «') (7" - «") + (« - /3) («' - /3') («" - r)) ; 

also 

ii: = 4aaV'/3/3'/3Vy 

and we have identically 





y/ie 16«?iodaJ /Sfm/ace 16(1, 1, 1, 1, 1, 1). 

167. Kummor starts from an irrational equation, which is readily converted into 
the following 

'^(o{X —w)-^^y{y--w) + w) = 0, 

and then, rationalizing, we have 

A'uy + 27iw H- 0, 

where as above 

AG--B^^KmjzPPF\ 

This agrees with the foregoing theory; viz., the point (a;=0, 2/ = 0, ^ = 0) being a node, 
the rationalized equation must, of course, be in the node-form (1, 1, 1, 1, 1, 1), (being 
the only node-form) ; and the symmetry of the formuljB enables us at once to write 
0. VIL 36 



282 


A THIRD MEMOIR ON QUARTIO SURFACES. 1. 

down the equations of the 16 aingiilai- planes, and thenca to deduce th(3 oooivtinatus 
of the 16 nodes; viz., 


the singular planes are 

(1) a.-=0, 1 

and the nodes arc 

1 (1) ( 0 , -/9, 

7 . 

a'a''^'Y ), 

(2) 

y = 0, 

(2) 

( « . 

0 , 

-7> 

/3';Q V ), 

(3) 

z=0. 

(3) 

(-«, 

/8 . 

0 . 

7V'c./3 ), 

(4) 

0, 

(4) 

(«'«", 

/3T. 

yY , 

0 ). 

(o) 

! 

11 

o 

(5) 

( 1 . 

0 , 

0 , 

0 ), 

(6) 

F — w = 0, j 

(6) 

( 0 , 

1 , 

0 , 

0 ), 

(7) 

^ — w = 0, 

(7) 

( 0 , 

0 , 

1 , 

0 ). 

(8) 

P = 0, 

(8) 

( 0 , 

0 , 

0 . 

1 ), 

(9) 

r-io=o, 

(9) 

( 0 . 

~/3', 

7 ' . 

a"«/3'7' ), 

(10) 

F-w = 0, 

(10) 

( 

0 . 

-7'i 

W«'). 

(U) 


(11) 


/3' . 

0 . 

y'Y'^' )' 

(12) 

P'=0, 

(12) 

(«"«, 

/8"j8, 

y"y> 

0 ). 

(13) 

X"^w = 0, 

(13) 

( 0 . 

-r. 

y" < 

a«'/3'Y'), 

(14) 

r’~w=o. 

(14) 

( 

0 , 

- 7 " 


(15) 

1 

li 

o 

(16) 

(-< 

(3", 

0 , 

77'«"/3"), 

(16) 

P" = 0. 

(1C) 

(««'. 


77 '. 

0 ). 


where the nodes and planes are mimbored as by Kuminor; and by moauH of Iiin 
(difterently arranged) diagram of the relation between the aeveral nodes mid planoH, 
I was enabled to form the following square diagram, which exhibita tliiB relation in, 
I think, the most convenient form. To explain this, observe that in the upper and 
leffc-hand margins, the numbers refer to the nodes; in the body of tho table, and in 
the right-hand margin to the planes, the table shows that for tlio node 1, the 
circumscribed cone is made up of the planes 1, 6, 7, S, 9, 13 ; and that the remaining 
15 nodes are situate on the nodal lines of this cone, the node 2 on tho iutorsecbioii 
of the planes 7, 8 ; the node 3 on the intersection of the pianos 6, 8, and so on ; 
and the like as regards the other lines of the table. 



NODES 



11 , 16 4 , 8 10 , 11 9 , 11 9, 10 ^ 16 , 8 , 4 , 9 , 10 , 11 
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158, The before mentioned irrational equation may be written 


1454 


Vl.S +^2.6 +V 3.7 =0, 


and by symmetry we see that also 

VfT9 +^00 + ^01 = 0, 
vTTs + VO4 + Vs as = 0 ; 

viz., these ai’e three equations each containing the planes 1, 2, 3, which arc throe of 
the planes belonging to the node 1 ; the other three planes in any such equation 
(for instance, the planes 5, C, 7, in the first equation) being three planes belonging to 
another node. Instead of the planes I, 2, 3, we may have any other threo lolanos 
belonging to the node 1; and instead of the node 1, any other node; but oac)] 
equation belongs to two nodes; the number of equations is thus 

6 5 4 

2 g xI 6 x 3 -f- 2 , = 480 , 


Io9. To obtain the planes belonging to any such equation, combine any two of 
the outside right-hand lines of the diagram, these contain in common two iimnboi’H 
the places of which are interchanged ; striking these out, we have four columns, and 
taking out of these any three columns, wo have the corresponding seta of plnnos. For 
instance, hues 1 and 2 contain 78 and 87 respectively; striking these out, the linos are 


1. 9, 13, 6; 

2, 10, 14, 6; 

Vi 72 + VoTio + Vi04 = 0 , 

1^9 10 necessai] to introduce constant factora along with the product.s 

- 

contai!L\hrl?arbitX“'L^^^^ oquation 

've have the 14-nodal smface- p«ain7 two^’ f ’ 15 “'' ^ 

putting all three of them =0 D. if 15-nodal surface; 

.urface anj that for the <«' «'<! le-nodal 

■Wacri a, above from tW ”**“?. ,V T “ 

might have been used for the lonnli r* suiface, and the like form 

I^nnuner, as presoiX apLl is 1 '^y 

equation of the 13 (a)-nodal surface. form not thu.s deduciblo from the 
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The lb~nodal Surface 15(2, 1 , 1 , 1 , 1 ). 

161. Kiimmer’s equation is readily converted into the following: 

i'lw® + iBtu + 0 + — aiijz P = 0, 
m 

the circumscribed cone being thus 

and the equation being in the node-form ( 2 , 1 , 1 , 1 , 1 ). 

The formula) for the 15 nodes and the 10 .singular plaires depend upon a quadric 
equation, for the symmetrical expression of which I write 

a'a" - /3 V = S!S" ~ /«' = H' “ «"l8' = 

«'a" - S'i' = S'S" ~ y®" = tV" - «'/3" = w ; 

.so that 

,0 ~ w = " /3'V = y'«" - i'd = US" - a" S', 

<o+zT = a'a" +S'S" + yY- 

the equation in (piestion then is 

HO that, calling the I'oots of it p^, p^, wc have 

, _ ^ 

pi+p^^to + vr, 9190-^^ + 4aSym'’ 

or wo may wrilo 

Pi^ ^{(0‘^'UT -h ^ Xi), = ^ (aV' -f /9'/3'' -h yy' + V Xi), 

/3a — + i («V' 4- + yy' — V XI), 

if for shortness 

162. I write also for shortness 

a = (/9 - 7 ) tt'a" + a (S'0' — yy"), 
b = (7-«)^'/3"-t-/3(7y'-«'a"), 
e^(a-S)y'y' +y (UW - S’S")', 

and I say that the singular planes are 

(1) (1) ffi=0, 

( 2 ) ( 2 ) y = 0 , 

( 8 ) (3) = 0, 
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(„ (9) - 1 (A- -?«) + (/.:-«) (I + 

(5, (10) - -!<;) + (/», -«)(j + ')==0* 

(0) (11) - ^ (Z' - w) + (/). - ") (^ + 1) = 

17) (13) + + 

(14) -l(F'-«) + (p=— )(;J + 3=0. 

(0) (lo) - ^ - w) + (Pa ~ (a + 

(10) (8) P=0; 

and that the nodes are 

(1) (1) (0, -A 7> 

(2) (2) ( « , 0 , - 7, 

(3) (3) (~a, /3 , 0 , yV'a/S ), 

(4) (9) ( 0 , Pi~yY , a (p^~7'7")(p,-^'0'')\, 

(5) (10) {- (p, - 77"). 0 , Pi- (P* - «'«" ) (Z’” - T'V' )}. 

(0) (11) { pi-^'0” , -((Jj- «'«"), 0 . 7 )). 

(7) (13) ( 0 , p2~H' > ~(pi-00')> « (^’3~7y')(pi-/?'/3"))- 

(S) (14) (— (pi ~ y’y"), 0 , Pa — «V' , /3 (/>3 — aV' ) (pi — 7 y )j ■ 

(0) (15) { pa-/3'/3" . -(Pi-«V'). 0 , 7 {po-/5'/3")(pi-«'«" )l- 

(10) (8) (0, 0, 0, 1). 

(11) (5) (1, 0, 0, 0), 

( 12 ) ( 6 ) ( 0 , 1 , 0 , 0 ), 

(13) (7) (0, 0, 1, 0), 

/ kl\ 

( 14 ) (16) (^^a(a-a VH). i/ 9 (b ~/3 \/il), ^7 (c - 7 Vf!). ^ j . 

(13) (12) ^|a(a + aVfl), ^)8 (b + y9 Vil), i7(° + 7V'0). — J . 


163. The small reference numbers are those used by ICummor. It is, I tliiuk, 
better to retain the reference numbers belonging to the case of the 16-nodaI surface; 
viz., there are here given, large, 1, 2, 3, 8, 9, 10, 11, 13, 14, 15 for tho pianos, and 
1, 2, 3, 5, 6, ... to 16 for the nodes. Belonging to each node (that is, with tho node 
as vertex) there is a quadric cone passing through 8 other nodes; and each node lies 
(exclusively of the cone whose vertex it is) in 8 sucli cones. We have thus tho 
following square diagram: 



. CONES 

9,13 <71 (71 I 1,8 1,9 C-IS I (713 I 8, 13 1, 13 (79 (79 8,9 1, 8, 9, 13(6, 7) 
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164, The arrangement is the same as in the 16-uodal square diagram; only, in 
the right-hand margin, a bracket (6, 7) denotes that instead of the planes (6, we 
have a quadric cone; which cones are, in the body of the table, denoted by (7, Thus 
fur the node 1 the sextic cone is made up of the planes 1, 8, 9, 13 and of a quadric 
cone (6, 7), = f7 : the remaining 14 nodes lie on the nodal lines of the sextic cone, 
viz,, the node 2 on an intersection of the cone C with the plane 8, the node 3 on 
an intersection of the same cone and plane, the node o on the intersection of the 
planes 9, 13, and so on. 


The Equation of the Ih-nodal Surface^ as deduced from that of the 13 

165, If, in the equation hereafter given for the 13-iiodal surface, we write v-Q, 
/A = 0, or (what is the same thing) in that of the 14-nodal surface we write fi = 0, the 
form is 

{A + 4<kyz) 

+ 2^ (5 “ X) 

+ (7=0. 


The circumscribed sextic cone is thus (2, 1, 1, 1, 1), 

{\dryz 4 - 4 ^acoy + a^xz) yz {F - pi F') (P' P2F') = 0 , 

where pi, ps now denote the roots of the equation 


The singular planes are 


\ (pa - «")“ - (" - «•)’ />«'«" = 0. 


(4) 

«/ = 0, 

(12) 

P'-P,P" = 0, 

(16) 

F-p,P" = 0, 

( 3 ) 


(2) 

y-0, 

(15) 

- 10 )- {Z" ~w)^Q, 

(11) 


(14) 

^p,(F-,t;)-(F"-«.) = 0, 

(10) 

|^,p,(F-w)-(F'-z«) = 0, 

(6) 

X-w~0, 


and we have then the same square table as before: the coordinates of the 15 nodes 
may be obtained without difficulty 
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166. The form is really cquivalenli to that first considered in regard to the 
lo-nodal surface. To show that this is so, we have only to arrange according to powers 
of iC] vk., the equation thus becomes 

{(ryry'fy'')2 -f- + 2yy'y^iVij + 

-h 2{g [yyy*^a%a*^y^z -4* — zio^ — — yyy\oy^ + Myziu} 

q- {aa!a”yz + 'loy - wzy — ^^Xyzw (X — iv) = 0, 

whore, if for a moment A denotes the cooflicicnt of wo have y — 0, z^O, w — 0, 
X^io — Ot four tangent planes of the quadric cone -4=0. 


li-nodal Surface 8(3,^ 1, 1, 1) + G(2, 2, 1, 1), Nodeform (3i, 1, 1, 1). 

107. In the equation hereafter given for the 13-iiodal surface, writing r=:0, the 
sextic cone becomes 

4iZ {foi‘\fz + + ^yx’^ij -h yax}/ -I- a^xyz) (P' - piP'') (P' ~ p^F') = 0 ; 

viz., this is of the form in question (Sj, 1, 1, 1); and the equation of the sarfaco is 

+ i (Xy + puv) z — 

+ 2^y ( Z? — 2 (XyX -h fix Y) z} 

+ 6'=0. 

The singular pianos arc 


and the nodes arc 


w = 0, 

(4) 

h) 

o 

II 

iSl 

1 

(12) 

m 

P'-p,P" = 0. 

(16) 

(3) 

z =0, 

(3) 

(1) 


(16) 

(0) 


(11) 

(5) 

(0, 0, 0. 1). 

(8) 

(1) 

(1. 0, 0, 0), 

(6) 

(13) 

(0, 1, 0. 0). 

(6) 

iu) 

(0, 0, 1, 0), 

(V) 

(6) 

■'-/S'pi a" -a! Pi ^ 7'yV'(/3" — ^'pi)(«" -a'pi)'\ 

’ ■ aV' ’ * «"/8'V - r 

(11) 

(i> 

'-B'p.. a"-a% ^ yyW'(^"-fi’Pi)(«"~a'pi)\ 

BW~‘ ■ «'«“ ’ ’ «"/3'V-«W>!. /’ 

(15) 

(3) 


37 


C. VTI. 
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/ «aV' 

W' 

t If 

0 

). 

(16) 

(7) 



// / * 
y'-ypi 


/ 


/ m*a' 

W' 

/ n 

777 

0 

), 

(12) 

(S) 

\a"-a'pi’ 

0"~0W 

/> ^ ^ 
7 -7/>3 




( aV' , 

0'0" , 

7'7" > 

0 

)- 

(4) 

(0) 

( -« . 

0 . 

0 , 

7V'«/3). 

( 3 ) 

(2) 

.p.{Z'-w) 

-{Z"~w) 

= 0, F~ 


0, 

(13, 14) (0. 

, 10) 


tivo nodes on line 

7"a'^ 

and two node.s on line 

/>. (^' - w) - “ w) = 0, P' - />3P" - 0, (9, 10) (11. i«) 

7^ P 

where the large numbers are those for the l6-nodal surlaco, the Hinall numbers are 
Ktimnier's. 


16S. In these formulas, p^ denote the roots of the equation 

- 2 j^X/3'/9" + (a> - pc>:^a"0' = 0. 

169. The relation of the nodes and sextic cones is given by moans of the s(iuare 
diagram on the opposite page ; 
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where the arrangement is the same as before; only in the righl-hand marg’in, a 
bracket (5, 6, 8) denotes that, instead of the planes 5, 6, 8, wc have a nodal cubic 
cone (5, 6, S\ which is in the body of the table rcfciTed to as G, and the uodftl line 
thereof by x; and the brackets (2, 5), (9, 13) denote that, instead of the planes 2, 5, 
we have a quadric cone (2, o), and instead of the planes 9, 13, a quadric cone (Q, 13); 
wliich cones are in the body of the table referred to as i), i)' rospoctivoly* And it 
is to he understood that each vacant square of the tabic should contain the symbol 
(D, D')t this being omitted only for the purpose of better exhibiting the form of the 
table. 

170. The equation of the surface may be presented in the irrational form 

^^(P' - p,P") W'a'/3'p, {Z' - w) - 
+ -p,P") y'u'^’p,{z' -to) ^y'or0'{Z"~w)] 

In fact the norm of the left-hand side is 


= (pi “ pa? (® - [A + iz (Xy + jm) — 

+ 2to [P - {XyX -I- /t.'cF)] 

+ a }. 

To partially verify this, observe that, rvriting the equation under the form ^/R + V'S+ = 0, 
on Avriting therein w = 0, Ave ought to have 


(P - Sy = (p, - pj)® (o) - ir)® {(nc^(i"yz -|- ^^'0'ztv -h '^y<Y"xyy. 
But Avriting w =: 0, Ave have 


P - P = (P' -P.P") - y'(t"0"Z") 


- (P' ~ p,F') (sr"a'^'pF' ~ ^'ol'^"Z"\ 

= ~ Pi) Hot&FZ’ - id'^'VZ"), 

= (pi - Pi) W (0'y'{O + y'a'y + a'j3'z) (/9/S"« - «ci"y) 


Avhieh is easily found to be 


- y' + y"a"y -f cc"/3''^) 


= - (pj - Pi) (® - ®-) (aaW'yz + -f yy^^H) 5 

and .thus (P — Sf has the value in question. 

171. In further verification, observe that, Avriting- a?, ?/, z — a'a" B'B" nW 
therefore P'=0, P" = 0, Ave ought to have , PP, yy. 


and 


(Pi pi)- (« /S « /S )■ z^ufi - (p, _ Pj)® (w - .57)® w® {A -b ^z (Xy + - iXfiz^ 


observing that, for the values in question, B, X, Y, 0 all vanish. 
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This is 


(pi - pa)’ (a'/3'a"/3")= ('y'yj = (« - »)“ J(<» - (X/3'/3" + ficia" - Xfiy'y")}, 

which is in fact the value of {pi — obtained from the equation in p. 


The IS (aynodal Surface 3(4^, 1, 1)+1(3, 1, 1, l) + 9(3,, % 1), 

172. The equation, node-form (^ 3 , 1 , 1), is 

[A 4 {\yz + p>zx ■+• vxy) — 4 + vXy'^ -I- 'K}iz^)] 

4 - ^10 {iJ — 2 (fAjzX 4 p^zxY 4 vxyZ)] 

4 (7 = 0 j 

viz., for the circumscribed cone wo have 

{A 4 4 (Kyz 4 4 vsoy) — 4 4 vXy^ 4 Xp^z"^)] G 

— (7J - 2 (XyzX 4 pzwY-b vxyZ)Y 

— 4 {Xay^H 4 vy’^x^y'^ 4 /Syx^yz 4 yai/zx 4 


: ^ f - f J + «'«"WYy w} , 


where, on the right-hand side, the first factor, equated to zero, represents a triuodal 
quariic cone, the nodal lines whorcof arc ( 2 / = 0 , z=0)y (^= 0 , fi?= 0 ), (^ = 0 , 2 / = 0 ). 

173. As regards the second factor, it is to be observed that, writing as above 
we have identpically 

ai al 

B'P' — B"P" — T. 


yr’-y 


— Z 


that the second factor is 


-r, {- X W^'Wy {a'P' - a'T'y - {y'yWf {^'F - fi'F'f 

{0) —^) 

- V (aVW")^ {yF - y'FJ + (« - v:)^ aYWY^ ; 
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01 ’, wliat is the same thing, 

- (W +/* (7 «')“ + W] (a''^’YP'y 

^ 2 [X (^y/9 V) ( 7 V /0 + (a'^V'^'O -h^ioy- x ci'/3'y'F'a"/3'YP% 

so that, equating to zero, we have a pair of planes, each passing through the line 
P' = 0, P" — 0, and which it is clear must be the tangent planes from this line to the 
quadric cone ^^ = 0. I will presently return to this, but I consider first the foregoing 
identical equation in regard to the circumscribed cone. 

174. In verification hereof, observe first that, if «?=0, the equation becomes 
{{y - - 4X (vf (auWyy^j^^ - {(xa'a" {ifz^yz^) - 2\yza {jYll l3'^^'z)Y 

=s {- \a^(7V'y - - {actfedy {vy*^ 4* fzz"^) - {y^y + (B'z) Yy 4- Yz)], 


viz., omitting terms which destroy each other, this is 
{{y ^y + - \(f.doi^ {y^z - y^^) — 2\yzci {yYu ^ 

- 4.\fz^ h Wy d' /3'^) W'y + 

Or again, this is 

^ikyz (aa'dy 4 - ^Xyz dodd^ {}fz — yz"^) — ^'0*z) 

= — ‘^dKifz^ (ry'y + jB^z) Yy + YP) J 

viz., this is 

aVy •\r{y-z) (yYy - = (^V + /9V) {i’y + 

which is at once seen to be true, 

176» Again, compare the terms which contain co^ijz. On the right-hand side, we 

have 

4/Sr«> X term iu tc^ of (-K~-(i^~v~^-a;a."0'^yy"FF ^ ; 
viz., the coefficient is 

- {-. /. ir^Yy - V + /3 wy'i^ 

On the left-hand side, that is in A^O — 5'^ the only terms which give rise to the 
terms in question are 

in (1 - 4iiiv) (P ; in (7, ! 

and iu Pd 

( 777 " - !i?y, - (j8/9'/3" - 2ii^<yY) 5 

whence the coeificienfc is 

2j30'fi"yyY (1 - + 2 (r/ 7 " “ 2i^y3'/3") {000" - 2/ii0yY). 
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which is in fact 

= {- ^ (yYf - , (;3'/3T + ;S'/3 V/l. 

which is right ; and the verification may bo completed without difficulty. 

17G. The singular planes arc 

w = 0, (4) 

P’-p,F''^0, (12) 

P'-p,P"=0, (16); 

and the nodes are 


(0. 

0, 

0, 

1), 




(8) 

(1) 

(1, 

0, 

0. 

0), 




(0) 

(5) 

(0. 

1, 

0, 

0). 




(6) 

(ft) 

(0, 

0. 

1. 

0), 




(7) 

( 7 ) 

/ a«'a" 

\« - a Pj 

m" 

r-/9'p/ 

/ ft 

777 

7"“7>i' 

0), 



(16) 

(2) 

/ oaV' 
W'~a%’ ] 

/3/3'/3" 

^ f ff 

777 

7" - 7V2 ’ 

0), 



(12) 

(ft) 

( «'«" . 


/ if 

77 i 

0), 



(4) 

( 4 ) 

three nodes 

in P 

'-p,P" = o 


(13, 

14, 16) 

(8,( 

\ 10) 

f) 


P' 

'-p,P''^Q 


(9, 

10, 11) 

(11, IS 

t 1») 


whci'c the small numbers arc those used by Kummer, the large ones arc those 
referring to the 16-nodal surface, and arc here adopted. In the foregoing formuhe 
pi, pa aro the roots of 

[\(/3"yy ■\-p(ayy](pa'^'yJ 

- 2 [X^V/9 V + w'a W + va'^'a"^" + ^(m~ vr)=] pa'/9ya"/3 "7" = 0. 

177. We have the square diagram in the following page: 
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whore for greater clearness I have omitted the symbol GG\ which is to be understood 
as occupying each of the vacant squares. 

The arrangement is the same as before; the right-hand margin shows the sex tic 
cone ; viz., for the node 4 this is made ivp of the singular planes 4, 12, 16 and of 
a ctibic cone represented by (5, 6, 7) (as replacing the planes 5, G, 7 in the case of 
the 16-nodal surface). Similarly for the node 5, the sextic cone is made up of the 
singular plane 4, the nodal cubic cone (2, 3; 6), and the quadric cone (9, 13) (the 

numbers in these last symbols indicating the planes in the case of the 16-nodal 

siii'faco, which are here replaced by cones). So for the node 8, the sextic cone is 
made up of the singular planes 12, 16 and of the trinodal quartic cone (8; 1, 2, 3). 
As regards a nodal cubic cone, for example (2, 3 ; 5), the semicolon is used to indicate 

that the nodal line replaces the intersection of the planes 2, 3; the other intersections 

2, 5 and 3, 6 having disappeared, And so for a trinodal quartic cone (S; 1, 2, 3), 
tho semicolon is used to indicate that the nodal lines replace the intersection (1, 2), 

the iutcrsoctioii (1, 3), and the intersection (2, 3) respectively; the other intersections 

1, 2 ; 2, 8 ; and 3, 8 having disappeared, Finally, in the body of the table, G is used 
to denote the cubic or the quartic cone (as the case may be); x to denote a nodal 
line of either of these cones; and C" the quadric cone; as already mentioned, the 
vacant places are considered to be GO', 

The reading of the table is then as follows; viz., for the node 4, the remaining 

twelve nodes lie on the nodal lines of the sextic cone 4, 12, 16, (5, 6, 7), as shown ; 

vi? 5 ., 6, 6, 7 are each of thorn on the intersection of the cubic cone with the plane 4; 
8 is on the intersection of the pianos 12 and 16; and so on. 

I reserve for another Memoir the discussion of the 13 (^)-uodal surface, and the 
surfaces with less than 13 nodes. 


a vri. 


38 
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ON PLtiCKER’S MODELS OF CEETAIN QUARTIC SURFACES. 


[From the Proceedings of the London Mathematical Sooietg, vol. in, (1869—1871), 
pp. 281 — 285. Read June 8, 1871.] 

The Society possesses a series of 14 wooden models of surfaces, constructed under 
the direction of the late Prof. PlUcker, in illustration of the theory developed in his 
posthumous work, "Neue Geometric des Raumes gegriindet nnf die Botrachtmig dor 
geraden Linie als Raumelemente,” Leipzig, 1869. These all of them roproscut, T boliovo, 
Equatorial Siu'fece.s ; viz., models 1 to 8 represent case.s of the 78 forms of equatorial 

surfaces “deren Breiten-Curven eine feste Axenrichtung besitzen,” vol. II. pp. 352 363, 

the i-emaining models, Nos. 9 — 14, I have not completely identified. I propose to go 
into the theory only so far as is required for the explanation of the models. 

In a " Complex, or triply infinite system of lines, there is in any plane whatever 
a singly infinite system of lines enveloping a curve; and if wo attoiid only to the 
curves the planes of which pass through a given fixed line, the locus of these curves 
is a complex surface. Similarly, thei’e is through any point whatever a single infinite 
seiies of lines generating a cone; and if we attend only to the cones which have 
their vertices in the given fixed line, then the envelope of these cones is the same 
complex surface. In the ease considered of a complex of the second dogroo, tho curves 
and cones are each of them of the second order; the fixed line is a double line on 
the surface, so that (attending to the first mode of generation) the complete section 
by any plane through the fixed line is made up of this line twice, and of a conic ; 
the siirface is thus of the order 4 : it is also of the class 4 ; the surface has, in 
fact, the nodal line, and also 8 nodes (conical points), and we have thus a reduction 
= 32 in the class of the surface. 

In the particular case where the nodal line is at infinity, tho complex surface 
becomes an equatorial surface; viz., (attending to the first mode of generation) wo have 
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here a series of parallel planes each containing a conic, and the locus of those conics 
is the equatorial surface. 

It is convenient to remark that, taking a, 5, h to be homogeneous functions of 
{cG, w) of the order 2 ; ^ of the order 1 ; and c of the order 0 (a constant) ; then 
the equation of a complex surface (see vol. i. p. 162) is 

y, 1 ==0; 

k g 
z, h, 5 , / 

9 » /i 

and that, writing ^=1, or considering a, kb\ f, (j\ c as functions of o) of the orders 
2, 1, 0 respectively, we have an equatorial surface. 

A particular form of equatorial surface is thus bey^ -{- caz^ + ab^O, or taking 0 = 1 , 
this is by^ 4- az'^ + = 0, where a, b are quadJic functions of (C. 

The surface is still, in general, of the fourth order : it may however degenerate 
into a cubic surface, or oven into a quadric surface ; the last case is however excluded 
from the enumeration. The section by any plane parallel to that of yz is a conic ; 
the section by the plane jr = 0 is made up of the pair of linos a-0, and of the conic 
.^2 + 5 = 0; that by tho plane is made up of the pair of lines ^ = 0, and of the 
conic the last-mentioned planes may be called the principal planes, and the 

conics contained in them principal conics. Tho surface is thus the locus of a variable 
conic, the plane of which is parallel to that of yz, and which has for its vertices the 
intersections of its plane with the two principal conics respectively. And we have thus 
the particular equatorial surfaces considered by Pliicker, vol. ii. pp. 346—363 (as already 
mentioned), under the form 

Ji;af‘ + lUce~+0'^ ^ 

and of which he enuraemtes 78 kinds; viz., these are 


1 to 17 
18 „ 29 
30 „ 32 
33 „ 39 
40 „ 43 
44 „ 61 
62 „ 73 
74 „ 76 
77 and 78 


Principal conics each proper. 

One of them a line-pair. 

Each a line-pair. 

PrinciiJal conics, each proper, but having a common point. 

One of them a line-pair, its centre on the other principal conic. 

One principal conic a parabola. 

One principal conic a pair of parallel lines. 

Principal conics each a parabola. 

Principal conics, one of them a parabola, the other a pair of parallel lines. 

38—2 
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The models 1 to 8 correspond hereto, as follows: 

Mod. 1 is 13, i.e. 2 is Mod. 5 

„ 2 9 3 „ 6 

„ 3 40 4 „ r 

„ 4 34 9 „ 2 

„ 5 2 13 „ 1 

„ 6 3 32 „ 8 

„ 7 4 34 „ 4 

„ 8 32 40 „ 3. 

Mod. 6 is 2: the form of the equation is here 

f -1 - 

P [(a- - ctf + /9^] [(® - «')' + /?'“] 

viz,, the principal conics are one of them a hyperbola, the other iraagiuai’y; hence the 
generatmg conic has always two, and only two, real vertioes, viz., it is always a hyperbola : 
there are no real lines. 

Mod, 6 is 3 : the form of the equation is 

if — 1 • 

viz,, the principal conics are each of them a hyperbola; the generating conic has four 
real vertices, viz., it is always an ellipse: there are no real linos. 

Mod. 7 is 4: the form of the equation is 

F(^) (x - 8) i(x ~ a'f + /3'“] ^ 

The principal conics arc one of them an ellipse, tho other imaginary ; for values 
of ^ between 7 and S, the variable conic has two real vertices or it is a hyperbola ; 

for any other values it is imaginary, so that the surface lies wholly between the planes 

£G = S: the surface contains the real lines y - 0, and y = 0, 8. 

Mod. 2 is 9 : the form of the equation is 

where, say the values 7, 8 lie between the values y\ the principal conics are each 
of them an ellipse, the vertices (on the axis or line p = 0, ^ - 0) of the one ellipse 
lying between those of the other ellipse. The variable conic for values of o) between 

7, 5 has four real vertices, or it is an ellipse; for values beyond these limits, but 

within the limits 7', 8' — say from 7 to 7', and from 8 to — there are two real vertices, 
or the conic is a hyperbola; and for values beyond the limits r/, 8\ the variable conic 
is imaginary. 
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There are four real lines (?/ = 0, a? = 7), (y- 0 , «?=S), (^ = 0, a; = 7^1 — a?=S'), 

The surlace consists of a central pillow-like portion, joined on by two conical points 
to an upper portion, and by two conical points to an under portion, the whole being 
included between the planes a? — 7', .r=:8\ 

Mod, 1 is 13 : the form of the equation is 

¥ (« - 7) (a; - S) ” (® - yOI® - S') > 

the values 7', 8' between 7, 8; ttie principal conics are one of them a hyperbola, 

the other an ellipse, the vertices (on the axis or line 2 ;=^ 0 ) of the hyperbola 

lying between those of the ellipse. 

The variable conic, for values of (c between 7', S', has two real vertices, or it is 

a hyperbola ; for the values, say, from 7' to 7, and 8' to 8, there are four real vertices, 

or the conic is an ellipse ; for values beyond the limits 7, S, there are two real vertices, 

and the conic is a hyperbola. There are the four real lines (y — 0, (g = 7), (y = 0, a)= 8), 

and (^=0, /r— 7), = The surface consists of 8 portions joined to each 

other by 8 conical points, bub the form can scarcely be explained by a description. 

Mod. 8 is 32 ; the form of the equation is 

viz., the principal conics are each of them a line-pair, the variable conic is always an 
ellipse. 

There are the two real nodal lines (y = 0, (c =: 7) and (^ — 0, rt? = 7'), each of these 
being in the neighbourhood of the axis crunodal, and beyond certain limits acnodal ; 
the surface is a scroll, being, in fact, the well-known surface which is the boinidary 
of a small circular pencil of rays obliquely reflected, and consequently passing through 
two focal lines. 

Mod. 4 is 34 : the equation is 

(w — 7) (i» — 8) P (a) — 7') (i?? - 8) ^ 

where a? == 8 is not intermediate between the values a) — y and cu^y \ say the order is 
S, 7, 7^ The surface is thus a cubic surface ; the principal conics are ellipses having 
on the axis a common vertex at the point a; =8, and the remaining two vertices on 
the same side of the last-mentioned one. The variable conic for values between 8 and 
7 has four real vertices, or it is an ellipse; for values between 7 and 7' two real 
vertices, or it is a hyperbola ; and for values beyond the limits 8, 7' it is imaginary. 
There are on the surface the two real lines (y = 0 , = 7) and (jsr = 0 , </), The surface 

consists of a finite portion joined on by two conical points to the remaining portion. 
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Mod. 3 is 40 : the form of equation is 

, I „ 1^0 

f {ic ^ (oj - S) ^ Z '2 

The surface is thus a oiihic surface; the principal conics are, one of them an ellipse, 

the other a pair of imaginary lines intersecting on the ellipse; for values of (o between 

Y atul S, the variable conic has thus two real vertices, and it is a hyperbola ; for values 
beyond these limits it is iraaginaiy, and the whole surface is thus included between 
the planes — and = There are the two real lines (y==0, ^* — 7 ) and {z — O^ oj^S). 

Taking = the surface is 

- f j ■ 1^0 

which is a particular case of the parabolic cyclide. 

As already mentioned, I have not coini^letely icleiitifiecl the remaining models 9 to 
14, but I will say a few words about them. 

The equatorial surfaces, not included in the preceding 78 cases, Pllicker distinguishes 
(vol. ir. p. S63) as '"gedvehte" or ‘Hordivto,” say as twisted equatorial surfaces; the 
equation of such a surface is 

hif -h ^hyz + az^ q- ah - = 0 , 

where 

h ^ Fx'^ — 2 iJa; -H i?, 
ct = -f' 2 f/ifc q* (7, 

h — — Ox ^ Q (or in particular = — 0^' - (?). 

Mod. 13 is such a surface, being a twisted form of model 2 . 

Mod. 9 and Mod. 14 belong, I think, to the case a = 0 ; viz,, the form of the 
equation is + 2 Zt 2 /ir — =s 0 . The variable conic is a hyperbola, the direction of one 
of the asymptotes being constant (vol. 11 . p, 368). 

There are moreover (p. 372) equatorial surfaces in which the variable conic is 
always a parabola, and where there are on the surface four real or imaginary lines. 

Mods. 10, 11, and 12 seem to represent such surfaces. 
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NOTE ON THE DISCRIMINANT OF A BINARY QUANTIC. 


[From the Quarterly Journal of Pure and Applied MatliematicSy vol, x. (1870), p. 23.] 


It is well known that the discriminant of a binary quantic (a, 6, c, ly* is 

of the form 

Ma^m\ 

but it is further to be remarked that if 6=:0, then the form is 


a ( jWa -h iVc“), 

if h = Q, 0 — 0, the form is 

{Ma + 

and so on, until only the lowest two cooIBcients are not put ^0. Or, what is the 
same thing, if in the discriminant of the original function we put a — 0, then the 
disoriminant divides by 6® ; if 6 = 0, the discriminant divides by ct, and, omitting this 
factor, if wo then write a— 0, it divides by c^; if 6=0, o^s=:0, the discriminant divides 
by and omitting this factor, if we then write a=i0, it divides by cZ^; and so on, 
until as before. 


Thus if 6 — 0, the discriminant of (a, 0, c, cZ, 1)^ divides by a, and omitting 
this factor it is 


— 18 acV 
+ 64 acd^e 
^ 27 ad^ 

+ 81 c*e 


which for a = 0 has the factor ; if 6 — 0, c - 0, the discriminant of (a, 0, 0, d, 1)* 
has the facto)’ and omitting this factor it is 

ae^ 

- 27 d\ 

which for ct = 0 has the factor ; the series of theorems here terminates, since the 
lowest two coefficients cZ, e are not to be put —0. 
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ON THE QUARTIC SURFACES V, T'F)= = 0. 


[Fi’om the Quarterly Journal of Pure and Applied Mathematics, vol. x. (1870), 

pp. 24—34] 

I PEOPOSE to mj'self for investigation the qiiartic surfaces represented by an 
equation 

Q.'IU, V, TF)“ = 0, 

whore U, V, W are quadric fimctioiia of the coordinates. 

Such a surface has 8 nodes (conical ^joints), viz., these are the points of inter- 
section of the quadric surfaces 27-0, 7 = 0, TK - 0. It is to be observed, that not 
cveiy q liar tic surface with 8 nodes is included under the above form ; in fact the 
equation of a qiiartic surface contains (homogeneously) 36 coefficients, or say 34? arbitrary 
parameters; in order that a given point may be a node, 4 conditions must bo satisfied, 
and it is consequently possible to find a quartic surface having 8 given points as 
nodes (and having in its equation (34 — 8.4=5) 2 arbitrary parameters): but 8 given 
points are not m general the intersections of three quadric surfaces, and such a quartic 
surface is therefore not in general included under the above form. I think, however, 
that it may be assumed that the above form includes all the quartic surfaces having 
8 nodes, points of intersection of three quadric surfaces. It will presently appear that, 
included in the form, we have surfaces where (instead of the 8 nodes) there is a nodal 
or cuspidal conic; and that these are the most general forms of such quartic surfaces. 
A quartic surface has at most 16 nodes, and the general form with 8 nodes must 
admit of being particularised so that the surface shall acquire any number not exceeding 
8 of additional nodes. This does not show, but it is probable, that the above special 
form with 8 nodes can be _ particularised so that the surface shall in like manner 
acquire any number not exceeding 8 of additional nodes. Similarly, a quartic surface 
with a nodal conic may have besides 1, 2, 3, or 4 nodes ; and it will be shown in the 
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scquol how the form, loarticularised so as to give a nodal eoiiic, may be further 
particularised so as to give the 1, 2, 3, or 4 nodes. So a qiiartic surface with a cuspidal 
conic may besides have 1 node, and it will be shown how the form, particularised so 
as to givo a cuspidal conic, may be further particularised so as to give 1 node. 

Starting from the equation 7, T10^ = 0, we may, by substituting for U, V, W 

linear functions of these expressions, transform the equation precisely in the manner of 
a conic, and therefore into any of the forms under which the equation of a conic can 
bo oxhibiied ; for instance, in the forms -i- 67^ + == 0, /7ir hUV - 0, 

7“ — 0, &c. I attend at present only to the last- mentioned form [rT7— 7^ = 0, 
which, it tlius appears, is equally general with the original form 7, 

The qnartio surface 

UW-V^^O 

whore ?7, 7, IK are any quadric functions of the coordinates, may be considered as 
the envelope of the quadric surface 

(tr, 7, Tfp, 1)^-0, 

whore 0 is an arbitrary parameter, And it thus appears that it is very easy to 
roeiprocato (in regard to any given quadric surface) the quartic surface. For the 
reciprocal of the quartic surface is clearly the envelope of the reciprocal of the variable 
quadric surface; this reciprocal is itself a quadric surface, and the reciprocal of the 
quartic surface is thus given in the same form as the original surface, viz., as the 
onvclojie of a quadric surface the equation whereof contains rationally the variable 
paraniGicr 0 ; the equation of tho reciprocal surface is consequently obtained by equating 
to zero the discriminant in regard to 6, of the equation of the reciprocal quadric 
surface. 


It is to bo observed that, inasmuch as the equation of the reciprocal quadric 
surface is of the third degree in the coefficients of the original quadric, it is in 
general of tho degree 6 in the parameter 6] wo have thus a sextic function of 6, 
tho coefficients whereof are quadric functions of the coordinates; and the disoriminaut 
is a function of the order 10 in these coefficients, that is, of the order 20 in the coordi- 
nates. The reciprocal of the quartic surface is thus a surface of the order 20 ; this is 
right, for in a general quartic surface the order of the reciprocal surface is = 36, and 
tho 8 nodes reduce tho order by 16; 36-16 = 20, 


In tho equation J7Tf -7^=0, or say 72-Z7TK=0; if V reduce itself to the square 
of a linear function, tho equation becomes 7'’-P-F=0, which is the general 

form of the quartic surface having the nodal conic 7=0, P = 0. And if, moreover, 
W bo tho product of this same linear function P by another linear function Q, TK = PQ, 
then tho form is 7®-P^Q = 0, which is the general form of the quartic surface having 
the cuspidal conic 7=0, P = 0, 


Writing for greater conveuioiice co, y in the place of P, Q respectively, we have 


the quartic 


(AA) 7^-fl^y = 0, 


o, VIL 


39 
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having the cuspidal conic V = 0, .^ = 0; auci which has besides l>ho conic of piano oou- 
tact y=:0, ?;=0. In virtue of the cuspidal conic the recqn’ocal surface should be of 
the order 6 ; and by the foregoing method of obtaining' the equation of tho reciprocal 
surface, I will verify that this is so. To effect this as simply as possible, X fix the 
remaining coordinates js:,w as follows. The lino y=^0 is not in gonoral a tang out 

to the surface F=0; it therefore meets this surface in two points, and wo may Uiko 
r = ^y:=:0 to be the equations of the tangent planes at these two points rospoctivoly ; 

we have thus y -f 2/^/ry Introducing for convcuionce the numerical 
fector 2, and taking the equation of the surface to be 

(a^ + 2ha}y 4 - 4 2nmy - ^ 0, 

this is the envelope of the quadric surface 


4 2^ 4 2hwy 4 by^ 4 2nm) 4 2foi/ == 0, 


which is a surface {a, b, c, d, f, (j, h, I, m, y, z, ro)’ =* 0, whero a == 0^ -|- 2a0, h « 20b, 
k = 26k -H ] , n =a 26n, and where all the other coefficients vanish, Assuniin^^, ns nsnal, 
that the reciprocation is effected in regard to the surfaco aP + y'^ ^0, tlio genoral 
equation is • o ' 

aP.d(hc -p) ~ cw= - bn^ + 2/w?i 
+ y\d(ca-g^)~aii^ +2(/iil 
+ zKd{ah~}0) -hP -ajn? + 2hlm 
+ w’ . abc -a/^- bf ~ clP + 2fyh 

■^2yz,d((/h-af) + Pf 4 a7mi -- hnl — ghn 
4 2za' ♦ d (hf’^ ) 4 m^g + bill ^ flm - 

4 2/ey , d(/g - cA ) 4 7i^h 4 elm - gmn ^fnl 


+ 2m. - 1 {bo -/-) ~ n {hf ~ hff) - m (/g ~ ch) 
+ 2ijxo. - n (oa (fg ~ eh) - n (gh - of) 

+ 2^w. ~ n (ab ~ }>?) - m {gh {hf - bg\ 


(I write down this general i^esult as it will be useful for reference in other 
in the present case this becomes simply 


ousoa) ; 


third order, viz. it becomes » and thus reduces itself to the 


« + axf) - 2h\vij + 2 (ah - A*) 
or, substituting j, j 
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{A, B, ( 7 , Z)][ 0 , iy-0, 

^vhcro Ay B, Gf I) arc each of them a quadric function of the coordinates; it being 
observed that G and D are respectively numerical multiples of the same function 
Hence equating the discriminant to zero, we have 

+ iAO^ -f 4 ,E^D 35 ^ 0 ^ -- HABGD = 0, 

which equation, inasmuch as every term contains either G or D as a factor, divides 
by wy 'h zWy and thus becomes an equation of the order 6 in the coordinates : that 
is the order of the reciprocal surface is = 6, Multiplying by f to avoid fractions, the 
actual values of A, -B, 0 , D are 

f A— 3 + %zw\ 

iJ == 2 [bn^ + any^ -h 2 abzw — 2/^^ (a;y + zw)}, 

) Q = — 4 /^ {osy 4- zw)y 
D = - 3 {xy 4 zw)y 

or say = 3 a, B ^ 2 / 3 , D = ~ 87 ; where y^xy + zw] substituting these values 

and omitting the factor 87, the equation is 

2la^y - 26G/i'a7'^ - 32/3' - 64/t2jS^7 144/ia^7 == 0, 

which is an equation of the form / 3 , 7)'^0. The sextic surface has thus singular 

points a ==: 0, /3 = 0, 7 = 0, viz. those arc the two points (a? = 0, y - 0, ^ = 0), (a?= 0, y=0, io= 0 ) 
each four times. The further discuesion of the sextic surface is reserved for another 
occasion. 

I do not at present attempt to enumerate the particular cases of the surface 
F^ -- x\i/ — 0, but content myself with the discussion of a particular case in which the 
order of the reciprocal surface is = 3 . Suppose that F = 0 is a cone, j/ = 0 a tangent 
piano to the cone (so that the conic j/^O, F-O breaks up into a line tivicc repeated), 
x -0 an arbitrary plane (so that we have still the proper cuspidal conic x-Oy F=:0), 
Any other tangent plane of the cone may be taken for the plane 2=^0 \ the plane 
containing the lines of contact of the two tangent planes for the plane 'w — 0 ; the 
equation of the conic then is F =?= dw"^ 4 = 0 ; and the equation of the surface is 

(AB) {dw^ 4- ^fyzy -s^y^O. 

For convonionce of comparison, I change Xy y, v)y z into y, Wy Zy «?, and assign numerical 
values to tho cooffleienta, writing the equation under the form 

{AB) 27 { 4 !Xw 4 zj - Q 4 ^yho - 0. 

Tho quartic is here the envelope of the quadric surface 

6 ^ , 4}yw 4^.9 {^xm 4- z^) + 12^/^ = 0 , 

viz., comparing with the general form 

(a, by C, dy fy fif, A, ?/, 


89—2 
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we have 6 = 12, c = 90, 1 = 180, m = 20^ all the other coefficients vanishing. The 

reciprocal equation is 

0 !^ (- C 7 } 1 ^) + f (- cl-) + hp) + 2xy . clni 4 - 2mw {- Ihc) = 0 , 
or substituting for 6, c, I, m their values, this is found to bo 

6 {Ox — 9yY +108 + xw) = 0, 

Representing this by {A, B, G, JT^O, 1)^ = 0, the discriminant in regard to 6 would, in 
virtue of the values of A, B, Q, contain D as a factor; the reason of tliis nppoars 

from the original form; in fact, forming the derived equation in regard to 0, this is 
found to be {6x - 9y) {dx — 8y) = 0 ; the value 6x—9y = 0 gives as a factor of the 
discriminant the value dx — 3y—0 gives Sy Gyy lOSx xw), that in the 

factor y^-hx( 2 ^-\-xii)); the complete value of the discriminant as obtained by sub- 
stitution of the values of A, B, G, B being (K^{z^'\-xy)[if^x{z-'-V{mv)]\ ilio equation 
of the reciprocal surface is 

y^ + X {z^ + xw) = 0, 

viz. this is a cubic surface, Prof. Schlafli^s Case xx., having a uniplanar i^oint 

/>;z=o, y=0, z = 9 reducing the class by 8, and so giving a I'cciprocal surface of tho 

order (12 — 8 =) 4, viz. the surface 27 (Isxw + z^y — 64fy^w = 0. See tlio Memoir, Schliifli, 
** On the distribution of surfaces of the third order into species in roforonco to tlio 
absence or presence of singular points and the reality of their lines,” Phil Trans., 
voh CLiri. (1853), pp. 193-»24L 


I pass to the case of a surface 


7a _ pa 27^0 


having a nodal conic F— 0, P = 0, but not having in general any nodes, And I pro- 
pose to show how the constants may be determined so that tho surface shall havo 
1, 2, 3, or 4 nodes. It is to be remarked that in the above equation the plmio P = 0 
is cl deteiminate plane, but the quadric surface F=0 is not a determinate cpmdrio, 

wo may in fact substitute for it the quadric F+AP^=0, writing the equation iinctor 
the form 


( V + XP^y -- P^ ( (7+ 2XF + X^P^), 


io that we may mthout loss of genemlity, by means of the disposable constant 
subject the surface K=0 to any single condition; for instance, take it to bo a cone, 
or to pass through a given point, &c. 


conshl Til T «"“■ Jf-O. ' = >»'l> to be a..bita,T pUos, tho implicit 
ol Ihl Trito I l“o “1,“ T su'li Wise that the eciMlion 

tto be + ' + The equation of tho surfio »ill 


((a, b, G, (I, f, g, b, I, m, n^ai, y, 

- (« + y + 2 + w)*.(a, h', o', d',f', g', h', I', m', n'\w, y, z, wy, 
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and we may assume that the node or nodes (if any) lie at a vertex or vertiees of 
the tetrahedron £r = 0, y = 0, z-0, lo — Oy say at the points Ay J5, Gy D, The conditions 
for a node at each of these points are at once fovind to bo 

Node at Ay Node at jB, Node at (?, Node at D, 

= a' + 2hh - K + h* + c' 2dl =1' 4- c2' 

2ah — A' + a' 26'^ -V i-V 2of =/' + o' 2dm = m' + cV 

2ag - g' + a* 2hf =/' 4- 6' 2o^ = c' 4- o' 2dn = ?i' -h d' 

2al = 4- cff 2bm^ m'4- b' 2cn = n' 4- c' 2(P = d! -1- d* 

The first sot of equations gives 

a' — a?y li! - 2ah - a^y g' - 2ag — I' = 2al - 

If the first and second sets are satisfied siimiltanoously; we have 2 (a — 6)/t — — 6^, 

that is a — h, or else h — ^{a^b)\ that is, the two sets may be satisfied in two 

different ways according as a and b are equal or unequal. Similarly the first, second, and 
third sots may he satisfied in three different ways and the four sets in five different 

ways according as there arc or arc not any equalities between a, by c, and between 

Uy by G and d respectively. The several solutions are shown in the annexed table, viz,, 

in the line I no set is satisfied ; in the line II only the first set ; in the linos III 

and IV the first and second sets ; in the linos V to VII the first, second, and third 

sets; and in the lines VIII to XII the four sets, 

[See next page for this Table, which should come in here.] 

I is the general case, V^ = P^Uy of a qiiartic and a nodal conic but without nodes. 

II is the case of a single node ; writing, as without loss of generality we may 
do, a — 0, the equation is 

[(0, h, 0 , d,f, g, h, I, m, y> = (.(« + y+if-\-vj)\{b, o, d, n, in, fjx), z, 

viz. the quadric is here a couo having its vertex on the quadric V—0, (AD), 

III and XV i are two cases each of them with two nodes, viz. Ill, the equation is 

{(aa? 4- by) 4 y) + 4* 2nzw 4- 4- (gz 4- Iw) -h 2y (fz + mw)Y 

=^(G)'{-y'\‘Z‘^toy [(a^y 4- byf 4- c'z'^ -h 2n^zw 4- (AJS) 

4- 2a) ((2agr — 4- (2ai! - a^) w] 

4- 2y [(2bf — 6^) z + (26?n - b^) ^y)], 

where it is to be observed that the line z=^OyW-0 joining the two nodes (y =5 0, = 0, w = 0) 
and = 0, ^=s0, a?“0) is a line on the surface. Writing, as we may do, c6=^0, the 
equation assumes the more simple form 

{by (ffi 4 - y) + cz^ 4~ 2nzw 4 - 4- 2(g {gz 4 - ho) + 2y {fz 4- m%v)Y {AE) 

^{(c^^y -V \b^if 4^ cV 4- 2n*zv) 4- 4- 2y ((26/- b^) z 4 - (26m. — lA) 
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In IV the equation is 

(a (ap q- ?/^) + 2ha)y + cz^ + + 2nzio + 2« (gz -h lw)^-2g {fz 

— [a- {ib^ -f 2/^) + 2 {2af- cfP) xy + cV + "liizw + cJV {-^F) 

+ 2a; {(2a^ — a®) -er + (2at — a®) 

+ 2^^ l(2fy^ - 0 -h (2am “■ aP) «;)], 

where it will be observed that the line joining the two nodes is not a 

line on the surface. 

Writing, as we may do, a = 0, the equation becomes 

\21mj + + %}zw + dui^ + 2a? {gz 4- Iw) + 2y (/^ 4- 7}iw)Y 

= (/i? + 7^ 4 .2? 4- wy {dz^ 4- 2n'zti} 4 (AF) 

viz. the form is F^^P^QJS, the quadric surface i!7 = 0 breaking up into the two planes 
Q = 0, Jt — 0 ; and the nodes being situate at the intersections of the line Q = 0^ iJ == 0 
with the surface F= 0. 

V, VI, VII arc apparently cases with tliroo nodes, but in fact VI is the only 
case of a proper quartic surface with three nodes. For in V tho equation is 

{(ao? + + C;2r) (a? 4- y 4- 4 dv/^ 4 {lx 4 my 4 nz)y 

- (a? 4 y 4 vS; 4 wf {{ax 4 4 gz)^ 4 dV 4 [(2a; — a^) a; 4 (2&m 6^ 2/ + (2c)^ — 0 “) z]], 

which is satisfied by tw — O, and the surface thus breaks up into the plane w = 0 and 
a cubic surface. 

And in VII the equation is 

[a (a?- 4 7/^4 4 d^^ 4 2fyz+2gzx 4 2hxy 4 2Z.w 4 2myv} + 2nztuY 

= 42/ 4 0 4 7^)^ [a“ (a?^ 4 y^+z^) 4 d'w"^ 

4 2 [(2a/ - a^) yz 4 {^ag - a?) zx 4 {2ah — c(P) xy 
4 (2a; - a®) xxo 4 (2cm - a?) yw 4 {2an — of) zw}]^ 

which putting a = 0 is 

(ci!7y^ 4 2(fyz 4 "i^gzx 4 2/ia?y 4 k 2myxo 4 2?i^m;)^ = (it; 4 2 / 4 - 2 ? 4 'vSf dV, 
viz. this is a pair of quadric surfaces. 

In the remaining case VI the equation is 

[a {x‘^ 4 T/'^) 4 2]h(cy 4 cz^ 4 4 (ft 4 c) {yz 4 zx) 4 27u {lx 4 mij 4 nz)y {AO) 

= (a’ 4 7 / 4 ^ 4 wy [a^ {a^ 4 /) 4 oV k d'w’^ 4 ^aez (a? 4 2 /) 4 2 {2ah *- a°) xy 

4 27y {(2a; — a®) iw 4 (2a7rt. — y 4 (2a7i - a^) z]]} 

winch putting therein a=:0 is 

[2]ixy 4 (iB 4 2/ *k 4 270 {lx 4 wy 4 nz)Y 

” (iW 4 7/ 4 ^ 4 my [cV 4 dW 4 2 (2cn^ — c^) zud], {A (?) 
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which is a surface having the nodes B, G; and it is to bo observed that the lines 
GA, OB, but not tlio line AB, are lines on the surface. 


IX, Xj XI, XII are apparently cases with four nodes, but it is only XI which is 
a proper qiiartic with four nodes, In fact IX is 

{(aw + -h cho) (/r + y + >sf + ^o) + 2 (A - a) wy}- 

= (t'u + 2/ H“ -2^ + wy + ay -h + dwf + 4a (h — a) wy], 

which IS satisfied if a’ — 0 or if y — 0; that is, the surface breaks up into the two 
planes w—O, y — 0, and a quadric surface, 

X is 

[a -h d- + chv^^ + + 2y^a? + 2A^y 4- (a -f d) (xw + yw; 4- m)y 

= (a? + y -f -0: -h wy [a^ H- yH 

+ 2 (2^/ - a^) yz'\-2 (2ay - a^) zw -f 2 (2r{/*— o?) xy -f 2ad (xw 4- yio + zto)]^ 
which putting therein a=s0 is 

{dwix-^’ y^-z^w)-^ yp + "^yzx -p %hwyf ~ -f y -P ^ -p tof dhv\ 
and thus breaks up into two quadrics, 

And XII is 

{a^ + y^ H- + w'^) + yp + q- 2hxy q- %xw q- 2'niyw + 2nwY 

=: (a? q- y *f + wy {a^ (x^ + y “ q- 

4- 2 (2q/- a^) yz 2 (2ag - a^) zx q- 2 {2aA — a^) xy 
q- 2 (2cd - a^) XIV q- 2 (2aHi - a^) y^a + 2 (2aA - a**) zw], 

which putting a = 0 is 

{2/yz + 2gzx -P -P 2lxw q- 2myw + = 0, 

and is thus a quadric surface twice repeated. 

There remains XI, and hero the equation is 

[(ax 4- ay ^oz>^ ctv) (a? + y q- -sf q- q- 2 (A - a) xy q- 2 - o) zw^ 

— (o}‘hy + zi‘wy [(ax -p ay q- c^ 4 omy q- 4a (A — a) «?y 4 4c (ii — c) zw], 
or writing A 4 a, n + o in place of a, o respectively, this is 
{(ri.'r 4 ay 4 4 ctv) (ic 4 y 4 4 4 ^hxy 4 2mvy 

= («7 4 y 4 ^ 4 wy] (ax 4 ay 4 C 2 r 4 cwy 4 4aA^y 4 4ionzwY, (AIT) 
or putting herein a = 0 it is 

{c 4 (a3 4 y 4 -sr 4 ty) 4 2hxy 4 2nzwY ™ o («? 4 y 4 ^ 4 'W^)^ {c 4 ivy 4 4<}mv], (AH) 
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which may also be written 

ciiD + y + z+w) [Jwt/ (z + w) - nzw (x + y)] + {Imj + nzwy = 0 , {AH) 

the equation of a cinartic surfivco with the four nodes A, B, 0, D-, it is to be observed 

that the lines AC, AD, BC, BD are, the lines AB and GD are not, linos on the 
.surface. 


A more simple form may be given to the equation as follows ; using the second 
of the above forma, multiplying the equation by 4, and writing therein 

P = \/(c) 

q}' = 0 + wy 4 * ^nzxo, 

= c (a; -h yy - 4/za7ti;, 

q^ r, and s, t being the linear factors of the two quadric functions respectively, we have 


and thcnCG 


— ,9^ = 0 4- y 4- X? -h (— a; — y -4 4- 4 + 4>nzw^ 

4- qy -st=2o(zi’ lo) (a? 4 y 4“ ^ 4- + 4/ta;y 4* 4inzio, 


wheroforo the equation is 
or, what is the samo thing, 


( 4 qy - sty = ‘ip'^q}\ 


p 4 fj{qy) 4 \J{st) = 0, 


{AH) 

m) 


whore p, q, y, s, t are any linear functions of the coordinates; this is the equation of 
a quartic surface having the nodal conic p - Oy qy--st = Q\ and the four nodes 
{q ^ 0, r = 0, — 0) and - 0, i - 0, ““ qy - 0). It includes the Oyclido, the equation 

of which may bo written 


= \/{(a^r - eky + b’^xf] 4 <f'ky - iVj. 


I remark that Prof. Kummer in his most valuable Memoir, ''Ueber die Fliichen 
vierlcn Grades auf wclchen Schaaron von Kegelschnitten liegen,” Grelky t. Lxvi. (1864), 
pp, 66 — 76, has considered several of the cases of a quartic surface with a nodal conic, 
viz, no node, (AG); a single node, (AX)); two nodes (the case AF); and four nodes, 
(AX/); but ho has not considered two nodes, the case (A£?); nor three nodes, (Aff), 


111 referonco to the general case of a quartic surface with a nodal conic, some 
most interesting properties have recently been obtained by Prof. Clebsch, see Berl 
Monatsb.y April 30, 1868, where it is shown that there are on the surface 16 right 
lines forming 20 systems of double- fours, analogous in some respect to the 27 lines 
and 36 systems of double -sixes of a cubic surface. 


C. WI. 
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ON THE ANHARMONIC-RATIO SEXTIC. 


[From the Qmirterhj Journal of Pure and Ai^plied MathematiGs, vol. x. (1870), 

pp, 56, 57.] 


Mr Walkeu’s equiition is A(\^-X + l)’ + 7^(V-\)= = 0; clmiiging the sign of 
tiiul al ^!0 the uumericai multipliers of I, A (so as lo convert the discriminant o<puititm 
into its standard form A = P - 27t/“), the equation is 


4A (X’' + X + 1)’ - 27/» (X“ + Xf = 0. 

I remark that this is most readily obtained as follows ; writing 

A =(« — d)(6 - o), 

B = {h~d){G — a), 

G = {o~ d) (a - h), 

then we have A + 5+ (7=0, 


/= 2^ + 0^) = - A (BG^ GA + AB), 
^-ih(S~G)(G-A)(A-B), 
f(A)^i,ABC, 


see my Fifth Memoir on Quantics, P/n7. Trans., vol. oxLVlil. (1858). pp. 429—460, [156] 
And observe also, that in virtue of the relation A + S + 0 = 0, wo have ^ 


Hence writing 


,127 = As + AP + P2 = A= + AC7+ G^ = B^ + BO+G-. 


u — ■ 
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when X has any one of the values j,, we see that u assumes 

only the values A, B, C, and m is thus determined by the equation 

It’ - 12/i{ - 16 \/(A) = 0. 

Eliminating it, wo obtain 

oi‘, whali is the same thing, 

4A(x + ~+lJ-277»(x + i + 2) = 0, 

that is 

4 A (X» + X + 1)'’ - 27/V (X + D’ = 0, 

the required equation, 


40—2 
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ON THE DOUBLE-SIXEES OF A CUBIC SUEFACE. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. x, (1870), 

pp. 58—71.] 

Tjie 27 lines on a cubic .surfiice include, and that in 36 different ways, a double- 
sitcer; viz. a system of two sets of six lines 1, 2, 3, 4, 5, 6; 1', 2', 3', 4', 5', 6', sucli 
that every line of the one set intoi'socts all the non-correspoiuUng lines of the other 
set, thim 

1 2 3 4 6 6 

1 ' ! . . , . 

2 ' 

3' 

4' 

o' , 

& 

there being in all 30 intersections. 

Any lino say 4, of the one set, intellects five lines 1', 2', 3', 6', 6' of the other 
set; and these six lines being given the double-sixer may be construebod; viz. (besides 
the line 4) we have a line 1 meeting the lines 2', S', 5', 6'; a line 2 meeting the 
lines 3', 5', 6', 1'; a lino 3 meeting the lines 5', 6', 1', 2'; a line 5 meeting the linos 
6', 1', 2', 3' ; and a line 0' meeting the lines 1', 2', 3', 6' ; and then the lines 1, 2, 3, 6, 6 
are all of tliem met by a single line 4', which completes the system. 

Wo may, if we please, consider the lines 4, 2 as given, and then 1', 3', o', 6' will 
be any four lines each of thorn meeting the two given lines 4, 2; 2' will be any 
lino meeting 4; and we have to determine a line 4' meeting 2, such that there may 
exist the lines 1, 3, 5, 6, completing the system as above, Or what is the same 
thing, we have a skew quadrilateral 1', 2, 3', 4; 6' and 6' meet 2 and 4; 2' meets 
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4, and 4' meets 2; 6 and 6 meet 1' and 3'; 1 meets 3' and 3 meets 1'; and the 
two sots 2', 4', G' and 1, 3, 5, 6 meet thus 


13 5 6 

2' T TT T 

4' . . . . 

5' . . 

6 ' . . . 

licnco, starting with the skew quadrilateral 1'23'4, and taking « = 0, = 0, z = 0, w~0 

for the equations of the four planes 41', 1'2, 23', 3'4 respectively; or what is the same 
thing 00 = 0, 2 / == 0 for the etprations of the line 1 ' ; y = 0, z = 0 for those of the line 2 , 
2=0, w = 0 for those of the lino 3' ; and w = 0, ® = 0 for those of the line 4 ; the 
several linos may bo detormined, each of them by means of its six coordinates, as 
follows : 



a 

1) 

C 

/ 

9 

h 

1' 

0 

0 

0 

0 

0 

1 

2 

0 

0 

0 

1 

0 

0 

3' 

0 

0 

1 

0 

0 

0 

4 

1 

0 

0 

0 

0 

0 

2' 

A. 

B, 

C, 

0 

(?„ 

H, 

4' 

0 


a, 

B, 

0, 

Hi 

5' 

0 

B, 

G, 

0 

Bi 

H, 

6' 

0 

B, 

G, 

0 

0, 

Ho 

1 

tt, 

h. 

Cl 

/l 

9i 

0 

3 

fls 

h 

0 

/s 

9> 

K 

B 

«IS 

i>5 

0 

A 

9^ 

0 

6 

flo 

h 

0 

/« 

9« 

0 


where 

+ GJf, = 0 , 
B,G, + GJJ, = 0 , 
B,G, + G,H, = 0, 
B^Gn + G^H^, == 0 , 

rts/a + = 0. 

~ 

d" ~ 
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The conditions iu regard to the intersections of the linos 2', ii' ami I, o, 0* 

aie formed by means of the diagram 


1 A 

gi 

0 

«1 

/ii 

Cl 


5, 

G, 

0 

G, 

B, 

2', 

3 A 

gi 

/is 

«3 

is 

0 

0 

B, 

G, 

F, 

(?, 

lA 

4', 

° /» 


0 

«3 

/ia 

0 

0 

B, 

G, 

0 

On 

lA 

5'. 

6 fe 

gs 

0 


5s 

0 

0 

B, 

G, 

0 

0, 

I A 

G', 


VIZ. we have the equations 
rirnt set, 

4 - biG^ 4 * CiiTg == 0 , 
ffiBi -f 4- + ClII^ = 0, 

+ 6i (?5 4- Ci/fg = 0, 

, , + 6i(?o 4'Cii?fl = 0 : 

second set, ’ 

/s-do 4- + bs Cg 4 63 ffs — 0, 

4 /i.i C4 4 (ijFa 4 &g6r4 = 0, 
gJB,^h,C, 

,, , ffi^e’^’b^Go 'i^isGro =0; 

third set, 

A^i> + gA +i^(g!^=0, 

+a,F, + b,G,=0, 

fourth set, +hG<,=0; 

M.+g,B, +6,(?, =0, 

i/efi) + + &(](?(= 0 , 

9»B, +&„G'. =0; 

u! 1 G.l’yx 7^, C'l*re.!''ir”un'd S''“(7 2', 5 ', 6', tiiat in 

of the remaining lines 4', 1/3^ 5 q** coordinator 


third set, 


fourth set, 


{/^Bq 

g^Bi^ 

g^B, 


The first set of equations gives 

5 ^n 6 i, 6,, H, , 

r/n 6.. 0, to signify these vllues ^’eSrS 
-ond^e, natron gives thes7 

(B,B,. G,G„ E,ff„ GJI, + G,E, + B,G, + B,G, + A,F,^g,, c0’‘=0. 
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Procoecling in a similar manner with the second set of equations, we have first 

// a ? ^ 3=1 - Sfi ) (-'57 (^6 7 

I ^ Q > (^67 (^0 

(observe ^ (}^Bq - QoB^, == - c,), 

and then 

{B,B,, G,G,, GM.^G.G,, G.B.i^G.B,-]- B,G,^g,, ku 

The third set gives more sim2}ly 

g^^B^Bi + gJ)Q (B^ Gi + j 5 i ffo + A ^F^) + WG^G^ = 0, 

or since 

: 65 — 6?(i : — i?u, 

this is 

G^B^Bi -- GqBo {B^G,i + ^4 frs + AqF^) + JB^^G^G^ =s 0, 

and similarly, tho fourth sot gives 

g^^B^B^ -I- g^ha (jBj(?4 4- + ^ 2 -^ 1 ) 4- h^t^G^Gi == 0, 

or since ga : ba—GQ i —Bj^, this is 

G,^B,B, GA{B,Q, + BA + A^F,) 4 - B,AG, - 0 : 

and these last two results lead to the values of the ratios of B^B^i G^G^ ; 

viz. these arc proportional to expressions containing the common factor 5 flC?o — 
and omitting this common factor, and taking them equal instead of merely pro^iJorfcional 
to tho resulting expressions (which is allowable, since the absolute values are not 
material), wo have 

B^B^ii BA-^ B4G<i‘\' AnFii GA — B^Bq, BqGq^ BqG^^ GgGo. 
lie turning to the result obtained from the first set of equations, this now becomes 

{B5B,, OA> liJ'lu GA^GJL. BA^BA\ 9 x 7 K o,y^0: 

but the terms containing g^ bi are (i?fi//i4-G5&i) ( 5 fl^i 4 - Go&i)i viz. this is = — //pCi . — //qCi, 
that is tho whole equation is thus divisible by Cu and omitting this factor, 

it becomes 

ffx {ISA + JFI^B.^ + h {GA + GA,) + e, (HJL 4 - / 4 / 4 ) - 0 . 

Proceeding in like manner with the result obtained from the second set of equations, 
this becomes 

(B.Bo, G,G„ G,0„ G,G, + 0 ,G,, B,G^ + B,G„ B,G, + B,0,Jg„ h„ 6,)« = 0, 

whoro the terms contaiiiiiig j/,, i»j are {Bga+Giba){B(/a+Qjb), viz. this is — /tjCo. — /j,,0(,~Ag®6'is6s; 
the whole equation divides by h^, and it then hecoines 

(/s {B^G^ B^G^ +Ag(Oa64 + CgOii) +ta(C'*a(j4 4-64^9) =0. 

Considering B^, Gi, as giveii by the equations, 

B,B,^BA, G,G,= G,G„ B,G,+ G,B, + A^F,=^B,G^ + B„G„ 
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the equations last obtained determine the values of Hy and viz. those equations may 
be written 

{(jA^h,a, + q- IL {g,Bx + \0,) + cJIM, - 0, 

) C'j + Oy {g^Bx H- iaffi) + AjC^js 0^^ — 0 ; 

but in order that the values (^4, O4, J!i, 6r.|, given by these five equations may 

belong to a line (0, ^4, 6^, i\, f?4, they must satisfy the equation 

BxCr.-VOxIh^^), 

viz. in order to the existence of the line 4, this equation must be satisfied identically 
by the foregoing values ; and I proceed to show that it is in fact thus satisfied. 
Multiplying the values of ir4,aud writing — B^G^, the identity to bo verified is 

+ 61 (?2 -f 0 i I'L) {g^B^ H- 1 h C's + h B,, G, 

+ [H, {g,Bx + hx Gd + CxHJl] [G, (g,Bx + b, G^) + hAO^] - 0 . 

The first line includes the terms 

H- iihsG^ -f* {big^ 4“ b^gi) B^Gi'h Cj/ij O^jIIq] BiGxt 
which, writing Ou/Ia = - JJg ffa and BA — BAi GAi- OsOq, arc 

^ + bibsGsBxGuGfi + {big^ "bgih^ “■ Oi/ij) B^BoGnG^, 

The second lino includes the terms 

OA (giBx -f h, Gx) (gA -f- hA) -h CxhAH. GA> 
which, reducing in like manner, are 

^ "" //li/a G^ BxBqBq — hi iji?2 tr4 On Gq •— {b^g^ + *“ G^,j, 

and these are together 

=:= {g,g,BA’-hAGA){BA-BxG,). 

The remaining terms from the first line are at once reduced to 

{9 AG A + CigJIA) BA + (bA GA h- cABIA) ft ft> 

and those from the second line are 

GA BI 2 (gih^Bx + bAGx) + HAA^ {Oig^Bx 4- Ci/>jft). 

Hence, attending to the relation Ci = Aj, and collecting and arranging, the equation to 
be verified is 

{gigAB, ^ bA ft ft) (A ft - B^ ft) 

^kAGx(gxBA-bAA.) 

^hAA(gAA-bAGn) 

^hABx(biGA-gAA,) 

^hAAAGA~^gAB,)^o, 
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But we have 

^ bJIJIe - B,B, {GJJ, - G,E,) ^ HJJo {B,G , « BA) 

^ BA {BA + G, II,) ^ BA, (BeGa + GAc) - 0 , 

and similarly 

giGA-hOA.^0, 
bi G, Oq — gAAo = 9 , 
bAG^-gAi^Ba^O. 

Moreover, writing g^BA-bAAa, we have 

gigsB^B, — bjbfi GsGq 

= bs (r/s HAa bi G, O^) = 0, 

and the five terms of the equation in question thus separately vanish ; and the 
equation is consequently verified, 

Wo may collect the results as follows : 

Data are lines 1', 2, 3', 4, 2', d , 6'; 

and then, for the remaining lines, 1, 3, 6, 6, 4' the coordinates aro as follows : 

For 4/, 

B2B4 = B,B,y ffg G^ = ffp AJFji = B,Gii’]r BA^ BAx ^ BxG^y — 0 , 
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For 5, 


For 6, 


^ ft » — -Sd, -^a/s — ft -^^2 ft) ^ 1^5 ^ -So ftl ft ft) 9, /ijj — 0, 

(tto/s "1- == 9, identity), 

> 

ffo^ft) io~-^ft) Ag/d^ftft-ftft, ftao = ftft--ftft, Cfl=^0, Afl — 0; 


and, for actual calculation, it is convenient to remark that as only the ratios are 
material, a set of six coordinates may be multiplied or divided hy any common number 
at pleasure. 

But these results may be further reduced, Writing 

(i/a) /^3, Aa)-|| ft, ft, ft 11, 


ft) ft) ft 


we have 


- M 4- hOo + hG,) G, = a, + A,Ci(7„ = (<lMG,+hG,G,B,)+hG,G,. 


f/j-Sj-Bjt ?, + bi = 


B,B,0,(G,Q,-G„G,)]^( B,Q,G,{B,G,~BA) 

' t-i- G,OA {B,G, ~ C'o5„)J {GA - Q,B,)^ 

^Qg j-^UBA-BA) 

' " {-lUQA-QAl 

— BiG^ { 5 j (Gj-H, — QaH^ + Gj {Bf^H^ — 

= GjGo(53^, +G 36,), 


the equation obtained is thus 


We then have 


{9uK0i)=[B^, G„, //, j ; 

U„ G„, hA 
3 

G n 

9,B, + b,G, = ^(g,B, + b,G,). 


(gsB, + h^G,+kG,)G,== ^^[G,(g,B,-\-b,G,) -hMsG^] 
^ c n 

=-^[a (g,B, + b,G,) -I- C.G 3 // 3 ] 
0 0 

= —^UffiB, + hG, + c,H,), 


C ft ft v/ift + Ai ft 4* ^ 

ft i^aft 4 As ft 4 Aa ft ^ 


that is 
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and in like manner 

-(< 1 , 11 . + 4 . 0 , + 0 . //,) U.„^^i^(!.s.s. + J.s.e. 0 .) + ^ S.H.. 

V BM W, - \+]i,QjT, (B, 0 ,- 

= Th He l~ 

1 “* ^0 (^2 fffi — OAj 

~ Belle {Be { 0 ^ 0 ^ = GeGe) + (?, 
l/lio equation obtained is thus 


and then 


that is 


■ (<r, 4 + J. 0. + «,i« 24 , - H ^ ^ I 

c {?4 + (xafia) + /igOjiL} 

7 / // 

“ ^ 7 ” ^Bege + C^a/is + l? 36 a)i 

77j » ■?£^li ga ^a + ^aCj + ^aff a 
C; gxBe + biGe^OiHe’ 


which values of 0 ., 77 , satisfy, as they should do, the rekfcioii 

QJI,^-B,G,. 


Wo have also 


^^4 = A(?„ + 5 ,( 3 „ 

(?3 JSj 

”" B3G, ^^^Be - ^aG^ii) - BeGe) 


GaB, {GeBi - BeGe), 

which givos F^. 

Morcovor 

-' •^<«i = ffiB, + 6 , C?, + 0 , 77 , = - {geBa + ffA^hG^+kA 

" /Try-/ TTT I ■'' + ij <?2 + CiTTj) 

OeHeigiBe + b^Ge-i-C^B) (+ (gr^JSa + 6jff»+ A.C',) /taTT^ 

- 77,773 

G-iffa{giBe + 6,67+ 0,^ l(i/ A + ^ 3 G's) + &1 G^a) + Ci/ij^a G 

which combined with the foregoing value of F„ gives a,. 



324 


ON THE DOUBLE-SIXEES OF A CUBIC SURFACE. 


[459 


Again, 

E> Tij.inA.hn 7^ j- A T' ^ ffi Aa + Ai + c, 


0,G, 


G^Hs (giBa + /iaC^a + i's^a) (+ (<7t-^a + ^3 +01-^^)) Ci^ 


~ G,H,{!fA + h,G, + kQ,) 

whicli combined with bhc foregoing value of F^, gives «j. 

Write 


(ffi + &j Ga) (^3 -S3 + /*3 + &3 ^a) 

(<7t-Ss + &j G*3 + Cl -^Tj) Cl C^a 

((yi-Sa + 6] 6^3) (fftB^ + bjGi) + OihyBiiGi], 


we have 


that is 
and similarly 


o =£ij&ii + .S(jffj+ OiJIg'i' G^IIi, 

kff, = (B.B, - iTo^,) (0» Ji. - OeH,) 

= - //a’Soffo - im,Q, + II,n, + 5,(?3) 
= HJ{, (GJI, + OaiTa + B,0, + B, G,), 


hSi - Of Co a, 
bibi = SfBf 03, 
gi(j%= Of Of 6), 

hdi + hgi + c, /is = - {Bf Of + ^3 <?o) ft), 

(ii G'a + g, B}) (bf Os + gsB^) + Cj /ij-Sj ffj = ( OiB^Bs + -Safe's (?» ~ jSs (?3 (^06*3 + Bf G^o)} 03 

= (ffaSo - BsG,) (QsBf ~ BsQf) 10, 

which, last value is to bo substituted for the left-hand function in the formuloe for a, 
and fta respectively. 

Whence, finally recollecting that 

BsOs-^-GsUs^O, BfGf{-OfHf^O, ^o<?o-^C'3.^ro = 0, 

a) = GfHf + GJJf + BfOf +BfGf, 

{gu bi, Ci) = l 


and 

we have 


For 1 


Bf, 

Of, 

fial 

^09 

Of, 

li. 


btgi " 


’ f3 = -j[i93Ji^-^bsOs + CrHsy, 
AsHfHsm 


CH = 


giBt + III Os -h GiUs 


, hi = 0 . 
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(<ya, hi, hi)-- 


For 3 


1 K 

Oi, 

Gq 

Si, 

Oi, 

ft 


hi(j'i — OjCijfa, 

where observe that Ci + /i 3 == 0 . 


/s ^ (i/j-Bj -f /iaO, + tjGs), 

r, / -o 


For 6 


For 6 


C 5 = 0 , /i{j= Oj 

//o ' ' ^6» 6(J ^gj 

“ 

C(j = 0 , /ifl =’ 0, 


fc^\{Q.B,-B,Cri), 


f^-0, 



For 4' 


„ _{G,B,~QA){Q,Bi-QiB,) 

p ffi-Bfl -h &j (?g H~ 

^ Jfa + /iaC^s + ^ 3 ^ 2 ' 

jj /-/p/Tq A3^a H” ^ 3^ 3 

^ G'a ryiZJ,+ 6,ff3H-Oiir2‘ 


ft = 


ftft 
"ft ^ 


I have tlioug'hi it worth while to effect the numerical calculations for enabling 
the coiistruotiou of a drawing or model For this purpose taking Xy F, Z as ordinary 
rectangular coordinates, I write 

Z + F + ^^10, 

Jf= z, 

2=-z+r+z-io, 

Y, 

that is, I take 1' and 2 to bo lines in the plane of XY, defined by the equations 
Z+F=:10 and A'’-F=-10 respectively, and 3' and 4 to be lines in the plane of 
XZ defined by the equations X — Z^ — 10, X + Z=1Q respectively. And I take 6' to 
bo the lino joining the points (2, 0, 8) and (—9, 1, 0); G' the line joining the points 
(3, 0, 7) and (-8, 2, 0); 2' the lino joining the points (9, 0, 1) and (-3, 7, 4). We 
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calculate then for each of the lines the xpw coordinates of two points thereof ; and 
thence the six coordinates of the lino, viz. ; 


reduced 



X y z w 

X y z 10 

A Ji G F G 11 

A B C F G 11 

6' 

0, 8, - 4, 0 

^ 18, 0, 0, 1 

0, 72, 144, 0, 8, - 4 

0, 18, 36, 0, 2, - 1 1 

G' 

1 

o 

-16, 0. 0, 2 

0, 96, 112, 0, 14, - 12 

0, 48, 56. 0, 7, - 6 

2' 

i 

0, 1, - 18, 0 

- 2, 4, 4, 7 

7G, 36, 2, 0, 7, -126 

76, 36, 2, 0, 7, -126 


and effecting the calculations for the remaining lines, we have 



A 

B 

G 

F 

G 

11 

4' 

0 

24 

-944 

9 

38 

2 

3 

59 

1 

380 

69 

60 

30 

386 

T9 

^ 5 

0 

3 

127680 

-720 

0 

15 

19 

140 

-30 

6 

304 

- 48 

0 

21 

19 

7 

0 

6 

152 

3 

1 

- 18 

0 

27 

38 

0 

0 


a 

h 

G 

/ 

9 

h 


or reducing to integers, the values arc 



A 

B 

G 

F 

G 

11 

6' 

0 

18 

36 

0 

2 

- 1 

6' 

0 

48 

56 

0 

7 

- 6 

2' 

76 

36 

2 

0 

7 

-126 

i' 

0 

63808 

-2116448 

-631 

4184 

114 

1 

1444 

13462 

6726 

10443 

-1121 

0 

3 

486184 

- 2736 

0 

3 

532 

-114 

5 

6776 

- 912 

0 

21 

133 

0 

6 ' 

1 

5776 

- 2062 

0 

81 

228 

0 


a 


h 


0 


f 0 


h 
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Tho line (a, b, a, f, g, h) is given as the intersection of any two of the four planes 


( h, ~ g, a ij, z, w) = 0, 

-h, f, b 

9> -/. « 

-a, -b, -c, 


or substituting for ai, y, z, %o the values X -1- F+ ^ — 10, Z, — X + Y + Z 10, F, those 
become 

( ff . a-g . h-g , g p, F. F, 10 ) = 0, 

-f-lh b-\-f-h, f~h . h-g 

g , c + g , g~f , -3 

o — (i, — c — ft, — c — (t — b, c + (i 


or, what is tho same thing, 

( . , '2g — a + o , ig-f—h , — 2^/ F, Z, 10) = 0. 

— c, . y a + b + G ■i-J'— h, — ft o 

-2^-|-/-l-/i, -ft- 5 -c-/+/t, • ) — / + /i 

2g , ft -f c » “/+ > 


And substituting, wo have the equations of the several lines, viz. : 


(1') Z-|-F=10, F = 0, 

(2) ~X-}-F=10, F = 0, 

(30 -Z + F=10, F=0. 

(4) ' X-t-F=10. F=0, 

(60 ( . . 40, 6,-4 p, F, Z, 10) = 0, 

- 40, . , 56, - 36 

- 5, —65, . , 1 

4, 36, - 1, 

(6') ( . , -36, 10,-7 ,$X, F. X, 10) =0, 

-35, . , 66, - 28 

-10, -56, . , 3 

7, 28, - 3, , . 
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(2') ( . , - 30. 70,- 7 YX, 7, Z, 10) = 0, 

30, . , 120, -39 

- 70. - 120, . , 63 

7, 39, - 63, . 

(4') ( . , -2107480, 9385, - 8968 F, 10) = 0, 

2107480, . , -2063285, 2116448 

- 9386, 2063285, . , - 645 



i 8968, 

-2116448, 

645, 

. 1 

(1) 

( . , 

3040, 

- 12685, 2 

242 2X, F. Z, 10) = 0. 


- 3040, 

* » 

32065, - 8170 


12686, 

- 32066, 

. , 10443 


- 2242, 

8170, 

- 10443, 

1 

(3) 

( • , 

-484120, 

H75. - 1 

oo-i 5 x, r, z, 10 ) = 0 , 


484120, 

« J 

482665, -485184 


-1175, 

-482565, 

• > 

117 


1064, 

485184, 

- 117, 


(5) 

( . , 

5510, 

245, - 266 

5X, F. 10) =0. 


— 5510, 

• J 

4885, -6776 , 



- 245, 

- 4885, 

21 1 



266, 

6776, - 

21, 


(6) 

\ • t 

- 5320, 

376, - 456 

JZ, F, F, 10) = 0. 


5320, 

* t 

3805, - 5776 



-3751, 

-3805, 

. , 81 



466, 

5776, - 

81. 
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Tho several lines intei’sect as they should do, the coordinates of the points of 
intersection being as follows : 



viz, tho coordinates of 12' (intoi’soctiou of linos 1 and 2') are and so 

in other cases; where there is no divisor the coordinates are integers. I find however, 
on laying down the figure, that the lines 3 and 4, 3' and 4' come so close together, 
that the figure cannot be obtained with any accuracy. 


O, vil. 


42 
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NOTE ON MR FROST’S PAPER ON THE DIRECTION OF 
LINES OF CURVATURE IN THE NEIGHBOURHOOD OF 
AN UMBILICUS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. x. (1870), 

pp. Ill— iiaj 


I EEMABK as follows : 

1, la regard to a quadric surface, it is not, I think, correct to say that the 
generatrices through an uinbilic are curves of curvature ; notwithstanding that, as shown 
p. 80, the normals at every point of such generatrix lie in ono plane and consequently 
intorsocb, The way in which these generatrices as jKosi-curves-of-curvature present them- 
selves is as follow.s : 

The curves of curvature satisfy a certain differential equation, the complete integral 
of which gives these curves as the intersections of the given quadric sui-face by the 

• 

laories of ooiifocai surfaces — — r + A beiiiff the constant of integration 

of tho cUfTerential equation, The singular solution of the differential equation, or envelope 
of the curves of curvature determined as above, gives the umbilicar generatrices, 

2. In regard to a surface in general, I think it must be considered, not that 
there pass through tho umbilic three distinct curves, but that the umbilicav curve of 
curvature is a curve having at the umbilic a triple point, or rather a point at which 
there are iu genera! three distinct directions of the' curve. The umbilicar curve of 
curvature in fact presents itself as the curve belonging to a certain value of the 
constant of integration Aj in order that the curve of curvature may pass through a 
given point on the surface, A must satisfy a certain quadratic equation, that is for a 
given point of the surface there are two values of A, and therefore two curves of 
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cnrvaliurG ; but an umbilic is a point for which (as iu effect shown, p. 81, for the 
pavticulav case of a quadric surface) the two values of h become equal; that is, there 

is through the umbilic only a singular curve of curvature ; but — is determined by a 

cubic ccination, and the umbilic is thus (as just mentioned) a point at which there are 
in general three distinct clii’cctions of the curve. 


3. Some researches on the subject are contained in my paper Differential Equations 

and Umbilici,” FHl Mag., vol. xxvi. (1863), pp. 3Y3— 379 and 441-452, [330]. It is 
noticoablo that in the integral equations which I have there obtained for the differential 
equations cy (p^— i)+(rt“C)a 5 J= 0 , and the more general form (&a?*f cy)(p^— l)-f2(/a?-|-yy)=0, 
which belong to the neighbourhood of an umbilic, the curve through the umbilic does 
break up into throe distinct curves ; and the same is the case with the umbilic on the 
HU r face presently referred to. 

4, In the paper Mdmoiro sur les surfaces orthogouales,” lAom., t. xii. (1847), 
pp. 241 — 254, M. SciTct has given two very remarkable cases of three systems of surfaces 
iiitGi'HCcbing each other at right angles, and consequently in the curves of curvatiue of 
the surfaces of each system. It was only on referring to this paper, in connexion with 
that of Mr Frost, that I perceived an obvious enough simpUecation of M. Serreb’s 
formula}, whereby it appears that the curves of curvature on the surface o^yz = 1 are 
givoii as the intersection of this surface with the series of surfaces 

h — {oP + (oif + ft)V)^ + (a;^ + + (oz-f, 

wlioro CO is an imaginary cube root of unity; the rationalised equation is of the 
twelfth order in (co, y, z), and for the particular value /i = 0, reduces itself as is easily 
neon to 0 (y® - - co^J (^^ - Tke point is obviously an umbilic 

on the surface myz^\, and the corresponding value of h being h = 0, the equation just 
obtained determines the umbiUcar curves of curvature, viz. combining therewith the 
equation oiyz - L of the surface, we have the three hyperbolic curves 
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ON THE GEOMETRICAL INTERPRETATION OE THE COVARIANTS 

OE A BINARY CUBIC. 


[From ihe Quarterly Journal of Pttre and Applied MatliematioSi vol, x, (1870), 

pp. 148—149,] 

Consider the bmm*y cubic ?/=:(«, h, o, y)\ and its covariauts, viz. the dts- 
criminant (invariant) 

V aHP — Qahcd -f -P ^h^d — 

the Hessian 

J7 - (ac - If) 4- {ad - ho) coy + {bd — o^) 

and the cubicovariant 

<[> — ( a^d — 3aic 4 26® ) a*® 

- (— Mhcl 4 6ac® - 36®o) (c'^y 
4 {- ^acd 4 Qbd^ 36c®) a)y^ 

-( ad^ -36cd4 2c' )y\ 

connected bj^ the identical equation 

eja-- V 

Then if we regard (a, 6, c, d) as the coordinates of a point in space, but (^^ y) 
as variable parameters, the equation 

V -0 


represents a quarbic torse, having for its cuspidal curve the skew cubic ao--6^ = 0, 
ad — bo =0, 6d — c® — 0 ; the equation 


cr=-o 
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is that of the tangent plane to the torse along the line + = 0^ 

hai^ ^2,C(vy -h == 0 : this lino meets the cuspidal curve in the point whose coordinates are 
4 : t 0 : ci 2 /® : — wy- : x’^y : — The equation 

is that of a quadric cone having the last mentioned point for its vertex, and passing 
tiu’ougli the cuspidal curve: and the equation 

is that of the cubic surface which is the first polar of the same x^oint in regard to 
the lorHo. 

The equation V 17- = — 4/P, writing therein ?/ = (>, gives = — 4/P, a result 
whicli implies that 17==: 0, //=0 is a certain curve repeated twice, and that 17=0, 
d>=5 0 IB the same curve repeated three times* The curve in question is at once 
Hcou to bo the lino of contact SjpZ7=:0, S^i7=0; it thus appears that tho tangent 
jilauo C7 = 0 moots tho cubic surface cl> = 0 in this line taken three times* This can 
only 1)0 tho caso if tho equation = 0 be expressible in the form Jlfl7 + (Sa? 17^ = 0, or, 
what is the same thing, 

Jl/t7-l-(a8^?7+/38j;17)»-0, 

a and /3 constants, ilf a quadric function of (a, &, c, d)\ that is, <E> must be equal to 
a function of tho form 

jl/l7+(«S«17-h/3S^!7)^ 

Hooking for this expression of <E>, and writing the symbols out at length, I find that 
tho ro(xuircd identical equation is 

( o?d — 3a6c + 2P ) 

— (“■ Zahd + 6ac^ — Slfc) aPy 
+ (— 2acd + Qbd^ - 36c^) ooif 

— (— ad^ — 3&ccZ + 2c® ) y^ 

{a, h, 0, d'^ai, yy,{ 2a^ , Uh , . - ud + Bbo ) f ((c. yy (a, ^y, 

Qab , 12ac-i-66“ , Sod + 166c, 6c'‘ 

66® , Sad +• 166 o, 126 (i + 6o®, 6cd 

-od + 36c, 6c® , Qcd , 2d® 

(w)ioro tho i* indicates (ihat the hinoinial coefficients arc not to he inserCed, viz. the 
function on tho right hand is {2a®a!® + 6a6a!®(/ + 66®a!y® + (“ ad + 36o) t/®) o® -I- &c.). As a 
vorification remark that for a-«a, y = /3, the equation becomes simply 2i7®= tr.20'®. 


- (/3« - «y)® 


• 2 [a (eta;® + 2hxij + cy®) + /3 (6®® + 2c®y + dy®))* 
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A NINTH MEMOIR ON QUANTTOS. 


[From the Philosophical Transactions of the Royal Society of London^ vol. OLXi. (for the 
year 1871), pp. 17 — 50, Bccoivcd April 7, — Read May 19, 1870,] 

It was shown not long ago by Professor Gordan that the number of the 
irrediicible covariants of a binary quantic of any order is finite (see his tncmoir 
'^BeAveis dass jedo Oovariante iind Invariautc einer binaren Form eine ganze Function 
mit numerischen Coefficienten einer endlichen Anzahl solcher Formen ist,” Grelle, 
t. LXIX, (1869), Memoir dated 8 June 18G8), and in particular that for a binary quintic 
the number of irreducible covariants (including the quintic and the invariants) is =23, 
and that for a binary sextic the number is =26, From the theory given in my 
Second Memoir on Quantics,” Phil Trans,^ 1856, [141], I derived the conclusion, which, 
as it now appears, was erroneous, that for a binary quintic the number of irreducible 
covariants was infinite. The theory requires, in fact, a modification, by reason that 
certain linear relations, which I had assumed to be independent, are really not 
independent, but, on the contrary, lineai’ly connected together; the interconnexion in 
question does not occur in regard to the quadric, cubic, or quartic; and for these cases 
respectively the theory is true as it stands; for the quintic the interconnexion first 
presents itself in regard to the degree 8 in the coefficients and order 14 in the 
variables, viz. the theory gives correctly the number of covariants of any degree not 
exceeding 7, and also those of the degree 8 and order less than 14; but for the 
order 14 the theory as it stands gives a non-existent irreducible covariaut (a, . f (a?, yy\ 
viz. we have, according to the theory, 5 = (10-6) + l, that is, of the form in question 
there are 10 composite covaxiants connected by 6 syzygies, and therefore equivalent to 
10 — 6, =4 asyzygetic covariants; but the number of asyzygetic covariants being =6, 
there is left, accoxxling to the theory, 1 irreducible covariant of the form in question. 
The fact is that the 6 syzygies being interconnected and equivalent to 5 iiadependent 
syzygies only, the composite covariants are equivalent to 10 — 5, — 5, the full number 
of the asyzygetic covariants. And similarly the theory as it stands gives a non-existent 
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irreducible covariant (a, . .)® {cg, The theory being thus in error, by reason that it 
omits to take accoimt of the interconnexion of the syzygies, thero is no difficulty in 
conceiving that the effect is the introduotion of an infinite series of non-existent 
irreducible covariauta, which, when the error is corrected, will disappear, and there will 
bo left only a finite series of irrediiciblo covariants. 


Although I am not able to make this coiTOCtion in a general manner so as to 
show from the theory that the number of the irreducible covariants is finite, and so 
to present the theory in a complete form, it nevertheless appears that the theory can 
be made to accord with the facts; and I reproduce the theory, as well to show that 
this is so as to exhibit certain new formulce which appear to mo to place the theory 
in its true light. I remark that although I have in my Second Memoir considered 
the question of finding the number of irreducible covariants of a given degree 6 in 
the coefficients but of any order whatever in the variables, the better course is to 
separate these according to their order in the variables, and so consider the question 
of finding the number of the irreducible covariants of a given degree 9 in the 
coefficients, and of a given order in the variables. (This is, of course, what has to 
bo done for the enumeration of the irreduciblo covariants of a given quantic; and 
what is done completely for the quadric, the cubic, and the quarlic, and for the qiunbic 
up to the degree C in my Eighth Memoir, FhiL Trans^ 1867, [405].) The now fonnulse 
exhibit this separation; thus (Second Memoir, No. 49), writing a instead of a?, we 


have for the quadric the expression ^ irreducible 

CO variants of the degrees 1 and 2 respectively, viz, the quadric itself and the dis- 

criinmant: the new expression is ( * showing that the covariants in 

question are of the actual forms {a, , .Ja?, yf and {a, , .f respectively. Similarly for 

1 — 

the cubic, instead of the expression No. 66, JL. (^a) (i ' Z^ (i ~ Z. ^ 

j— ; — r-;- T-rTT^ TT ) exlubititiff fcho irreducible covariants of the forms 

(1 - aa;») (1 - (1 - fiV) (1 - a-*) ® 

(a,.. 5®, yf, (a,,.y(as, y)\ (a..)’(®, yf, and (a, ,.y, connected by a syzygy of tlie form 
(«, . .)* («, yY ; and the like for quantica of a higher order. 


In the present Ninth Memoir I give the last-mentioned formulcej I carry on the 
theory of the quinbio, extending the Table No. 82 of the Eighth Memoir up to the 
degree 8, calculating all the syzygies, and thus establishing the interconnexions in 
virtue of which it appears that there are really no irreducible covariants of the forms 
2 /)« and (a, ..*5®, y)\ I reproduce in part Qordaii's theory so far as it 
applies to the quiutic, and I give the expressions of such of the 23 covariants 
as are not given in my former memoirs; these lost were calculated for me by 
Mr W. Barrett Davis, by the aid of a grant from the Donation Fund at the disposal 
of the Eoyal Society. [The expressions referred to are in fact printed, 143.] Tho 
paragraphs of the present memoir are numbered consecutively with those of the former 
memoirs on Quantics. 
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No,. ® .. m 0/ ... s’'-. « 

‘ the IrmUieible Govanants. 

1 a in come extent the consicloi’fttioiis by which, in my Sccoml 

of a given binaiy quantic (a, 6, ...Jis. y) • 

o -I • in thP first instance the covariants as functions of the coofflcionts 
Consulenng ^ y), and attending only to the 

<n, t. c,..). jg a rational and integral homogeneous function «! tho 

2“ il P Q P.... are covariants, any rational and integral runetion 
p;r(rP.-..)’honiogeueous in regard to tho coefficients, is also a covarmt-wo Hay 
thlVth; covariants I F,... of the same degree in regard to tho coefficients, and 
«nt connected by any identical equation «X + /3F... ^ 0 (where «. /3 • arc qnan ti .os 

iudependent of the coefficients («, b, c,...)), are asijzyffetio co variants, and that a 
L expressible as a rational and iutcgml function of covariants of lower degrees is an 
irreducible covariant; and it is assumed that we know tho number of the asy^ygo lo 
covariants of the degrees 1, 2, 3,....; say, these arc ii,. A,, A,,..., or, ^ 

sarno thing, that the number of the asyzygetic covanante of tho tlcgroo ft ox tom 
{n, 5,- 'ft coefficient of in a given function 

(jb (u) = 1 + Aid + A^aJ ^ . . . + Aqci^ -h » • • , 

wheie I have pui-posely written a, as a representative of the coefficients {a, b, G,...), 
in place of the a- of my Second Memoir. 

329. The theory was, that determining «„ Oj, ... by the conditions 


that is, throwing 
into the form 


Ay ^ dy, 

Ao == Idy (dy 4- 1) -h d.y 

As = (dy -f 1) (Cfl + 2) -f dyd-jy + dQ, 


1 

(1 (1 — (1 — , 


the index a, would express the number of irreducible covariants of tho degree less 
the number of the (irreducible) linear relations, or syzygies, between the eomposiLo or 
liun-irreducible covariants of the same degree. Thus Ai^dy^ there would bo «i 
covariants of the degree 1(^); these give rise to iai(oCi4-l) composite covariaiita of 
the degree 2; or, assuming that these are connected by syzygies, the number of 
iisyzygotic composite covariants of the degree 2 would be ^I'Hd thonco 

there would be («! -h 1) + Aa» t^hat is, d^^Ic^ irreducible covariants of the same 

degree; so that (irreducible invariants less syzygies) (^Jf^ 4- is == 


^ Por tho case of covariants, ay is of course = 1 ; but in tho iuvestigation tho term oovariant x^roporly 
blanks for any function satisfying tho conditions 1“ and 2^ 
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330. The i’a sy^ygics are here irreducible syzygies; for, calling P, Q, P, ... the 
CO variants of the degree 1, there is no identical relations between the terms P\ Q-, 

imagine for a moment that we could have 4 such identical relations (viz, 
this might very well be the case if instead of the functions P^, PQ, , 

we were dealing with the same number of other quadric functions of these quantities), 
that is, relations not establishing any relation between P-, besides these 

Ic^ uon-idcntical relations as above; then the number of irreducible invariants would 
bo + and the number of irreducible syzygies being as before h, the difference 

would bo not but The identical relations are here relations between 

composite covariants, and (he effect (if any such relation could subsist) would, it 
appears, be to increase between syzygies such identical relations do actually exist, 
and the effect ia contrariwise to diminish tho a ; we may, for instance, for the 
degree s have iiTcducible co variants less irreducible syzygies =:as—ls, 

331. Assume for a moment that, for a given value of s, is positive; but for 
tho term it would of course follow that there was for the degree in question a 
certain number of irreduciblo covariants; and it was in this manner that I was led to 
infer that tho number of tho co variants of a quin tic was infinite — viz. the transformed 
expression for tho number of asy zygotic co variants is 

= coeff. in (1 - (1 - (1 - (1 - -n 

a product which does not terminate, and as to which it is also assumed that the 
series of negative indices does not terminate. 

332. The principle is the same, but the discussion as to the number of the 

irreducible covariaiils ])ecomGs more precise, if wo attend to tho covariants as involving 
not only tho coefficients (a, 6, .«») but also the variables (a?, y)\ we have then to con- 
sider tho covariants of the form {a, 6, yT> say, of the form (degree 6 

and order /a), and tlio number of the asyzygetic co valiants of this form is given as 

tho coefficient of in a given function of («, a?), (I write a instead of the z of 

my Second Memoir in the formulas which contain x and z ) : by taking account of the 

composite co variants and syzygies, we successively determine, from the given number of 
asyzygetic co variants for each value of 6 and /i, the number of the irreducible 
CO variants for the same values of 9 and /m. This is, in fact, done for the quintic in 
my Eighth Memoir up to the covariants and syzygies of tho degree 6. But before 
resuming tho discussion for the quintic, I will consider the preceding cases of the 
quadric, the cubic, and tho quartic. 


Article Nos. 333 to 336. New formulw for the number of Asyzygetio Govananis. 

333. For the quadric («, h, y)\ the number of asyzygetic covariants aV 

= coeff. in > 

(sec Second Memoir, No. 35, observing that q is there and that tho sub^ 

traction of successive coefficients is effected by means of the factor 1 — a? in t lo 
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uumemtor, See also Eighth Memoir, No, 25t, where a like form is used for the 
qumtic). Writing for «, and ^ for (c^ this is 


The development is 


:CoefF. iu 




+ a=’(a)^ + l) 


+ {of' + a?) 


-I- < 1 ^ (iK* + ar* + 1) 


+“ ( s ) 

+ “’( 5 +^) 


whioli is 


where 


A{x)^ 




(1 — (1 - a ^) ^ 


and> since contains only negative powers, the required number is 


:=coeff. aV in 


(1 -- (1 ^ a ^) * 


indicating that the covariants are powers and products of {ax^ and a^), the quadric 
itself, and the discriminant Compare Second Memoir, No. 49, according to which, 
writing therein a for a?, the number of asyzygetic covariants is 


~ coeff. in 




334. For the cubic (c, 6, c, yy the number of asyzygetic covariants c(Px^ is 


eoeflf, in 


or transforming as before, this is 


(1 — a) (1 — ax) (1 — ax^) (1 — ^ 


(1 — ax^) (1 - cw?) (1 - ax'-‘^) (1 - ax'-^) ’ 


= coeff. c(Paf*' ill 
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wliore 



A(a=)^ 


1 — aV 

( L - aa^) (I — aW)(l — aV)(l — a^) 


(thalj this is so may be easily verified) ; and since the second term contains only 
negative powers, the required number is ==:coeff. in The formuK in fact, 

indicates that the covariants aro made up of (ax^, ttV, C6V, a*), the cubic itself, the 
Hessian, the oiibicovariant, and the discriminant, these being connected by a syzygy 
{a%^) of the degree G and order 6, Compare Second Memoir, No. 60, according to 
which the number of co variants of degree 6 is 

^ COoiT. in -JZ . -rr . 

(1 -- a ) (1 - (1 - a ^) (1 - a ^) 


385. For the quartic (a, 6, c, d, e\x, yf the number of asyzygetic covariants is 


5= CO off. in 


(L -.a)(l - ax){l - ax^) (i ax^) ’ 


or transforming as before, iliis is 


— cooff. in 


1 - or 


(1 - ax') (1 - ax^) (1 - c^) (1 - ax-^) (1 - ax-^) * 


the function is hero 




whovo 




^ ” (1 - M*) (1 - aV) (1 - ft") (1 ~ a?) (1 ^0 .^) ' 


and the second term containing only negative powers, the required number is ==coeff. aV 
in A (oi), I'ho formula indicates that the covariants are made up of o?, a , o?!d^), 

the quartic itself, the Hessian, the quadrinvariant, the euhinvariant. and the eubi- 
covariant, these being connected by a syzygy (aV'") of the degree 6 and order 12. 
Compare Second Memoir, No. 61, according to which the number of covariants of degree 

0 is 

= coeff. a« in _ a) (i _ ’ 


336. For the quintic (a, 6, o, d, e, /$«, y)' the number of asyzygetic covariants 
is 

1-x . 

= coeff. a V-li* in _ (j) (I _ ax) (1 - ««;“) (1 - a.v^) (1 - aa,^) (i - a®*) ’ 

43—2 
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01' ti'tUisfoiiiiiiig tis befoi‘ 6 , this is 

1 - x- <‘ 

= coeff. (1 _ ~ ( I - «‘0 ’ 

Tlie floveloped expression is 

1 

+ ax~^ 

blit here there is not any finite function A (x) sttcli that this clovoloijmeiit is 

The numerical coefficients are of course the same as those in the dovolopinont of 
the untrausformed function; viz. they are the numbers given in the third column of 
Table No. 82 (Eighth Memoir), and also (carried further) in the third column of the 
following Table, No. 87. And we can, from the discussion of these cooffiGicuts, dodueo 
the form of A (x), viz. this is 


( l-aV 

14 

12 

1 10 

8 

6 

1 - 

13 

11 

W 

7 i 

(I -aVf 
(lOf 

1 ( 8)“ 

( C)= 


1 — j 1 — 

1 - a V 

1 — 

1 

1 - 

r 

1 

1-ttV 

1-aW 

i-a' 

2 

5 

1 

^1 

3 

2 

1 

0 



3 

0 i 

1 



20 








M 



^^here, for shortness, I have written 1 — to stand for (1 — ciW) (1 — aW), and so in 

2 

other cases : moreover in the third column of the numerator the (9)® shows that the 
factor is (1 — and so in other cases : this will be further explained presently. 
Compare herewith the form, Second Memoir, No. 52, viz, the number of asy zygotic 
covariauts of the degree 0 is 

- coeffi aMn (1 ^ (1 - (1 - (1 ^ aT^ (1 ^ (1 a^y (1 ^ ct^y (1 ^ a^y . . , 

each index being, it will be observed, equal to the number of factors in the iiumorator, 

t‘?s the number of factors in the denominator, in the corresponding column of tho 
new formula. 


1 

+ uxP 


1 

' HP 
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Article Nos. 337 to 346. The 23 Fundamental Gomriants, 


337. Gordan’s rosnlt is that the entire number of the irreducible covariants of 
the binary (jumtic is =23, I represent these by the letters A, B, G,..., W, identifying 
such of them as wore given in my former Memoirs on Quantics with the Tables of 
those Memoirs, and the new ones, 0, P, P, S, T, V, with the Tables Nos. 90, 91, 92, 
93, 94, 95 of the present Memoir. 


Table No. 87. Identification of the 23 irreducible covariauta of the binary quintic. 


A (a. 

— 'SHoiju (•^^> ^ 

G= < 

D=-HA,Bf ( 

ii) ( 

F= iS!(A,0) ( 

G=-^(B,By ( 

Il=^-\{B, Gf-\-l& ( 

I =~^{B,G) ( 

( 

K=~{B,D) ( 

A =-^(A, ( 

( 

iY= \{B,H) ( 

0--(P. /) ( 

p^-^{A,M)~BK ( 

(3 =i(P, Alf ( 

R^~\{B,M) ( 

,S =_ 96 (P, 10 + 16-80 -7ff7f ( 

T=-{J,AI) ( 

+ m ( 

V^-{B,T) ( 

ir=-i(o, P) ( 



yr 

/ 

Table No. 

13 

y ( 

y 

1 -{//y 

14 

)’ ( 

y 

<^=(//y 

15 

?( 

y 

j =(/‘y 

16 

)M 

)“ 

(/O 

17 

n 

y 

(/<^) 

IS 

y ( 

y 

(tty 

19 

y ( 

y 

_p = (^ ty 

20 

y ( 

y 

{4>i) 

21 

y ( 

y 

a=(ity 

22 

y ( 

y 

(i 0 

23 

y ( 

y 

(fp) 

24 

y( 

y 

r = (pty 

83 

y ( 

y 

(pt) 

84 

y ( 

y 

(t“) 

*90 

y ( 

)' 

(/^) 

*91 

y( 

y 

(try 

25 

y ( 

y 

(rt) 

*92 

y ( 

y 

(jr) 

*93 

r( 

y 

7 = (rtt) 

*94 

r ( 

y 

((i«), «) 

29 

)“( 

y 

(t7) 

*95 

r ( 

y 

((t«), 7 ) 

29a 
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33iS. The Table exhibits the generation of the several covariants; viz. {A, li) 
denotes d^A .dyB-d^A .d^S, (-4, By denotes 9 *^ . - 2 a*c)j,yl . 9«9„ J5 + 9„Vl . &«. 

(sec post. No. 348). The column / t — (//)^, &c. shows Gordan’s notation, and tho 
generation of hi.s 23 forms ((//)* written as with him for (/ /)•', &c.): it will l)u 
observed that the forms are not identical; if the calculations had been made de novv, 
I .*.1101114 have adopted his values, simply omitting numerical factors of tlic scvoviil 
forms (thus every term of t, ={//)* contains the factor 2.(120)*, >=28800): of cour.so 
the j)ro.sence of the.so numerical factors renders the /, h <j), &c. as tlioy ’ hLiiiuI 
inconvenient for the e.xpression of results; and the numerical fixation of tho values 
nas no part of Qordan’s object. But by reason of the existing Tables tho change of 
notation is in fact more than this; thus U instead of being a suhmnitiple of (Zl, 6')*, 
that I.S, of p, is 111 fact = — |(B, C')* + §^*; and so in other cases. If tho occasion for 
it arise.s, there is no difficulty in expressing any one of the forma f, i, <^, Ac. in torius 
of the (4, B, C.,V, W); thus in the instance just referred to, = wo have 

i> = (ffy={A, Ay = 800 0 , 

and 

* =(ffy^(A, Ay = 28800 B, 

whence p = 2304000 (B, (7)’; also (B, Oy= — 5H + 2B‘\ and therefore, finally, 


p = - 11520000 E + 4608000 

339. I remark upon the value fif = -96(i), Jl/) + 16^0-7<?7f, that S is the 
comjilete value of a covariaut ( )® ( )*, the leading coefficient of which is given in 
Table No. 86 of my Eighth Memoir; the form (B, M), omitting a numerical fuoL(n* 
(it any), would have had smaller numerical coefficients, but there is in tho Ibriu 
actually adopted the advantage that it vanishes for a = 0, b = 0, that is, when tho 
(liiiutic ha.s two equal roots, [see post, No. 346], 

340. I now form the following Table No, 88, viz. this is tho Table No. 82 of 

mj Eighth Memoir, earned as far as a\ but with the composite covariants oxpros.sod 
bj uKMns of the foregoing letters Ay W\ instead of giving tho syzygic*s as 

in lable No. S2, I transfer them to a separate Table, No. 89. In nil other roapoots 
the arrangement is as explained. Eighth Memoir, No. 263 ; but in place of N, B, S' 

ia\e wiitten *, X, 2 to denote new covariant, now syzygy, derived sys^ygy, 
u...pceu\ely, and 1 have, as to the terms aV respectively, introduced tho now 
.sMiilml <r to denote an intorconnoxion of syzygies, as appearing by the Table No. 80. 
and as ivill be further explained. 
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Table No. 88. 

[Ill Ohis Table aud the subsequent Table 89, I have for convenience used, instead 
of capitals, the small italic lettoi’S a, b, c, ...w to denote the 23 irreducible co variants of 
tlio quin tic,] 




Ind, a. Iiicl, a*. Oocff. 


A NINTH MBMOm ON QUANTICS, 


Table No, 88 (continued). 


(i^f 

a% 

of 

aha 

ai, hf cfi 
ab\ ah. ed 



a%i}y 

r- 


abf, , 

ace 


u% 

acdy bG\ ef 

ahGi 

aJy Gi^ df 


abdy 

b\ ch^ e- 


hiy de 


h\ hh 

eg, <V 

n 



i>ff, 



Q? 



c^c 



«y 







«v 


Ci\ly 


aa^, ap 

Ci\ 

dPbf 

a^CBy <?y 



(dedy aef 

a^bcy 

, 

aciy adf bef (?e 


a%dy 

ah\y achy ae^y cV, fi 

aVcy 

ably 

adSy W-fy bee, c/, fh 


ab\ < 

ah/if ac^j ad^y bedy ei 

any 

h\ hlf ekf dif ehf fg 

uhif, 

airiy 

bhly cjy dh 
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Table ?fo. 88 (coiicliulefl). 


Ind. u. 

Ind. X. 

OoelT. 



B 

40 

1 

(0^ 



38 

0 


[ 


36 

1 

a^G 



31 

1 

a\f 



33 

2 




30 

0 

a\ a^cf 



28 

3 

a^hc^ (J^f^ 

2' 


26 

3 

a\ d^hf^ cv^cGy aG“f 

S' 


24 

5 

a% a^cd, C/’^ 

s 


22 

4 

a^he, (i'l, aVi, dhlf, <ibr/, aere 

2S' 


20 

6 

«*(/, iireh, «V, «cV, «/?, ha*, h/‘, co/ 

(T 


18 

5 

a% <t%i, d*de, uh-J\ ahee, ad, a/h, o’i, ad/ 

4^' 


iG 

7 

fv'j, <rbk, (dcj/, d*d\ abed, aei, tV, he/, dh, cd, j'l . 

r)S' 


M 

6 

(dll, ab-e, abl, nek, ndt, ne/i, a/y, bri, hdf, ede 

(T 


12 

7 

(dbg, (dm, (d}% aej, cid/i, h'c, bch, bd, c-y, C(P, ol, j'k, d . 

3% 


10 

5 

abk, ae(j, ap, bH, bde, on, dl, fj, hi 

32 


8 

6 

ahj, adg, h\ bVi, bey, bid, cm, d-. Id 

2S 


6 

3 

ao, bn, dk, cj, yi 

2S 


4 

4 

U% bin, dj, (jh 



2 

1 

r 



0 

2 

•A </ 

* 


341. The syzygios and interconnexions of syzygics are given in 

Table No. 89. 

[See ante Table No. 88.] 


(5, 11) 

ai + ce — 0 

(6, 18) 

a^d — ”0 

(G, 14) 

aVi - Grtcrf “•4&c^— fl/ =0 

(6, 12) 

al - 2ai +S^ =0 

(6. 10) 

aV - 12«6c^ - 46^c - =0 

(6, 8) 

ak + 26i — Sde ^ 0 

(6, G) 

aj - 2bh --eg- ^rP — 0 

(7, 15) 

cSd-- ab'^c-^- ach-^chl — fi —0 

(7, 13) 

a^k (ibi — 36^y + Qcl + 3J^h — 0 

(7. 11) 

d^j - ah^ + rtWft- = 0 

(7, 9) 

an - h^e - ^di - fg =0 


2hl + ^di - eh ^ fg -0 


2ck -\^di ^ eh fg -0 

(7, 7) 

cm + cj — 3dh = 0 


0. VII. 


44 
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Table No. 89 (continued). 


<r, (8, 20) 

0, a'{a'g ~ 12(M - e^) 

bU2)7'(\ (6, 

10) 


-a(arhd - abc^-\^ ach-Md--fi) 

if 

(7, 

iri) 


+ h [a^d - a^hc + 4^^* + f^) 

if 

(6, 

18) 


+ c (aVi - ^acd ~ 46c^ ~ ef) 

a 

(C, 

14) 


-/(ai + b/ - ce) <= 0 

a 


n) 

<r, (8, 14) 

0 . a (an - b^e - 6c/i + 2eh -f(j) 

supr^ (7, 

8) 


-f* a{ 2hl + Mi - ch + fg) 

» 

( - 

.. ) 


+ a{ 2ch -Vldi'V eh~fg) 


( 

.. ) 


- 2h (al - 2ci + Mf) 

a 

(8. 

12) 


- 2c + 2bi - 3de) 


(8. 

8) 

i 

+ 6^^ (ai + ^ « ce) =0 

if 

(8, 

11) 

(8, 12) 

aby - b^c + 2bc/i - c-g * 1 - 0 

- 3ad/i - 2bch + 2c^(j 1 Sccs?^ —2v^~0 









(8, 10) 

ahk - cii - (idl — 'Ifj + Ai = 0 
ap +2c»+ =0 

hH + crt+3f7i+ fj-'2hi=:Q 




(8. 8) 

abj -b* + ib% - 9bd‘ + 12m - e/c - 3A“ = 0 
Miff + 25% - 1 25d‘ + 8c»i - ek ~ 2/i^ = 0 




{8, 6) 

((0 + 6dk - 3ej +2gi^{) 
bn-h3dk- ej -h gi^O 





342. In illusti-ation take any one of the lines of Table No. 88, for instance 
[lesuimng the notation by capital letters] the line 

(7, 17) ( 4 I A^BE, A% AGI, ABE, BGF, G^E ( 22' | 

there are here 6 composite covariants, but the number of asyzyeetic eovariants is -4' 

deuvecl syzygies of the right form, viz. these are ' 


A{AL-WI^WF)^0, 

0{AI+ BF- GE)^Q, 

\hich aie designated as 22, and there is consequently no new syzygy 2, 
But in the line 


(7, 15) 1 5 1 
there are 7 composite 
there must therefore be 


A^BD^ AB'G^ AOB^ AE\ O^By FI | S', S j 

covariants, but the number of asyzygetic eovariants 
syzygies. One of these is the derived syzygy 
A (A^G 12ABB ^ 45^(7)=: 0, 


is 





347 


462] A NINTH MEMOIR ON QUANTICS. 

which is designated by S'; the other is a now syzygy (see Table No. 89), 

A^BD ~ ABG^ JrACH- QG^D 

doaignated by S. 

34S. Take now the line 

( 8 , 20) j 6 I A^BD, A^H A^E\ AG^l), AFI, BG^ BF\ GEF \ 5^, cr | ; 

there are here 10 composite covariants, but the number of iiTCclucible covariants is 
— 6 ; there should therefore be 10 — 6 , = 4 syzygies. There are, however, the 5 derived 
syzygies 

A^{A^Q-^nABB--m^E^)=^i), &c. (see Table No. 89) 

designated by 5^' ; since these are equivalent to 4 syzygies only there must be 
1 identical relation between them (designated by <r), viz. this is the equation 0 = 0 
obtained by adding the several syzygies, multiplied each by the proper numerical factor 
as shown Table No. 89. 

344, Again, for the line 

( 8 , 14) I 5 I AW, AB^E, ABL, AQK, ADI, AEH, AFG, BGl BBF, ODE \ 6 ^, <7 | 

there are hero 10 composite covariants, but only 5 irroduciblc covariants; there should 
therefore be 10 - 6 , === 5 syzygies; wo have in fact the 6 derived syzygies 

A{AN^B^E-^Bl^-<i,EH-FG)-^0 &c. (sec Table No. 89) 

designated by 6 S'; those must therefore be connected by 1 identical relation (designated 
by O'), viz. this is the equation 0 = 0 obtained by adding the several syzygies, each 
multiplied by the proper numerical factor as shown Table No. 89. 

345. These two cases {a) are in fact the instances which present themselves where 

a correction is requii’ed to my original theory. The two identical rolaiiions in question 
were disregarded in my original theory, and this accordingly gave the two non-oxistent 
iiTcducible covariants (a,..)® (a?, yY and (a, . .)** (ic, And reverting to No. 336, these 
give in the denominator of A {x) the factors (1 — (1 — In virtue hereof, 

(1 — 

writing a) = l, we have in A{m) the factor — ^(- 7 , =(l-a®)^ agreeing with the 

function (1 — )*~^(1 — (1 — a®)®,... And we thus sec that the clcnominat or factors 
of A {x) do not all of them refer to irreducible co variants ; viz. wc have 

cud^, ctW, ftV, aW, o;\ aW, 

each referring to an iiTeducible covariant, but and each referring to an 

identical relation (<t) or interconnexion of syzygies. And we thus, understand how, 
consistently with the number of the irreducible covariants being finite, the expression 
for A (x) may be as above the quotient of two infinite products ; viz. there will be 
in the denominator a finite number of factors each referring to an irreducible covariant, 
but the remaining infinite series of denominator factors will refer each factor to an 

44—2 
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identical relation or interconnexion of syzygies* But I do not see how wo can by 
the theory distinguish between the two classes of factors, so as to determine the 
number of the irreducible covariants, or even to make out affirmatively that the 
number of them is finite. 

346. The new covariauts 0, P, P, S, T, V are as follows: 

[Table No. 90 (Covariant 0\ 

Table No. 91 (Covariant P), 

Table No. 92 (Co variant P), 

Table No. 93 (Covariant 8\ 

Table No. 94 (Covariaufc V\ 

printed in the paper 143, ''Tables of the Covariants M to ^Y of the Binary Quintic: 
from the second, third, fifth, eighth, ninth and tenth Memoirs on Quantics” with the 
insertion as therein mentioned of the terms with zero coefficients. The covariaut 
— 96(il, M) + liiB0 - IGKf of the present Memoir is there called S\ and there is 
given the more simple form B — (D, ill), of this covariant.] 


Article Nos. 347 to 306. Bketch of Professor Qokdan's proo/ for the Jhiite Nmnhe)\ 
— 23, of the Oovariants of a Binary Qidntic* 

S47. I propose to reproduce the leading points of Professor Gordau's proof that 
the binary quintic (a, 6, o, d, a, f\(^y yy has a finite system of 23 covariants, viz. a 
sj^stom sucli that every other covariant whatever is a rational and integral function 
of these 23 covariauts. 

34S, Derivation. Consider for a moment any two binary quantics cf), of the 
same or different orders, and which may be either independent quantics, or they may 
be both or one of them covariants, or a covariant, of a binary qiiantic f We may 
form the series of de7ivatives 

(fj), 

((f), = 12 = dr.<f> . dg’sjf' - dy(j) . 

((f>, yfry « 12 ' (f,,f, = 3,“^ . 3/f - 23A^ ■ + ^yi> • 

* 

* 

wliere, however, there is no occasion to use the notation (^, (as this is simply the 
product and the succeeding derivatives may (when there is no risk of ambiguity) 

be written more shortly follows the word 

‘‘derivative” (Gordan's VehereinandGi\sclmhmg) is to be understood in this special sense. 

349, The degree of the derivative is tho sum of the degrees of the con- 

stituents i/r; the order of the derivative is the sum of the orders less 2k \ it 
being understood throughout that the word degree refers to the coefficients, and the 



4G2] 


A NINTH MEMOm ON QU ANTIC'S. 


34& 


word order to the variables. In speaking generally of the covariants or of all the 
covariants of a quantic or of the covariants or all the covariants of a given degree 
or order, wc of course exclude from consideration covariants linearly connected with 
other covariants (for otherwise the number of terms would be infinite); but unless it 
is expressly so stated, wo do not carry this out rigorously so as to make the system 

to consist of asyxygetic covariants; viz. it is assumed that the system is complete, but 

not that it is divested of superfluous terms. 

350. TiiEOiiEM A. The co variants of a quantic / of a given degree m can be all 

of them obtained by derivation from / and the covariants of the next inferior degree 

{m — 1 ). 

In particular for the degree 1 the only covariant is the quantic / itself ; for the 
degree 2 the covariants arc (ff)\ {ff)\ (//)S using for a moment /3 to denote 
each of these in succession, the covariants of the third degree are (^)^ (/^)S ‘-i 

and so on. 


351. Suppose that the covariants of the second degree (//)^ (//)^ -• are 

in this order represented by /3i, ft..., then the covariants of the third degree 

written in the order 

(A/), (A./n (A/), 

may bo represented by <yi» covariants of the fourth degree written in 

the order 

(y^/r, (7./). -.(7./)“. (7a/). (7»/)^ ...(7./)“. (7a/). (7a/)^- 

may bo ropresenled by 8 i, Sa, 8 s.--. and so on; we thus obtain in a definite order 
the covariants of a given degree vh', say, these are fii, fin Hi, ^ 4 ,...: any term fi^ is 
said to bo a later term tlian the preceding terms /nj, fi^ and an earlier term than 
the following ones, fi^i /i,, &c. 

Observe that each term fi^ is a derivative (Kg/f, the derivatives of an earlier X 
are earlier than those of a later X; and as regards the dciivatives of the same X, 
the derivative with a less index of derivation is earlier than that with a greater 
index of derivation, or, what is the same thing, those are earlier which are of the 
higher order. 

362. The series fiu fi,, fin fii..> is not asyzygetic; we make it so, by considering 
in succession whether the sevoml terms /tj, /tj, ... respectively are expressible as linear 
functions of the earlier teims, and by omitting every term which is so expressible. 
The reduced series thus obtained is called 'I\, '1^, T 3 , .... Observe that not every fi 
is a T, but that every T is a fi\ every T therefore ai’ises from a* derivation upon / 
and a certain term X; which term X (supposing the X series reduced in like manner 
to 81, 8i> S3,...) is a linear function of certain of the Ss. Each later T is derived 
from later 8% or it may bo from the same S’s as an earlier T‘, viz. if the later T is 
derived from (8,, 83,... So), then the earlier 'f is derived, it may be, from (S„ 83,. ..^St), 
or from (Si, 83,...8o-k), but so that there is not in the series any term later than 80, 
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And if, consideringf any T as thus derived from certain of the and in like 
manner each of these as derived from certain of the i2’s, and so on, we descend 
to any preceding series, 

-^3 * • » 

it will appear that the T is derived from a certain number (ifj, of the 

terms of this series, 

353, The quadricovariants (//)^ {fffi (//)^ •** of different orders, and con- 
sequently asyzygetia They form therefore a series such as the if -series, and tliey may 
be represented by 

J5|, JSg, , . ♦ . 

Supposing / to be of the order Bi is of the order of the order 2 h~-4, 

of the order in — 8, and so on. Those terms which are of an order greater than 
are said to be of the form W (agreeing with a subsequent more general definition 
of W); those which are of an order equal to or less than are said to be of the 

form x'> earlier terms of the B series are W, and the later terms are xi 

viz. the X therms taken in order, beginning with the earliest, are %i, x^> 

3o4. By what precedes any particular T is derived from certain terms -5i, -Sa, ... Bo, 
of the B series. This series, Bi, JBg, may stop short of the terms x* 

include a certain number of thorn, say %o, Tho terms derived from the x's 

are in the sequel denoted by 

35o. Every covaidant whatever is a form or sum of forms such as 

12 “ is'’ is". 

writing in regard to any such expression 

S ind. X ind. 2 = . . . 

(viz. i is the sum of all those indices a, /9, &c. which belong to a term containing 
the symbolic number 1, j the sum of all the indices cf, % &c, which belong to a torm 
containing tlie symbolic number 2, and .so on) then each of the numbers y, ... is at 
most -n, that is n^i, may be any of them =0, but they cannot be any of 

them negative; the degree of the function is -m, and its order is — It 

is to be further observed that the form is a function of the differential coefficients 

of / of the orders n—i, &c, respectively. It follows that if j, ... are 

none of them =0, the form in question may be obtained from a like form belonging 

to a qnantic of the next inferior order n — l by replacing thoreixi the coefficients 

a', J', ... by aic^hj, hv^cy, &c. respectively: for example, if/ denote the cubic function 

* — 

(a, b, 0, d'^w, yf, then the Hessian hei’eof is 12 /i/.; the like form in regard to the 

quadric h\ yf is 12 /,7/, which is —a'e'~h"‘] and substituting herein 

2 

m-^hy, ha)-^Gy, ao^^dy for a\ b\ d respectively, we have the Hessian 12 / 1/3 of the 
cubic. A covai’iant of / derivable in this manner from a covariant of the next inferior 
qnantic is said to be a special covariant. 
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13 23 ...A/-,,. / . 

*r 1 o V 2 >it, 

1 , aa )o out »-l, y, StG. are each of them >0- if 

wliinli iH = or <^n (th^t ig for whi^h « T?’ , ' 

>». blum l,ho form, or mry LTo^nl 

Ifivoiy (ioviiriluit w h i,],us . J ^ to be a form or covariunt b* 

cvHo .,»=2, the form is ^ conversely. I„ the partioul.o 

12/, A, 

wJiiol) will bo tt form fK if i. • • . 

iH if the order bo >?i. 2)i-2a>„, that 

iivo ir, or oIho y aocowUiio- «! \h ^ toentionecl, the covarknts T of the (iegro-3 2 
loHH llnm «. ^ «. - it is e,,oal'’to or 


oo7* ImovGui li. 


and of (’Lirlinv 7'^^ u ^^vananfc T be expressible the sum of a luvia ir 

r f/r ' ^ i ^ forming the derivative (W/, either (his is n,it a 

b;m /' or bmag a fm-m T, it is expressible as the sum of a U Trlnd o" 

./ H tlwm itself ; or, what is the same thing, (T/f, if it be a form T u thl . <ti. 
original T) the huiu of u, form W and of earlier T'a than itself. 


Hotum also every form T is the sum of a form IF. and of forms deiivcd f,.„o 
the lunetions g^y 

T^W+P^, 

or, what in the samo tiling, ovory covariaiit whatever is of the form TF + P^. 

)ir)3. 'Phe proof that for a form / of the order n the number of covariants i>. 
lhui.<i, doimuds on tho assumption that the number is finite for a form /' of the «c'.\t 
inl'orior order n - 1 : this being so, the nninber of the special covariants of / aill !)<• 
Iiiiito) Hay thoHo aro yl„ A.^, Ag,.., (/ is itself one of the series, hut we may bi-paraf. 
it, and Npoalc of ilio form / and its special covariants): the forms IF aro functioiu 
of the Hpoeial covariants, and hence every covariant whatever of / is of the form 
/i\A ) -(• ; but it requires still a long investigation to pass from this to the thooicm 

of lilu) oxistoiico of a finite number of forms V such that every covariant whatever 
iH P(F)- -I lliiw over, and reproduce only the investigation for the case of the 

ipiintio. 


•‘loll, iStarliing' from the assumed system of forms, 

f> j = « = (jiy, P^{4‘y> T = (pi/, 7 = ('ra), 

(M> i/p). (A)> (.Ah 
(A )> iA)> (iO. (Ah (’^h 

(w ), (ty), (Uy, {(ia), «), (irf, ((««), y), 

any, the 23 forms V, it is to be shown that every other covariant whatever of the 
quintic ia of tho form F(U). 



352 


A NINTH umom ON QUANTICS. [4C2 

The special eovariants are /] (f>^ (/^)> j> which are forms U ; the only form 
is i, so that instead of 1\ writing every covariant whcaiever of / is 

and it remains to show that every form is P(C/*); or, wlrnt is tho same thing, 
that if H be any form F(U) whatever, then that (Hi) and (Hiy arc oaoh of them 

F(uy 

360. In order to show that every covariant of a degree not oxcooding is 
F(U), it will be sufficient to show that the several forms (Hi) and (Hiy of a degreo 
not exceeding m are each of them F{U)\ and if for this purpose wc asHuino that 
it is shown that every covariant of a degree not exceeding in—i is F (U), then in 
reg<ard to the forms (Hi) and (Hiy of the degree m, it will be sufficient to show that 
any such form is a function of covariants of a degree inferior to m. 


361. First for the form (Hi): we have (PQ, i)^ P(Qi)-\-Q(Pi)\ and hence wo 
see that (Hi) will be F(JJ) if only (Ui) is always F(U). 

In foiming the derivative of i with the several eovariants Z7, wo may omit i 
itself, and also the lour invariants (iiy, (iry, {(ia), «), ((ia), y), since in oacli of those 
cases the derivative is :=0. Wo have therefore to consider tlie derivative of i with 

/i 01 j» T, 7, (/0), (fp), (/t), (jr), (fi), (0i), (ji), (2)1), (ri), (ia), (iy), 

respectively : the first seven of these are each of them U ; the remaining clovou are each 
of them of the form {(PQ), i). Now {(PQ), i) is a linear function of P (Qi)'\ Q(Piy, 
and t (PQy, that is {(PQ), i) is a function of covariants of a lower degree tliaii itself. 

for the form {Hi)\ we have {PQ, if, a linear fuiicLioii of P {Qif, 
i,rri'' if only {Uif is always 


In fbrniing the second derivative of i with tho several eovariants 
omit as before the four invariants, and also omit the four linear eovariants 
we have therefore to consider the second derivatives of i with 


U, we may 
«, fa, 7, 47 j 


/. i. i, P, r, (/.^), (fpl (Jr), (/i), (0i), (Ji), (pi), („■), 

r^,»tiv.ly: tho a„t si. of these a,, each of them ff, tho .omainiog „i„o are c»h 
of the form ((P®, ,)^ ((pg), ,•), ^ . 

PW* «n,i «(P.).. The fat two of these a» teem, of the same fam ’ m’ft 
P(U) if only (U, Q) is IrffV 0 blL» 1 ((Pif, Q) will bo 


/> i j, p, r, a, 


y> (M (fp), (/r), OV). (fi), (<}>i)(ji)(p{)(n)(ia)(iy). 
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363. For U equal to any one of the last eleven values, the form is (Q, 8) R 
which is = R (QS) + S (QR), and is thus a function of covariants of a lower degree ; 
there remains only Iho derivatives formed with two of the functions / (j), i, j, jy, r, or 
of ono of those with a or y. But these are all U other than tho derivatives 

(fj)> (#). {'jn)- (fee), (<}><x), (jet), (pa); (fy), {(jyy), (jy), (py). (ry), 

and since y = (Ta), the derivatives containing <y will cloiDcnd upon covariants of a lower 
degree; there remain therefore only (fj), (^p), (^r), (pr); (fa), (<j,a), (ja), (pa): 

each of those can ho actually calculated in the form F(U), 

Hence finally, a.ssuming that every covariant of a degree inferior to m is F(V'), 
it follows that every covariant of the degree m is F(Z7); whence every covariant 
whatever is F(U), viz, it is a rational and integral function of the 23 covariants U, 

36 i. It will bo observed that, writing A, B, 0 for P, Q, i, tho proof depends on 
the theorems 

{(AB), 0), a linear function of A (BG)\ B (GAf, G (ABf, 

(AB, Cy „ „ do, do. do. 

{(AB), Oy „ „ {(^C)“ B), {(BOf. A), B(AGy, C(ABy, 

which are theorems relating to any three functions A, B, G whatever. 

366. I remark upon tho proof tliat the really fundamental theorem seems to be 
that which I have called theorem A. As to the forms W it is difficult to see 
<i priori why such forms arc to bo considered, or what tho essential property involved 
in their definition is; and in fact in a more recent paper, "Die simultaiicii Systome 
binaren Formon'' {Math. Annalen, t. ii. (1860), sec p. 256), Professor Gordan has 
modified the definition of tho forms W by omitting tho condition that tho order of 
the fiiucbion shall exceed n; if it wore possible further to omit the condition of at 
least ono index being = or and so only retain the conditions n-i n-j, &c., 

each of thorn >0, then tho essential property of tho forms W would be that any 
such form was a rational and integral function of tho special covariants formed, as 
above, by means of the quaiitic of tlic next inferior order. And moreover, as regards 
tho theorem Ji, there seems something indirect and artificial in the employment of 
such a property; one sees no reason why, when a system of irreducible covariants is 
once written down, it slioitld not bo possible to show that the derivatives of F{V') 
with the original quaiitic / are each of tliem F{ll\ instead of having to show this 
in regard to tho derivatives of F {U) with the several covariants as regards the 
quintic, whore there is a single covariant tho qmdrio function i, there is obviously 
a groat abbreviation in this employment of i in place of /; but for tho liiglior 
orders, assuming that tho proof could be conducted by means of tho quanlio / itself, 
it docs not appear that there would be even an abbreviation in the employment in 
its stead of tho several covariants x* remarks apply to tho proof in tho 

last-mentioned paper, I cannot but hope that a more simple proof of Professor 
Gordan^s theorem will bo obtained — a theorem tho importance of which, in reference 
to the whole theory of forms, it is impossible to estimate too highly. 

0. VII. 


45 
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NOTE ON A DIFFERENTIAL EQUATION. 


[From the Aleinoirs of the Literary and Philosophical Society of Manchester, 
vol. II, (I 860 ), pp. 111—114 Read February 18, 1802.] 

The following investigation was suggested to me by Mr Harleys "'Remarks on 
the Theory of the Transcendental Solution of Algebraic Equations/' communicated to 
tile Society at the Meeting of the 4th of February. 

Mr Harley^s equation 
may be written 

i)Y putting 


it becomes 

which equation nmy be considered instead of the original equation ; and it is to be 
shown that y, regarded as a function of satisfies a certain linear differential equation 
of the order — L In fact, expanding y by Lagrange's theorem, wo have 

1J=tl+ tttt™ + («»»)' + j-y-g (m®*)" + &C-. 

— u + an” + ^ 7 ^ 2n . ^ ^ 3ft (3n - 1 ) + &c., 

L , Z J , Z « o 


y’'~ny + (n-l)x = 0 


»-l ,1 „ 

w= - — ^ 

n n'' ‘ 


ft — 1 1 

— - a; = ft, - = a, 
n n 
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the law whereof is obvious, anil using the ordinary notation of factorials, viz. 
[nY = K (/I “ 1) . , . (n — r + 1), we may write 

where 6 extends from 0 to oo . 

It is now very easy to show that y satisfies the differential equation 
r [ n d 2?i — 

In fact, using on the left-hand side the foregoing value of y, and on the right-hand 
side the following value of obtained from that of y by writing 0-1 in the 

place of 0, viz. 

«"-» y = <S(, 


d 


and observing that in general the symbol regards is the eqiiatio]i 

in question will be satisfied, if only 

^ • [ 0 ^ - 1 ) ^ ^ 1 {(n ^ 1)0 + 1 )- ^ 


whore the right-hand side is 




and the equation may be written 

[(„-!)«+ 1].-. . H - 1]”-, 

that is, 

[n9 - 1]^“- [(n -- 1) 0 + !]»-» - [n0 - [n0 - 

which, since each aide of the equation is = [/i0 — 1]®**““^ is obviously true, 

The foregoing differential equatioii is developable in the form 

f d ,fdy „ , / d i fd V*-”* 

Gw U) y’' 

but to find the coefficients aj, ... I start from this form, and proceed to sub- 
stitute in the equation the value of y, which on the left-hand side I use in the 
original form, and on the right-hand side in tho form obtained by writing 0+1 in 
the place of 0, viz, 

qt = So u 

y [0+1]®+^ 


45—2 
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The equation to be satisfied is 

(ofo + a, [(n - 1) ^ 1) ^ + 1]» ... + [(«. - 1) ^> + 1]’*-’) 

_ I [n ($ + 1)]« 


[ne]o-' 

W 


n [(9+I]»« 


or, wliati is the same thing, 

(«0 




[(«- 1)0 +«]«-', 


1 [)i (0 + l)]»+«-> 
n [0 +!]«+■ ■ 


Observing that the right-hand sido may be written 

’ (6/> 1) [df " ■ 


. . . + [n0f ^ - [nd If 


the equation becomes 
<i,[ney-^-hu,[ney^ 
or, what is the same thing, 


so that Oq, are the coeffioionts of the expansion of l]«“i (which is 

a rational aiul integral function of 0, of tho degree n— 1) in a factorial series, as 
shown hy tho leffc-liaiicl side of the equation. 

To determine the actual values, write 

(?i 1) + I = 


this gives 


and we have therefore 


}J ~1 ’ 


ji — 1 


= «. + «, [j,y + aa . . . + 


and lluis the general expression is 


1 ,^a fn<l> + n’ - 5n + 1\ 

I — jri — )■ 


where ^ A denotes the difference in regard to (ji {M7^ = U^+, - U^), and, after the 
operation A* is performed, is to be put equal to zero. 
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NOTE ON PLANA’S LUNAR THEORY. 


[Prom the Monthly Notices of the Royal Astronomical Society, vol. xxiii. (1862 — 1863), 

pp. 211—216.] 


I HAVE been ranch surprised to find that llioro is an error of the order 

arising from llio omission of a factor (i + 7^”^ in tJic expression for ^ 3' + 

given by tlio equation (Il.y {Thdorie de la lAine, U i,, p. 2G7), being the equation 
made use of in the theory for tlic determination of Sit, the perturbation of the 
reciprocal of the radius vector* This error may probably bo the cause of some of tho 
discrepancies in tho terms of the fourth and higher orders, between Plaiia's results, 
and those of Ponidcoulant and Delaunay. 

Plana’s equation (G), t. I*, p. 260, is 

^ jyff 


*f f( 0 y 7) Q^e cos (cv-j 'crdv) 


/(o. 7)ad-7^)(i+vr 


a(l 


if for shortness 

@ = « fya - (1 q. ^ fy8) cos ( 2 ffV 2 J 0dv) -}- COS — 4 j ddv), 

(p* 256) should he 

„„ 1 + 


<ra,,f(e, y) 


1 + 2 Vdv 
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b.6. by an e,w >,hi,U i. taplWily (1 +.•)-* 2 /ra. 

IS omitted. Hence the equation (G) becomes ^ 

+ (1 + 2 jl/dv)/(e, 7) Q'e cos (cv — j^dv) 

- (1 + 2 fffdv) \f{e, 7) (1 + rf) (] -)-^ ii)~i „ a(l + s»)~^[ 

^ a,t(^7)i 

(1 + ^jl/difj/^e, 7) P79 (1 q. s^«)~8 


+ 


in which equation 

rfT' PP< 25. 245. n „ Ofi, 

iPd?; A,S(jq.^s^4 P- ^65. 


du u ds 

f (e, 7) « (4 q- 7=)- 4, y) = X* (J + 7*)J, p. 2Q t 


.e hfva f«-«» /fe ^)' in „f .|.e 

— x^a+vnU^Af 0^. rr«!« . /• '> 

+ (1 + 2 J Udv)f(e, 7) Q'e cos (cv - j zrdv) 

-(I'hfij Udv) a 3 (I + y ’)4 |(i q. ^ ~}J 

2 J ^<^'»)/ (e, 7) Ptf (1 q. s^>) ~ 8 @ 

= ~ x5 (1 q. .y»)4 


-aH 


dv 


- +7^ (1 +s^)'-hj ITdv 

+ (1 + 2 J Udv)f(e, 7) Q'e cos (ov - j ^dv) 

- (1 + 2 1 m) (1 q- 7»)J |(i q- s^a) -f _ !i (1 ^ -I 

■h (1 + 2 1 Udv)f(e, 7) P7S (1 q. 5^3^- } 
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"a ^ (destroyed by term infra) 

+ (1 4 - 2 J Uilv)/(e, 7) Q'e cos (cv-J udu) 


■\^(l+7^)^ j0 4-s,’)-5-~(l+sr4 

I J 


- \3 (1 + 7^)4 (1 + s/)-i 2 I Udv 

+ — X^(l + 7‘)^ (1- 2 f Vdv ((Itjstru)ed by term .VN/zm) 
4- (1 •f' 2 J Udv) /(e, 7) P<f (1 H- 5/) " ^ 0 , 


or, putting w = - 4 * Sm)> this becomes 


-Kt'-t) 

-xni + 7)^i+sT^2j Vdv 
+ (1 4- 2 J IT dv)f{e, 7) Q'e cos (cv~j ■srdv) 


- xHi + r)^ {(1 + ~ (1 + ^) ■«} 

+ (1 + 2 J Udv)f{e, 7) JV (1 +s;)"^ 

agreeing with the Formula 11 . p. 265 , except that in Plaua's last term, instCAid of 
the factor /(t?, 7) (== ^^ ( 1 - 4- 7')^), we have the factor \^(l4-7^)^- That is, the last 
term, as given by Plana, should be divided by l4-7^* And this error is introduced 
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from the formula (11.) into tho formula (II.)', p. 267, viz. Iho incorroct factor 
\5(i+y)I is there replaced by its value j; whereas, the true value being (i -t- 

the liictor in (II.)' should be = • 


The corrected foraiula (Il.y is 

- - Sa = - Q' cos (cy -J zrdv) 


~ 5 0 + “ j[^^8°os(cy- J'Br(iy)| J B,dv 

- Pqy> (1 + 7 ’)-> (1 + 5 ,=)-S (1 - 2/1^ j li,dv) X 
|l 7’ ~ (1 + i 7 ’) cos (2j/v ~ 2 J ddu) + ^ 7 ” cos (4^y — 4 j Odv) ■ . 


Observing that P is of the order aud that q is approximately equal to unity, 

the error in ^ tbe order as noticed above, It may bu riglit to 

mention that I obtained the correction in the first instance by starling froiii tho 
fundamental equations, and not as here from tho intermediate equation (G), so that 

there IS not in that equation any error afterwards implicitly corrected in tho ti*anrt- 
formation to (II.)'. 
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NOTE ON THE LUNAE THEORY. 


[From Llie Monlhhj Notices of the Royal Astronomical Society, vol. xxv. (1864 — 1865), 

pp. 182—189.] 


I ATTEND, in tlie expressions for blie lunar coordinates, only to the coefficients 
independent of m. Plana's values, taken to the fourth order only, are as follows; for 
greater simplicity I write ft = l ; and, instead Of + constant, ent + constant, (/nt + con- 
stant, I write I, 0 , g respectively ; viz., I is the mean longitude, c the mean anomaly, 
g the moan distance from node : this being so, then r, v, y, denoting the radius vector 
longitude and latitude respectively, wo have 


i (Plana) = 


(but I omit Plana’s term 


(j _ ^ e* _ ^ ,y=e cos 

+ e^- I e*- ^ 'fe^ „ 

+ I e’ 

+ ^ » 

- -5 7^ 

+ ^ 7V cos 


c 

2o 

3o 

4c 

2<7 

c-2cj 

2c + 2y which should be == 0). 


V (Plana) = i-l- 

- 1-2 B - i f — ^ 

+ if s’ 

+ f 7’e 


sin 

); 

)} 


}) 


G 

2o 

3g' 

2flf 

o-2g 
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-i7V 


sin 

o + 2ff 

- ^ 7 V 



2g~~ 2g 



if 

2c + 2g 

+ 1^7* 


if 

4<g. 

y (Plana) = 




7 — 76 ^ 

-W 

sin 

(J 

+ 76 — g 76* 


if 

0 - g 

+ 76 - ^ 76® 

-|7“e 

>i 

c+ g 

+ f 76“ 


if 

2c- g 

+ § 76“ 


if 

2 c H- g 



»f 

%c- g 

+ ^ 76“ 


)f 

'io->r g 

-At’ 


» 

3</ 

+ 1 T’e 


» 

o-%g 

- ^ 7“6 


)} 


compare these with the elliptic 

values, 

it is 

necessary to write 6 (1 + ^ 7 “) in 


place of e. Makiiig this change, or say reducing Plana^s (e, 7) to the elliptic (^, 7), 
I write down in a first column the transformed coefficients, and in a second column 
the elliptic coefficients, as follows; 


Tlftim, with Elliptio <?, 7 


Elliptic 


1 

1 



+ 6 --Je* 

+ 6 -^ 6 “ 

COS 

G 

+ 

+ e“-|e« 

» 

2c 


+ § 6 “ 

if 

3o 

+ ^ 6 * 

+ |e< 

» 

4c 


0 

» 

2g 

-|7% 

0 

ii 

c-2g. 

Plana, with Elliptio 7 

Blliptio 



'y s= 

V = 



1 

1 



+ 2 6 - i 6 “ 

+ 2 e -|e“ , 

sin 

0 

+ f 6 “-^ 6 *^-ii^fe“ 

+ $ e>-|| 6 “ 

» 

2 c 

+ i|e“ 

+ H 6 “ 


3c 



if 

4c 


— J 7“ + 7V + ^7^ 

)i 

2*7 

+ f 

- i 7'*6 

j> 

o-2g 

- 7“e 

- i 7’‘6 

a 

e-^2g 

- i 7’e’ 

+ A7^“ 

» 

2o—2g 

-If 7 %^ 

- if 7 V 

a 

2G + 2g 

+ 3 V 7‘ 

+ A7^ 

ff 

^g- 
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Plana, with Ellix>tio c, y 

y - — § 7^ 

Elliptio 

4- ye— ye^ — i 7^ 

sin 

9 

"h ye — — 

4 - yQ^^ yg3 _ ^ 


e+ 9 

+ ye — ^ye^-{-\ y^e 

-\r ye — I y^e 


C- (J 

+ f 7^’ 

4 - ^ 


2 c- sr 

+ f 76** 

H- § 7 ^ 

a 

2 o + </ 

+ 7<3’'’ 

+ 1^76® 

i} 

3c- (/ 

+ a- ye' 

+ ^ ye^ 

n 

3c + ^ 

-?t7’ 


}> 

^9 

+ i 7 '**^ 

- ^ rfe 

» 

c-3(/ 

- 7»e 

- i7*e 

n 

G 4 3^, 


where, for greater clearness, I remark that the values called '' elliptic of e, % o, g, 
refer to an ellipse, such that the longitude of the node, and the longitude (in orbit) 
of the pericentre, vary uniformly with the time, — viz., we have mean distance = 1, 
exccntricity — c, tangent of inclination = <yj mean longitude =» mean anomaly = c, 
distance from node —g. 


We have therefore 


r 

- ^ 7 V 

cos 

2<7 


- 1 7»e 


0-2(7 

Sv^ 

~^y'‘e'‘ 

sin 

2c 



i) 

25 ' 


+ f 7*e 

>) 

o-2g 



)> 

2o — 2^ 

Sy- 

- § 76* + 1 7®e 

» 

c- i7 


4 ^ ye^ 


2c- <7 


+ t ye^ 


3c- (/ 


4 1 7^^ 

» 

C-3flr, 


viz., these arc the increments to bo added to the elliptic values of v, y, respectively, 

1 

in order to obtain the disturbed values of -u, attending only to the coefficients 

independent of m ; they represent, m fact, the hinar inequalities ^Uoh rise two orders by 
integration, 

The elliptic values of ^ and y are functions, and that of v, is equal a function, 
of e, % 0, g, and the foregoing disturbed values may bo obtained by affecting each of 
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the quantities e, % c, and with an inequality cleiJending on the ai'gument 2c — 2^, 
viz., these inequalities are 


fie = - 

ri 

■g 

7''*e cos 

2 c- 

- 2 ^ 


n 

8 

7^ sin 

2 c- 

- 2 ff 

§ 7 = 


ye^ cos 

2 c- 

-%j 


a 

» 

sill 

2 c- 

- 2 g 


fi 

■nr 

7^e^ sin 

2 c- 

-2^. 


The verification may be effected without difficulty; thus, for instance, starting from 

I 

the elliptic value of we have to the fourth order 



cos c\ /— e sin c\ ^ / cos o 

+ e cos 2c/ \— 2c^ sin 2c/ \d- 2c cos 2c 



f ^ 2c — 2 g — cos c cos 2o — 2 g) 

+ f 7^6^ sin 2c sin 2c — 2^ — cos 2c cos 2c — 2 g) 

~~-|7®c COSO — (/ 

- f 7 ®c- cos 2^, 


wliicli is right ; and the verification of the values of Sv, Sy, may bo effected in a 
similar manner. 


I have, in order to fix the ideas, preferred to give in the first instance the fore- 
going il postenon proof; but I now inquire generally as to the form of the values of 

V, y, or say of y, taking account only of coefficients independent of m; and 

I proceed to show that these may bo obtained from the elliptic values expressed as 

above in terms of I c, 7, c, g, by affecting Z, e, 7, c, g, each with an inequality 

depending on the multiple sines or cosines of c — g. 

Writing for greater simplicity we have l-t-hL, o^ct + G, g^gt + &, where 

c = 1 --f m^ + &c., g :=1 -f I w^+ &o. ; vk, c, g, are constants which differ from unity by 
terms involving 

The required values of r, v, y, satisfy the iindistm'hed equations of motion, if after 
the differentiations we write in the coefficients (which coefficients are functions of m 
through c, g) m - 0 ; that is, if wc write in tho coefficients c = 1, g = 1. In fact, the 
requii’ed values of r, y, are what the complete values become, upon muting in the 
coefficients of the complete values ^==0; that is, the required values of y, differ 
from the complete values by terms the coefficients whereof contain m as a factor; and 
the disturbed equations differ from the undisturbed equations in that they contain the 
differential coefficients of the disturbing function; that is, terms the coefficients whereof 

have the factor Imagine the complete values of r, v, y, substituted in the disturbed 

equations of motion ; the resulting equations are satisfied identically ; and, therefore, 
wliatever be the value of Qn ; that is, they are satisfied if in these equations respectively 
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wo write 0 : it requires a little consideration to see that this is so, if in the 
coefficients only wo write but recollecting that c, g, stand for functions -h <7, 

gt 4- Q, so that, for example, c - = (c — g) ^ + O — (?, upon Avriting therein m = 0, 

boGomea equal, not to zero, but to the constant value 6'-G, the identity subsists in 
regard to the coefficient of the sine or cosine of each separate argument ao + 
and, consequently, it subsists notwithstanding that in the arguments c and g, instead 
of being each put = 1, are left indeterminate. And granting this (viz. that the 
equations arc satisfied if in the coefficients only ive write m = 0), thou it is clear that, 
as above stated, the required values of r, v, y, satisfy the undisturbed equations of 
motion, if after the differentiations avg write in the coefficients c— I, g=l. 


The required values of r, n, y, are of the form r = (^(c, y), y— g\ u = y), 

but writing =c-f-%(c, y), the last mentioned properly ivill equally subsist 

in regard to the functions w, y\ in fact, v enters into the differential equations 
* • ♦ 

only through its differential coefficient and tho differential coefficients of v and Wf 

that is, of 9) 9)> differ only by tho quantity c—1, Avhich becomes 

= 0, m virtue of the assumed relations c — 1, g=L 


Hence tho undisturbed equations are satisfied by the values r = (f> (o, y), y-^r (c, y)j 
w = c 4* % (c, y), Avhen after tlie differentiations ive write in the coefficients c = 1, g = 1 ; 
tho foregoing values contain t through the quantities c, y, only ; and wo have, therefore, 
d d d 
dt’^^ dc^^ dg' 

IIoucQ, writing in tho coefficients 0 = 1, g — 1, avc have ^ ^ 5 

values 7^ = (j}(o, y), y = '^(c, y), 9)> I'cgarding v, y, os functions of c, y, 

satisfy the partial differential equations obtained from tho undisturbed equations of 

motion by Avriting therein ^ + place of Hence also, considering f, tOj y, as 


functions of c and o - y, then observing that -h (o — y) is = 0, the values of 
r, % y, satisfy the partial differential equations obtained by Avriting ^ in place of 


dt^ 


d 


and inasmuch as those partial differential equations do not contain ^ , they are to 

be integrated as ordinary differential equations in regard to o as the indepondont 
variable, the constants of integration being replaced by arbitrary functions of o-y, 


Consider the pure elliptic values of r, y, y, in an elliptic orbit Avith tho folloAving 
elements: A, tho moan distance; iV, the mean motion and therefore 

the excen tricity ; N't'j-D, the mean anomaly; the mean distance from node; 

+ the mean longitude; then Avriting o in place of t, Ave have 


r = elqr (A^, 4- D\ 

f — 04- Ng + if + P {JH, r, Ng 4- -D> iV^c 4- //), 

y - Q(J?, r, iYo + A ATo + J?), 
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where N, HI, F, D, H, K, are ai'bitrary functions of o—g-. P and Q denote given 
functional expressions. But, in order that v, y, considered as functions of c and g 
may be of the proper form, it is necessary as regards If to write simply = 1 ; we 
have then 

r = elqr (P, o + D), 

v^l + K + PiE, r, c + A 6 + S), 

y= Q{P, T, o + D, 0 + H), 

where B, F, J), IT, K, are arbitrary functions of o — </; or, what is the same thing, 
writing for these quantities respectively e + Be, 7 + By, Bo, g ~o + Sg, Bl, where Be, By, 
Sc, Bg, SI are arbitrary functions of o — g, Ave have 

r = elqr (e + Sc, c 4- Sc), 
v = l-i-Bl+P(e + Be, y + By, c + Sc, g + Bg), 
y = Q(e+ Sc, y + By, c + So, g + Sg), 

that is, the values of r, v, y, are obtained from the elliptic values 
r = elqr (c, c), 
v=l + P{e, y, 0, g), 
y= Q{e,y,G,g), 

by affecting each of the quantities c, y, c, g, I, Avith an inequality Avhich is a function 
of o~g. 
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SECOND NOTE ON THE LUNAR THEORY. 

[From the Monthly Notices of the Royal Astronoviical Society, vol. xxv. (l.Sft'l' -IHlir.), 

pp. 203—207.] 


Tjie elliptic values of 


7 \ the radius vector, 

V, the longitude, 
y, the latitude, 

.arc functions of 

a, the mean distance, 
e, the excentricity, 

7, the tangent of the inclination, 
i, the moan longitude, 
c, the moan anomaly, 

the mean distance from nodes * 

sec my Note in the last Monthly Notice, p. 182, [466], whore, for tho pr<sH(5ut 

should be written instead of and it is there shown that tho (UHtmhnd vulncH, 

attending only to the coefficients independent of ?n, arc obtained hy aflVsctinj^ a, 0, 7, 0 , 
with the inequalities 

Sa= 0 

80 — I ry^e COS 2 g- 

„ 2c -25^ 

So - + f 7^ sin 2c - 

„ 2G-2ff 

2o-2^, 
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or, what is the same thing, adding to tho elliptic values the inequalities 


r ^ 

COS 

^9 

- f 

i) 


il 

1 

S=’ 

sin 

2e 

_ 25 

)> 

2.<7 

+ 1 T6 

n 

C~1(J 



2o ~ 2g, 

% = ~ 1 + 

sin 

o~ g 

+ s 

a 

2c— g 

+ 5- 7e’ 

i» 

CO 

1 

^^rfe 

jj 

c-3y. 


I propose to show how these results may bo obtained by the method of the 
variation of tho cloments. For this purpose, treating a, e, y, c, g, I, as elements, the 
proper formiiloe are obtained very readily from those given in my "Memoir on tho Pro- 
i)!em of Disturbed Elliptic Motion/' jl/ewi, li, Ast 8 og,,yoI XXVil (1859), pp. 1 — 29, [212]; 
viz., writing g in place of </, the formula), p, 25, give the variations of a, e, o, t), d, (f^; 
we have then 

7 — lau <j>f 

and therefore 

dg ^dc-\' dtj 
dl ^ dG + + dO 

city = (1 "h 7“) 


which give for the transformation of the cliflPerential coefficients of Xl, 



da _ da 

~dc ~ do 

dCl dXl 



da 

rfC " 

da da 

dg ^ dl 



II 

da 

^dl 


and the formidce finally become 

il 



da _ 2 dll 

dt ^ na do ^ 

na 

da 

dg'^ 

2 da 

na dl ’ 


^ ~ 1 -e”- Vl - e ^ da 

dt na^e do na^e dg na/^e dl ' 
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dy _ 



1+7“ 

da , (h-75')(i - Vi + 

7 *“) da 

dt ^ 



na^ Vl — 

dg 

1 1 
[l-t 

1 

IT 

do 

2 

cm 

1 e- 

da 



dt ^ 

mb 

da 


de ’ 




2 

da 

1 _e2_Vi~c3 

da 

1 +7^“ 

da 

dt 

7ia 

da 


de 

na^ Vl — <3^7 

d^' 

dl___ 

2 

da 

l-e^- Vl + e” 

da (i-i- 7 »)(i-Vi + . 

y'*) da 

dt ^ 

na 

da 


de 

mc^ Vl -* 

tZy ' 


Tho disturbing function contains the term 


(+ ey) cos 2c — 

If after the differentiations we write for gi-oaler simplicity a = l, » = !, wc have 


/70 

_ 5=: ^ COS 

i • A ft 


c/n 

do 

dg 

cm 

dl 


sin 

= -J^OT''eV « 

= 0 , 


2c - 2 ( 7 , 
2c - 2g, 
2o - 2<jf, 
^o-2g, 
2c - 2g, 


and the formulas for the variations give 


da _ 


/rfU c?fi\ 


0 



di ~ 

2 

\dG dg) 




de _ 
dt ~ 

1 

e 

dCl 

do 

= 

— m^ey^ 

sin 

2c - 2g, 

11 

1 

7 

dil 

~dg 

= 

— 


2c - 2g, 

o 

II 

e 

de 


— m®7^ 

G08 

2c - 2 ( 7 , 

II 

7 

cin 

dy 

=:= 


»• 

2c — 2g, 

11 

1 •« 

-2 

cZH . dOc 
da de 

T dOi , 

’ ¥" + T# =) 


2c - 2£r, 


but this value of ^ is, as will presently be seen, incoinpietc. 


0. VII. 


4^ 
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Writing aH-Sa> e + Se, &c., in place of e, &c., and observing that the divisor for 
the integration of the term in 2c — 2^ is 2(c”^)j — — 3;^^ the first five equations 
give respectively 

Sa = 0, 

Se = - g COS 2c 

So - + § 7 ^ sin 2c - 2^, 

S.r/= + tc^ „ 2c *-2^^. 


The constant term in fl is 


: (i 4- 1 <3^ - 1 7^), 


and this gives in 


a term 


wliich is 


dl c , T dil , fZfl 


(— 1 f 4 f 7^ 

+ §e""l 7")< 
= ?/!=>(- 1-:| 6'“ + §7“). 


Substituting for e, y, their correct values e + 80, 7 + 87, it appears that ^ contains 
the term 

f eSe 4 ^ y8y), 

which is 

+ M=)|^ cV cos 2c -2^, 

=- ^7n^ey „ 2c 

and joining to this the before-*mentionod term 


we find 


h » 2c ^2(/, 


whence, writing as above for I, and integrating, we have 

SJ= c®7^ sin 2c — 2gr, 

and it tints appears that the values of Sa, Sc, S7, Sc, S^, SZ, agree with those obtained 
in iny former 
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EXPEESSIONS FOR PLANA’S e, y IN TEEMS OF THE ELLIPTIC e, y. 

[From the Monthly Notices of the Royal Astronomical Society, vol. xxv. (1864—1866), 

pp. 266—271.] 

The coolTiciont of sin cnt in Plana’s cxjn’essiou for the time longitude v (see 
Plana, t. I. p. 674), putting therein S’ =e~ e', that is, neglecting the terms which 
depoud on the variation of the solar exccntricity, is 

e9 ^ _ 17 - ajfii wO 

+ e“ ( 4 + 

+ <5'' 

+ (37" (“ I - SI W® + W- 

+ ( !|-Mw + w™’) 

-heV (-IM) 

+ ^7' (- I +M|w + 

+ ey (HM) 

+ 67“ (— iSf) 

4.ee's ((_ 4- f =)- + + 

+ cV" ((-W- 
+ eey { ( W - HI 
+ ee'* { ( IS -W=)- 
+ eh^ (-■Ww’’) 

+ ee'^¥{~ IS ). 


47—2 



372 J5XPBESSI0NS FOB PLANA’s 6, y IN TERMS OF THE ELLIPTIC C, y. 


[467 


Taking this to the fifth oixler only, and comparing it with the coefficient in tlic 
elliptic theory, we have 

Flaim, Blliiitio. 

= e ( 2- f = e ( 2) 

+ e’ (- +e*(- :i) 

+ ^ ( ^ 

H-ey’ (- 

+ «’f( ?f) 

+ ey (- §) 

+ ce'^ (— 

The coefficient of sin^?i< in Plana’s expression for tlio latitude (see t, t. p, 704) is 
= O' ( 1 + 

+ 7«M- 1 - TftV ~ w’) 

+ 7" (- t + 

+ 7V( 

+ 7" (?) 

+ 7e'’( IMw’)- 

Blit according to the calculation of Prof. Adams (quoted by M. Delaunay, 
Comptes Bendus, t. Liv, (1862), this should be 


= 7 ( 1 + rno - - «i«) 

+ yeH- 1 

+ ye>( A - M »») 

+ 7^ (~ S + tIs Wh 
+ 'fe'‘( M+4f5«0 
+ 7* ( H) 

+ ye'- ( S »1= - III VI*). 


Adopting this as the true expression according to Plana’s tlieory, taking it to the 
fifth order only, and comparing with the elliptic value of the same coefficient, wo have 


Plana, 

7 ( 1 + 

+ ye^ (“ 1 

+ ye* ( -re) 

+ 7® (- f + ife »»“) 
+ 7’fi’( M) 

+ 7* ( 

+ ye'^( w*) 


Elliptic. 

= 7(1) 

+ ye'* (- 1 ) 

+ ye* (. ?rr) 
+ 7’ (- I) 
+ 7®e’ ( f ) 
+ 7“ ( «)• 
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Wo have thus two equations for tho determination of Plana’s e, 7 in terms of 

the elliptic 7 * And the solution of tlieso equations give 

Elliptic, 

e (Plana) = e ( 1- f wiO 

+ e“ ( 

-1-7’e ( ^ + 

+ yei(_ A) 

+ ( i) 

+ e«3'={ 

7 (Plana) = 7 ( 1 - w” + m*) 


+ 76’ ( 


+ 70 * ( • 

“ T^) 

+ 7 = ( • 

“* t[1k 

+ 7®e’( 


+ 7 “ ( 

K ) 

+ ( • 

- H 


I annex tho verification of these expressions; we have 


Pinna, Elliptic, 


e (2 + |??i’— If m’- 

- Wlr = e (2-1 m’ + If 


+ |m’ - f 




+ e’ ( »i’) 

+ <^ 7 “ (1 + Is 


+ § »?,’) 


+ e’7’ (— f ) 

+ ® 7 ^ ( i) 

+ ee'’ ( 9 m’), 

es 17 ^, 1 =) 

= + 


- 17 wi’) 


+ eV(- tlr), 

( ik) 

= i is)> 




+ f m=) 


+ 67 * (- 1) 

6y( ft) 

= 6V( fl) 

6^ (~ §) 

= 67* (- 1 ) 

66'’ (- 9 m’) 

= ee'’ (- 9 m’), 



374 EXPRESSIONS EOR PLiVNA’S C, y IN TERMS OF THE ELLIPTIC <?, y. [467 

whence, adding, we have the first equation. 

And, moreover, 

+ 7<^M 

(- h) 

+ 7* ( -Tfs^w”) 

+ 7’fi=a) 

+ 7° (s) 

+ 7«'H - S 

ye" (“l-Vsy-®*”) = 7e"(-l4- § w" 

+ 7’e’( ~h)> 

7^ (f?t) == 

'f (~ I + Tis' "''^0 = y (“• I + T^S 

y8e" ( ff ) = 7"e" ( If) 

'f i m = -f ( M) 

ye'"( i «i") = ye'"( ^ m'>), 

Avbence, adding, wc have the second eqxiatioi). 

It may bo noticed that, taking the foregoing expressions only as far as the third 
order, we have 

P]nna» Elliptic. 

And moreover that, attending only to the terms which are independent of 
we have 

e = e (1 +^ 7 "- f <y’ + Jy^), 

7 = 7(l-(ft-eHAsV-f y*). 


which are formulae that may he found usefiik 
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ADDITION TO SECOND NOTE ON THE LUNAR THEORY. 

[From tliG Monthly Notices of the Royal Astronomical Society^ vol xxvil (1866 — 1867), 

pp. 267—269.] 

WiUTiNCr as in my Second Note, Monthly Notices^ Vol. xxv,, pp. 203 — 207 (May 
1865), [40G], for the Moon, 

66 , the mean distance, 
e, the cxcentricity, 

<y, the tangent of the inclination, 
tlio mean longitude, 
c, the mean anomaly, 

the mean distance from node, 

I obtained by the ordinary method of the variation of the elements, from the constant 
term of R and the term involving cos ( 2 c 2 ^), the following expressions of the 

variations, 

§66 — 0 , 

Sc = - § ffe cos 2 o — 2 ^, 

» 2c “2^^, 

Sc = + § 7 ^ sin 2 c -■ 2 ^, 

% = + S » 2c - 2^6, 

SZ — + >, 2o 2^, 

viz. if in the elliptic expressions of the radius vector, longitude, and latitude, we 
apply to a, c, 7 , c, g, I, the foregoing increments, wo obtain to the fourth order in 
(c, 7 ) the portions independent of m in the expressions of the radius vector, latitude, 
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and longitude. I wish to notice that the results, to the very limited extent to which 
they go, agree with those obtained by M. Delaunay in his ^^Thdorie du Mouvement 
de la Lime/' from his 49th operation, the object of which is to take away the term 
(63) of jR, that is the term involving coa(2c-2gr). The formnla3 (see vol. i. p. 788), 
taken only to the necessary degree of approximation are 


a 

replaced by 

a, 



e’ 

n 

— 5 7®c^ 

COS 


r 


7^ 4 Tf 7 V 


iff, 

1 


1 -ty 

sin 

iff, 

/« + (/ + ^ 

II 

/( + ^ + / + i rfe^ 

») 


h 

u 

h + § 

ij 

iff, 


which, observing that 

7 (Del.) =^7(for present purpose), 

I 

9 '^!' = 9 > 

A 4“ ^ — i. 


and therefore 

ff 




become 

a 

replaced by a, 





„ e’ - f 7’e’ 

cos 

2c - 2g, 


7 " 

j. 7’+ f 'f6'‘ 

Ji 

2c - 2g, 


c 

„ c + 1 7^ 

sin 

2o - 2ff, 


1 


>i 

2o - 2g, 


l~g 

„ ^ “ i/ — 5 


2o - 2(j, 

the last of which may be changed into 




9 

» 4* 


2c - 2g, 


or if the new values of a, e, 7, c, /, are called a + Sa, e-^Se, 7 + ^7, o + Sc, 1^81, 

then the increments Sa, Se^ S7, Sc, Sg, 81^ have the values given above. The process of 
my Second Note, taken as a first transformation, has in fact the object of removing 
the term cos (2c -2^), and to the degree of approximation regarded, the result is not 
affected by the previous transformations, or by the substitution, t, ii. p. 800, introducing 
for a, c, 7, their standard elliptic values. 
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ON AN EXPRESSION FOR THE ANGULAR DISTANCE OF TWO 

PLANETS. 


[From the Monthly Notices of the Royal Astronomical ^Society ^ vol» xxvir, (18G6 — 1867), 

pp. 312—315,] 

If for the planet referred to any fixed plane and origin of longitudes, we have 

the longitude in orbit, 

6y the longitude of node, 

(/>, the inclination, 

and similarly for the planet m* referred to the same fixed plane and origin of 
longitudes, if the corresponding quantities are 6\ ; then the angular distance of 

the two planets will of course be expressible in terms of v, 0, v\ d\ but I am 
not aware that the actual expression has been given, To obtain it in the most 
simple manner, I write further for the planet m\ 

the reduced longitude, 

?/, the latitude, 

z, the distance from node, 

so that z — 6), cOy y, are the hypotlieimse, base, and perpendicular of a right-angled 
spherical triangle, the base angle of which is = ^, And similarly y\ have 

the like significations for the planet I write also for the distances of the 

two planets respectively. 

This being so, the rectangular coordinates of the planet m are 

V cos y cos {6 + a?), 

T cos y sin {8 -h os)y 
r sin y. 


C. VIT. 
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But observing that from the right-angled triangle wo liavo 

cos z = cos X cos y, 
cos 0 = tan X cot 
sin X — cot 0 tan y, 
sin \j = sin 0 sin 

and therefoi’o also 

sin a; cos y = cot <0 sin y, = cos 0 sin 
the expressions for the coordinates become 

V (cos ^ cos ^ — sin z sin d cus 0), 
r (cos z sin 0 + sin ^ cos 9 cos 0), 
r ( sin z sin 0)» 

Forming the analogous expressions for the coordinates of in, then if Ji bo the 
angular distance of the two planets, we dcrUico at once the exi^ression for cos //, v\?u 
this is 

Cos H - (cos ^ cos 0 — sin z sin 6 cos 0) (cos z' cos 6' — sin z' sin 6' cos 0') 

-h (cos z sin ^ + sin ^ cos 9 cos 0) (cos z* sin 6' + sin cos 6' cos 0^) 

H- ( sin z sin 0 ) ( sin sin 0' ), 

or, multiplying out, this is 

Cos H — cos z cos / cos {6 ~ 6') 

+ cos z sin z* sin {6 — 9') cos 0' 

- sin z cos y sin {6 - 6') cos 0 
+ sin z sin / (cos {9 — ff) cos 0 cos 0' + sin 0 sin 0'), 

say this is 

= eos-3^cos/ 

+ 7? cos^sin/ 

•f 0 sin ^cos/ 

J) BlMZmXZi 

viz. it is 

== cos(-er — 

4- sln(^-<e:'). - + JO 

-|-GOs(<3f + -a?')* lA-^D 

But we have 

z-z'^v — v' z^z' — 6-- d\ 
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-whence the expression becomes 

Cos II - cos (v — V*) . cos (0 — 0') ^ + 1 

-I- sin (z; - . (^4 +^D)sm (0— 0') + (- 4-BH-i(7)cos(0-0') 

-h cos D) cos (0 4- ^') “ ( 4 ^ i sin {0 + 6*) 

+ Riii(v4-'y') . (^xi -4-®)sm(04*0') + ( ^ J? + 4 C) cos (0 4- 0'), 

or substituting for A, jB, G, i), their values, and after a few easy reductions, we find 

r4 + 4cosf/)Cos<^'«4(l — cos^)(l-cos0')sin^{^'-^')l 

Cos H = cos Oo - -y ) 4 V 

I +4 ^ (0 ““ ff)] 


+ sin (v — v') 


r HI *“ ens ({)) (1 — COS sin {6 — 5^') cos (6 — 0')' 
[+ 4 sin <}) sin <^' sin (0 “ 0') 


4- cos (v 4- v') 


^ 4 ^ cos ^0 + ^') 

H 4- 4 ■“ + ^0 

^ “ J sin ^ sin <^' cos (0 4- 






4" sin (y 4- V) 


" —Gosef) cos (f)') cos {& — O') sin -H 
— J (cos <j) — cos (^') sin {0 — d') cos 4- 6') 


For ^ = 0'=:O, the formula becomes, as of coiirso it should do, 

Oos II = cos (v — y'). 

It may bo added, that if f, f' arc the true anomalies, 6), (o the longitudes of 
poriceiitre in orbit, then y = &)+/> 'y'= 4*/'; and wo thence have for cos//, formulaa 
of the like form, containing cos/ cos f\ cos /sin/', sin / cos /', sin/ sin /', or containing 
cog (/“/'), sin (/—/'), cos(/4-/')) siu(/4-/')» respectively, in place of the like functions 
of Zy z'y but with of course altered values of the coefficients. 
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NOTE ON THE ATTEAOTION OF ELLIPSOiDS. 


fFioiii the Monthhj Notices of the lioyal Astronomical Societi/, vol. XXIX, 180!)), 

pp. 254 — 257.] 

If ail inilefiiiitely thiu shell of unifonn density, bounded by two siaulai’ and 
aimilmly-situated ellipsoids, attracts a point P on its outer surfneo, it Ims boon shown 
geoinetrically by M. Chasles that the attraction is in the dircciioii of tho nornml at 
1\ and is eipial to twice the attraction of an infinite plate, tho thickness of which is 
equal to the normal thickness at P. Assuming that tho attraction is in tho direction 
ot tho nornuil, the proof is in lact as follows: — with P as vertex, circmnscribc to tho 
inteiior surface a cone, this divides the shell into three parts; tho one, P-hP-l-P, 

exterior to the cone, the other two, A + B and G, interior to tho cone. It is shown 

chat in the direction of the normal tho attraction of Q is equal to that of A + P ; 



and it is assumed that in comparison wdth these the attraction of P + JE+P may ho 
neglected; the whole attraction is thus equal to twice that of the portion A + P. At 
the point where the normal at P meets the internal surface draw tho tangent plane 
Xo the interaal surface, thus dividing the portion A + B into the solid cone. A and 
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a remaining portion B \ it is assumed that in comparison with that of A the attraction 
of B may bo negloctod ; the ^vhole attraction is thus equal to twice the attraction of 
the solid cone A ; and the attraction of this solid cone is in the limit (the aperture 
or solid angle then becoming — 2-^) equal to the attraction of an infinite plate whose 
thickly css is equal to the altitude of the solid cone, that is, to the normal thicknosa 
at P, And the attraction of the whole ellipsoidal shell is thus ultimately (that is, 
when the shell is indefinitely thin) equal to twice tho attraction of the infinite plate. 


It is interesting to ascertain the orders of magnitudo of tho attractions of the 
several portions of the shell, which attractions are compared in the foregoing investi- 
gation ; and this can be done very easily, when, instead of the ellipsoidal shell, we 
have a spherical shell (bounded by two concGntric spherical surfaces). Tho tangent plane 
to the inner surface divides tho portion D^E’\’F into two portions D and 
and if with P as vertex wo describe a cone standing on tho circle in which the 
tangent plane meets the outer surface, the last-mentioned portion is hereby divided into 
tho portions P and F\ the whole shell is thus divided into the portions A,B, C,D,E, P, 
each of them symmetrical in regard to the normal or radius at P, and consequently 
attracting iii the direction of this radius. I proceed to find tho attractions of each 
of these portions ; it will appear, in accordance with the assumptions of the foregoing 
investigation, that, taking the radii to bo 1 and 1 -f a, that is, a the thickness of tlio 
shollj and supposing ultimately a to become indefinitely small, the attractions of A 

‘and Q arc each ultimately — 27ra, that is = to the attraction of the infinite plate, 

Avhilc Ihc attractions of the other portions are of tho order a®, and thus vanish in 
comparison with tliat of A pr 0. 

Tho attraction of an indefinitely thin cone or frustum of a cone, length r and 

solid angle dm is — vdm \ considering any such cone having P for its vertex, if the 

inclination of r to the radius through P m = 9, and if the azimuth of tho plane 
through r and the radius is = </>, then wo have do) = sin 0 the attraction rdm is 

= r sin deWd^j), and this attraction resolved in the direction of tho radius is mi 9 cos 6ddd(j). 
For the several oases which have to bo couvsidered, the value of r is independent of </>, 
and the integration in regard to (f) is always from ^=0 to <^ = 27r; — tho attraction 

in thus in each case =% 7 rj rsuiOcosddOy the expression of v in tho terms of 0, and 

the limits of 9 being known for each of the several portions of the shell. Taking di 
for tho scmi-anglo of the tangent cone, we have it is clear 


sin 9j ^ 


J1 


V2ot H- 

'~rr 


) 


and taking 9^ for tlie semi-angle of the cone which divides the portions J?, F^ 
tan 


V2H-CC rt 

==; * / sin == .-V. “ , cos 0, 




V2(i + a)' 
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For F AY6 have 

Integral is 

For D E we have 
Integral is 

For E we have 

Integral is 

For A we have 

Integral is 

For A -{'B wo have 
Integral is 


r =: 2 (1 + a) cos 6, 0^6., to 0= ^tt, 

2 (1+ a) J sin 0COS- 6 cW, = § (1 4- a) cos-* <9,. 

r = 2 (1 + «) cos 6, to 6^ 0,j, 

= 2 (I + a) Jsin 0 cos’ 0 d0, = § (1 + «) (cos’ 0^ - cos’ 0,). 

’■ = coF0’ ^ = = 4 

= a J sin 0d0, — o. (cos 0^ - cos 0^. 

= aj sin 0 d0, = a (1- cos 


?•=(! + a) cos - Vi - (IT a)’ sin’ 0, 0 = 0 to 0 = 0^, 

= /((! + «) cos 0 - Vl-(l + a)’siu“(9} sin 0 cos 0 d0, 

= (l + a)(-|cos’^)+j^-j^Jl_(] +a)8sin=^}i between the limits, 

= j{(l + «)(l-cos’0O-(i:^,}, 

and subtracting the above value of the integral for A, it at once appears that for B 
the integral is ' 


== 27r 


[a (- 1 +COS + + «)(!- cos’0,) - ^ . 
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ms 


Hence, calculating the approximate values, and restoring 
factor, 2ir, we have 


or, if we please, 


Attraction 

A = 27ra — 2 V2 TTCt^, 

}} 


w 

G r- 27ra - J ttci^, 

J> 

n= 

t> 

E = 1 V2 ITcdy 

>j 

F- V 2 5 

Attraction 

A 4* S = 27r« — ^ V2 7ra^, 

}) 

G = 27ra - J V2 7ra^, 

„ D + 

E-vF^ §V27ra^; 


in 


each ease the omitted 


SO that ultimately the attraction of the portion vanishes in compaiison \\itli 

those of the portions A + B and G \ and the attraction of these last, that is, of the 
whole shell, is =47rc(, twice the attraction of an infinite plate of the thickness 
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NOTE ON THE PROBLEM OF THE DETERMINATION OF A 
PLANET’S ORBIT PROM THREE OBSERVATIONS. 


[From the Monthly Notices of the Royal Astronomical Society, vol xxix, (1868 — 1869), 

pp. 2o7— 25!).J 

The principle of the solution given in the Theoria Motus may bo explained very 
simply as follows ; 

Consider three successive 2 ^o&ibious of 0, G\ of a planet revolving about the 
focus S; let ??, n\ n'\ denote the doubles of tlie triangular areas G'SO", GSO\ and 
CSC" respectively (viz. the triangular area means the area of the triangle included 
between the two radius vectors and the chord joining their extremities), r' the radius 



vector SO^; 6, the times of describing the arcs GG' and G'G' rcs|>ectively, the 
units of time and distance being such that the time is equal to the double area 
divided by the square root of the half latus rectum (i— for the Period in a 
circular or elliptic orbit). 


Then writing 




™ jt 
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(observe iliat n-\-n" — n' is = twice the triangle GO'O"), for neighbouring positions of 

0ff 

the planot> the values of P and Q are apj^rocotmaiel^ — -g- and 6 9^^ respectively: the 

solution consists in the determination of an orbit for which P and Q have these 
approximate values , then, by means of such approximate orbit, the values of P and Q 
arc more accurately cletcnnined, and by means of these new values of P and Q, a 
new determination is effected of the orbit: and so on, to the requisite accuracy of 
approximation. 

The foregoing approximate values of P and Q respectively are deduced from the 
accurate values 

r,; er 1 _ . 

^ " On" ■ '•* “ rV cos / cos/' cos/" ’ 

where r, v” aro the radius vectors SC, 8G\ 8G*'] 2/ 2/', are the angular 
distances G'SG'\ 080'\ G8G' (/^ = /*+/") and % r{, irf' arc the ratios of the sectorial 
areas G'SG'\ CSG", G'SG'\ to the triangular areas represented by tho same letter.^ 
respectively; the doubles of the sectorial areas are thus nr}, and 
half latus rectum bo denoted by p, then wo have 




d"7j 


and it thus at once appears that the accurate value of P is above. To 

obtain tlio expression for Q, taking (/>, for the true anomalies (and, for greater 

symmetry, writing for the moinont y, v\ •— r/", in idacc of a, ?i', J ' > 

respectively), wo have 


w lienee identically 

or writing 
this is 


► = -iL 


V = 


r = 


1 + e cos </) 

P_ 

1 + (3 cos (})‘ 

P 




>, 2/=<^> -f'. 


((/+{/'+ 9 " ~ 0) i 

sin 2g , sin 2/ . sin Sg" _ 4 sin <j sin / sin (f . 

r r V p 

V = rV" sin 2g, v' - »’"■>’ sin 2(/', v" — rr' sin Ig", 

^rr'r" sin r/ shi g' sin g" 


, / , fJ 

V V V 


J> 


_ {r r'r"y sin 2g sin 2g' sin 2g" 
2 p 7 'V" cos cos / cos/' 


iprr'r” cos g cos g' cos g" ' 


C. VII. 
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This is, in fact. 


or since 


it is 




nn n 


2jjrr''r"cos /cos/ ' ' 


mi 


/' eff' 


jy nv 


\ n' ) TO""''i'"»o»/cos/'coa/"' 

viz, multiplying by it is 


Q 


the above-nientioued ^^alue of Q* 


ee^' ^ 1 

ypf cos /cos /' cos/" ^ 
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NOTE ON LAMBERT’S THEOREM FOR ELLIPTIC MOTION. 

[From the Monthly Notices of the Royal Astronomical Society, vol. xxix. (1868 — 18Gf)), 

pp. 318—320.] 

CONSIDISII any two positiona, A, B, in an elliptic orbit, focus S, and semi-axia 
niajor = tt; then if p, p', e denote the radius vectors <9/1, SB, and the cliord AB 

2 ^ 

respectively, and if P, = - 7 —, be the periodic time, the time of passage from A to B 

w fji 

is given by the formula 

Time AB=^ X + 

whore 

2a cos = 2a - — p' — c, 2a cos — 2a — p “ p' -I- a 

To fix the ideas wo may consider fcho time of passage as boing in every case 
positive; and, for Timo AB^ the motion from A as being towards the apocentre; 
^rimo BA will, of course, in like manner denote that the motion from B is towards the 
apocentre; and we thus have according to the positions of A, B, either Timo i‘li? = Tiino 
BA; or else Time -/IP + Time BA — P, 

This being so (see the Theoria Motits, p. L 20 ), % will bo always a positive arc 
between 0 and 360” ; x ^ positive or negative arc between 0 and ± 180” ; and 
moreover x^ will bo positive or negative according as the described focal angle is 
<380” or >180”; whence, coa;;i^' being known, the arc is determined without 
ambiguity, 

But as noticed in the place roferrod to, there is when only p, p\ c, a, are known, 
a real ambiguity as regards the arc x J viz, x either the arc > 180” or the 

arc < 180”, having for its cosine the given value of cosx given the points 

Sj A, B, and the semi-axis major a, there exist two elliptic orbits determined by 
these data; and the two values of x correspond to the times of passage between 
A and P, in these two orbits respectively. If, however, the actual orbit be given, 

49—2 
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there is no longer any real ambiguity; and it munt be possible to decide between 
the two values of criterion is, in fact, a very simple one, viz. drawing a chord 

from A through the otiier focus II of the ellipse, this either separates, or it does not 
separate, B from the force-focus S] and I say that in the expression of Time AB, 
in the former case (viz. when chord -d is a seimrator) we have % < ISO"" ; in the latter 
case (viz. when chord A is not a separator) wo have x ^ 

It of course follows that, in the case of transition, when the line AB passes 
through //, we must have % = 180° : this is at once seen to bo so ; for x — ^^0'’ gives 
the condition = but if or, (j\ are the distances of ili? from the focus If, 

then 2a — p' + o-', and the condition becomes <r4.cr'=fC; that is AB must 

pass through li. 

As a verification of the new criterion, I consider the point A as having a fixed 
position on the orbit, bub the point B ns having successively different positions; and 
'writing down the two formulsB 

Time AB = x-')l- sin X + ^in 
Time BA — ro ^ — sin w 4* sin 

(where for simplicity the constant factor P -i- 27r is omitted) I proceed to com 2 )arc 
these for different positions of the point B. We have, in every case, cosa>^cos%, and 
cosct)' = cos%'; whence ^ being each positive and less than 360°) m — x ^Ise 
CO 4 % = 360°, viz. the former equation subsists if w, %, are each less or each greater 
than 180°, the latter if the one is greater, the other less than 180°, And again 
{x> 0)' being each less than 4 180°) wo have o)' - %'> or else a>' = — x> according as 
o)\ X have the same or opposite signs. 


A 



Now in the figure, suppose that B occupies successively the different positions 
Pj, the criteria for Xj X* g^ve as follows, 



Ch. A. 

Oh, B. 


therefore 





^ AS 

Z 
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1 
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(0 
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Hence substituLing for &>, w' their values in terms of wo have 


Time AB^ ,, 

'•■>= X sill X + sin 

II 

BA, 

= 2'7r - X + %' + sill X - sill 

ji 

BA, 

= X-X - X + sin X, 

ji 

BA, 

= X - X' - X + X'' 

» 

BA, 

= X - X' - sill X + sill 

)> 

BA, 

= 27r - X + x' + sill X - sill X ; 


and thence (restoring the omitted factor P-r27r) 

Time ^1 B, + Time BAi = P, 

„ -dPfs „ — 0, 

» ■d.Pg „ BAs — 

ff jd.P4 BA.^ — - 0, 

„ ^iPe-h » /i^c==P, 

which aie the relations which in fact subsist between the times AB^ and BAi &c. 
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ON THE GRAPHICAL CONSTRUCTION OF THE UMBRAL OR 
PENUMBRAL CURVE AT ANY INSTANT DURING A SOLAR 
ECLIPSE. 


[From tlie Monthly Notices of the Iloyal Astronomical Society^ vol. xxx. (18C9 — 1870), 

pp. 162—1640 

The curve in question, say the ponumbral curve, is the iutersection of a sphere 
by a right cone, — I wish to show that the stereographic projection of this curve may 
be constructed as the envelope of a variable circle, having its centre on a given conic, 
and cutting at right angles a fixed circle; this fixed circle being iu fact the projection 
of the circle which is the section of the sphere by the piano through the centre and 
the axis of the cone, or say by the axial plane. The construction thus arrived at is 
Mr Caseys construction for a bicircular qnartic; and it would not be difficult to show 
that the stercographic projection of the ponumbral curve is in fact a bicircular quartic. 

The conslniction depends on the remark that a right cone is the envelope of a 
variable sphere, having its centre on a given line and its radius i^roportional to the 
distance of the centre from a given point on this line; and on the following theorem 
of plane geometry: 

Imagine a fixed circle, and a variable circle having its centre on a given lino 

and its radius proportional to the distance of the centre from a given point on the 

lino (or, what is the same thing, the vaxlablc circle always touches a given line); then 
the locus of the pole in regard to the fixed circle, of the common chord of the two 
circles (or, what is the same thing, the locus of the centre of a new variable circle 
which cuts the fixed circle at right angles in the points where it is met by the 
firat-mentioned variable circle) is a conic. 

To fix the ideas, say that P is the centre of the first variable circle; AB its 
common chord with the fixed circle; Q the centre of the circle which cuts the fixed 

circle at right angles iu the points A and B\ then the locus of Q is a conic. 
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To prove this, take 2 /^ = 1 for the equation of the fixed circle, (^e (y — — 7 = 

for that of the variable circle ; the foregoing law of variation being in fact such 
that a, /5, 7 , arc linear functions of a variable parameter 6\ the equation of the 
common chord AB is — — 2/3?/ + 1 + — 7 ^ = 0 ; viz,, this equation contains 0 

quadratically ; hence the envelope of the common chord is a conic ; and thence 
(reciprocating in regard to the fixed circle) the locus of the pole of AB, that is, of 
the point Q, is also a conic. 

Ooiisider now a solid figure in which the circles are replaced by spheres; viz. 
we have a fixed siDhere, and a variable sphere having its centre on a given line and 
its radius proportional to the distance of the centre from a given point on the line. 
The envelope of the variable sphere is a right cone; the intersection of the cone 
with the fixed sphere is the envelope of the small circle of the sphere, say the 
circle AB^ which is the iniersoetion of the fixed sphere by tlic variable sphere. This 
circle AB is also the intersection of the fixed sphere by a sphere, centre Q, which 
cuts the fixed sphere at right angles; and hy what precedes the locus of Q fs a 
conic. Hence the penumbral curve is given as the envelope of the circle AB which 
is the intersection of the fixed sphere by a sphere whicli has its centre Q OR ^ 
conic, and which cuts the fixed sphere at right angles. It is obvious that the circle 
AB always cuts at right angles the groat circle which is the section of the fixed 
sphere by the axial plane, or say the axial circle. Project the whole figure stereo** 
graphically ; the projection of the circle AB is a variable circle which cuts at right 
angles the circle which is the projection of the axial circle, and which has for its 
centre the point Q' which is the projection of Q. But tho locus of Q being a conic, 
the locus of its projection Q' is also a conic; and wo Imvo thus the in’ojoction of 
the penumbral curve as the envelope of a variablo circle which has its contre on a 
conic, and which cuts at right angles a fixed circle, 

We may in the axial plane construct five points of the conic which is the locus 
of Q, by moans of any five assumed positions of tho variable circle, and somewhat 
simplify tho construction by a proper choice of the five positions of tho variablo circle. 
This is not a convenient construction, and even if it Avero accomplished we should 
still have to construct the projection of the conic so obtained, in order to find, in 
the figure of the stereographic projection, the conic which is the locus of Q\ 1 do 
not at present perceive any direct construction for the Inst-meubioned conic; but 
assuming that a tolerably simple construction can be obtained, the conatructioii of the 
projection of the penumbral curve as the envelope of the variable circle is as easy 
and rapid as possible. Probably the easiest course Avoiild bo (without using the conic 
at all) to calculate numerically, for a given position of the variable sphere, the 
terrestrial latitude and longitude of the tAvo jDoints of intersection of the variablo 
sphere by the axial circle; laying these doAVii on the projection, we havo thou a 
position of the variable circle; and a small number of properly selected positions would 
give the penumbral curve with tolerable accuracy. 

I have throughout spoken of the penumbral curve, as it is in regard hereto that 
a graphical construction is most needed; but the theory is applicable, Avithout any 
alteration, to the umbral curve. 
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ON THE GEOMETRICAL THEORY OF SOLAR ECLIPSES. 


[From the Monthly Notices of the Royal Astronomical Sooietyt vol. xxx* (1869 — 1870), 

pp. 164^168.] 

The fundaraontal equation in a solar eclipse is, I think, most readily esiablisliecl as 
follows; 

Take the centre of the Farth for origin, and consider a sot of axes fixed in the 

Earth and moveable witli it; viz., the axis of ^ directed towards the North Polo; 

those of a?, y, in the plane of the Equator; the axis of (c directed towards the point 

longitude 0®; that of y towards the point longitude 90® W. of Greenwich. Take 

a, 6, 0 , for the coordinates of the Moon; h for its radius (assuming it to be spherical); 
it\ h\ g\ for the coordinates of the Sim; K for its radius (assuming it to be spherical); 
then, writing 5 = 1, the equation 

[6{x-a) 4- (x-a')}^ 4- {6^ (y — ft) + (y {^(^ - c) 4- ^6 (-^r— c')}^ - (Oh ± (l>/cy 

is the equation of the surface of the Sun or Moon, according as 0, = 1, 0 or “0, 1 : 

and for any values whatever of 0, it is that of a variable sphere, such that the 
whole series of spheres have a common tangent cone. Writing the equation in the form 

{(x ~ af + (y - by -h (2- oy - k^] 

4- 26^ \(x ~ a) (w a') + (y^b)(y-^ V) ^{z^c){z^ o') T kk'} 

4 - f{(x-ay^(y-^b'y^(z^c'y-lc'^}^0, 

or, putting for shortness, 

p 4-0^ 

p' ^ a'^ + b'^ + g'^ ^ k'^ 

G j= aa! ^ bb* 4- co' T kk' 

P ^ ax ^-by ^cz 
P' — aix -h b'y H- dz^ 
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the equation is 

+ 20<j) (cc'^ -I- 2/^ -I- — P — P' + O') 

+ («;' + 2/" + ^3 _ 2P' + pO -= 0> 

and the equation of the envelope consequently is 

(cd^ 2P + p) {x^ q- 2/^ + — 2P' 4- p') + y® 4- — P -« P' 4- a-y = 0, 

that is 

4 y® 4 (p d- — 2o*) — (P — P')^ — 2 (p' — <r) P -- 2 (p — O') 7^' 4 pp' — o*^ = 0, 
which is the equation of the cone in question. 

Observe that one sphere of the series is a point, viz*, taking first the upper signs 
if we have 6k-{‘6k'^0, that is 

then the sphere in question is the point the coordinates whereof are 

Ida - Jea' Idh — kV Ido — ko' 

¥-lc ' ’ 


A:'-/; ' 2'- Z;'-:!:®-’ ' 


which point is the vertex of the cone ; it hence appears that, talcing the upper aigiia, 
the cone is the wmhml cone, having its vortex on this side of the Moon; and 
similarly taking the lower signs, then if we have Qh — ^1d ^ 0, that is 

p , Jc 

then the variable sphere will bo the point the coordinates of which aro 

Ida 4 ha^ Jdh 4 khl Ido 4 kd 
~lf^k ' ' Id ' id^ir^ 

which point is the vertex of the eone ; viz, the cono is hero the penumbml cone 
having its vertex between the Sun and Moon, 

Taking as unity the Eartlfs equatorial mdius, if p, p* aro the parallaxes, /c, k 
the angular semi-diameters of the Moon and Sun respectively, then the distances are 

T and the radii are respectively ; hence, if h, Id are the hour- 

sin p' siup' smp Binp' ' 

angles west from Greenwich, A, the N.P.D/s of tho Moon and Sun rospootivoly, 
we have 


a ^ - — sin A cos h, 
smp 


a' — — > ain A' cos h\ 
Bill y 


T — sin A sill A, b' ^ ^ sin A' sin Id, 


0 -- cos A 

smp 

, sin fc 
ic =1 . — 


d = “T— , cos A' 
sin 

, ^ sin fd ^ 
to ' j 
Bin p 


0, VII, 


50 




Ifc is to be observed tlmb h—h\ A, A' are slowly varying quantities, viz,, their 
variation depends upon the variation of the celestial positions of the Sun and Moon ; 
but h and h' depend on the diurnal motion, thus varying about 15° per hour; to 
pub in evidence the rate of variation of the several angles A, A, A' during the 

continuance of the eelipso, instead of the foregoing values of h, h\ I writo 



where t is the Greenwich mean time, E, are the values (reckoned in parts of an 
hour) of the Equation of Time at the preceding and following mean noons respectively, 
taken positively or negatively, so that E^ E^ are the mean times of the two successive 
apparent noons respectively; whence also 

h — ^ — a 4* <5:' ; 

and moreover 

a ^ A pi (t — T)f 

a' -4 

A -D (t-T), 


if T be the time of conjunction, A, Ay i), L' the values at that instant of the 
R.A/s and N»P.D/s; m, m' and ?t, n* the horary motions in R.A, and N.P.D. respectively. 
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It a 2 Dpears to mo not impossible but that the foregoing form of equation, 

2/^ + -2^) ip-^p' - 2£r)- (P-P')"“ 2(p'-<r)P — 2(p — <r)P' + pp'- = 0, 

for the umbral or ponumbral cone might px*esent some advantage in reference to the 
calculation of the phenomena of an eclipse over the Earth generally: but in order to 
obtain in the most simjile manner the equation of the same cone referred to a set 
of princiiDal axes, I proceed as follows: 

Writing 


a = 6c' “ 6'c, 

f == a “* a', 

b = ca' “ c'a, 


c = a6' - a% 

ll =; 0 — o\ 

(and therefore 

af 4- bg 4- oil = 

(bh — eg) so 4- (of • 

-ah)?/ + (ag- 

Va’ +' b= + c« Vf 3 + + 11“ 


Then, if 


Y ^ H: b y 

Va^ 4- b^ -I- 

Xj F, Z, will be coordinates referring to a new sob of rectangular axes; visJ., the 
origin is, as before, at the centre of the Earth, the axis of Z is parallel to the line 
joining the centres of the Sun and Moon ; the axis of X cuts at right angles the 
last-mentioned line; and the axis of Y is perpendicular to the plane of the other 
two axes; or, what is the same thing, to the piano through the contros of the Earth, 
Sun, and Moon. 

The coordinates of the vertex of the cone arc therefore Z^j where these 

denote what the foregoing values of X, F, X, become on substituting therein for y, z, 
the values 

k'bTW fc'o + /.V 
^ k'Tk * k'^k ^ 

and the equation of the cone therefore is 

(X ^ XJ^ 4 (F^ F.f = taiP A (Z^Z^r. 

where 

k'Tk 


sm A = 


50—2 
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if for a moment Q denotes 
We have therefore 


the distance between the centres of the Sun and Moon, 


or since 
this is in fact 


- (a' - (If + {V - hf ^ (g' ^ c)^ 


tanX“ 


Jc'Tk 

Vp 4* — 20- * 


\Yheve Pi p'i cr signify as before; and thus 7^, tan A* arc all of them given 
functions of a, by c, ky a\ b\ g\ k\ and consequently of the before-mentioned astronomical 

data of the problem. The form is substantially the same as Bessors equation (3), 

Ast Naoh No. 321 (1837X (but the direction of the axes of X, Y is not identical 

with those of his (Oy y)\ and it is therefoi’e unnecessary to consider hero the application 

of it to the calculation of the eclipse for a given point on the Earth. 
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ON A PROPERTY OE THE STEREOGRAPHIC PROJECTION. 


[From the Monthly Notioes of the Royal Astronomical Society, voL xxx. (18G9— 1870), 

pp. 205—207.] 

I AM not awaro whether it has been noticed that the very same circles which 
in the direct stcroographic projection of a hemisphere (viz., that wherein the projection 
is on the plane of a meridian) represent the meridians and parallels respectively, — 
ropresont also in the oblique projection of the hemisphere meridians and parallels 
respectively* In fact, in the direct projection where the poles iV, S, are in the 
horizon -meridian, or bounding circle of the projection, if we take a chord AB at right 
angles to NSy and on AB as diameter describe a circle, the original (meridian and 
parallel) circles will, as the appearance of the figure at once suggests, represent 
meridians and parallels in the oblique projection in which the horizon or bounding 
circle of the projection is the circle diameter AB, and where consequently the North 
Pole N is brought into view, the South Pole 8 being beyond the limits of the 
pj’ojcction, That this really is so, is clear from the consideration that in any stereo- 
graphic projection whatever, the meridians will bo circles passing through two fixed 
points and the parallels be circles cutting the meridians at right angles. (Or, 

what is the same thing, the parallels also pass each of thorn through two fixed 
imaginary points, the antipoints of N, S, hut this in passing.) And moreover since in 
Uio oblique, as well as in the direct, projection, the longitude of any meridian, as 
reokoiicd from the central meridian NS, is the angle at N between the two meridians, 
the longitude for a given meridian is the same in the two projections respectively, 
But the co-latitudes arc not the same in the two projections respectively; viz., a 
circle which in the direct projection represents the parallel co-latitude o, will in the 
oblique projection represent the parallel of a different co-latitude g\ The relation 
between the values of o, o', will of course depend upon the position of the bounding 
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circle AB of the oblique direction: to define this position, we may uso oithor the arc 

JVJ/ which in the direct projection determines the co-latitude of the centre M of the 
oblique projection (say iVilf—A, tiiat is, i\rK=3A), oi' by the arc NM which in tlio 

oblique projection determines the distance of iV from the centre, or co-latitudo of the 



centre (say J\ril/=sA', that is, 5 IF- A'), The obliquity in the oblique projection is thus 
OO"" — A', viz., this is the inclination of the plane of projection to that of the horizon- 
meridian in the direct projection. We have also ^ WY, The relation 

between the angles A, A', is easily found to be 


tan ^ A = tan^ ^A', 

viz., taking the radius in the direct projection to be — 1, we have 


vdierefore 

and thence 


Oif = tani(90‘’-A), 

MA = VF- toi4(90°- A), 


Vl - tan'! i (90° - A) . tan ^ A' = 1 - tan ^ (90° - A), 


taiP|-A' 


t--tanJ(90‘’-A) 

i+tai4(90^ --’A) 


tail ^ A, 


the required relation. 
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Wo have moreover 


NG=1^ ian ^ (90'^ c) - AM {tan ^ A' -- tan i (A' - g% 
= sin A' {tan ^ A' — tan ^ ( A' — c')}, 
- 2 sin^ a sin A' tan ^ (A' — &), 

that is 

tan ^ (90'" “ c) = cos A' + sin A' tan ^ (A' — c'), 

_ cos:| (A^ H- c) 

COS+ (A' — c) * 

or, what is the same thing, 


1 — tan ^0 _ 14-5 tan ^ c' tan ^ A' 
iH-tan-^c"^ 1 4- tan i c' tan 4'A' ' 

that is 

tan ^ 0 — tan ^ A' tan 


which is the required relation between g and c\ In the particular ease A — A' ==90°, 
the two projections coincide, and we have, as we should do, o' = c. 
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ON THE DETERMINATION OF THE ORBIT OF A PLANET FROM 

THREE OBSERVATIONS, 


[From the Memoirs of th Royal Astronomioal Sooiety, vol. xxxvili. (1870), pp. 17 — 111. 

Read December 10, 1869,] 

I pnoPOSE to consider from a geometrical of view the jiroblom of tho 

determination of the orbit of a planet from throe observations, Tlio orbit is a, conic, 
having the Sun for a focus ; and each observation shows that tho planot is at tho 

date thereof in a given line. We have thus a given point or focus jS, and three 

given lines, say the “ rays.” The orbit-plane, if known, would, by its intorsootions 
with the three rays, determine tlio three positions of the planet j that is, wo should 
have the focus and three points on the orbit; or (what ia tho same thing) throo 
radius vectors from the focus, say a " trivector.” Geometrically, through tliroo given 
points, and with a given focus, there may be described four conics; but (as Avill bo 

explained) there is only one of these which can be tho orbit; wo may thoroforc say 

that the oibit will be determined, and that uniquely, by means of a given trivoctor. 
The problem is therefore to find the orbit-plane, such that in the orbit detor mined by 
means of the trivoctor the times of passage between the three positions on tho orbit 
may have the observed values; or (what is the same thing) that tho orbital areas, 
each divided by the square root of the latus rectum, may have given values. If, 
instead of the orbit-plane, we consider the orbit-a.xis (that is, tho lino normal to tho 
orbit-plane at the point S), or, what is more convenient, the orbit-pole, or inloraoctioii 
of the axis with a sphere about the centre 8\ then to a given position of tho orbit- 
pole, there corresponds, as above, a determinate orbit; and the problem is to find tho 
position of the oibit-pole, so that in the orbit belonging thereto the times of passage 
may have given values as already mentioned; and it is clear that the required position 
of the orbit-pole may be obtained as the intersection of two spherical curves; tho ono 
of them, the locus of those positions of the orbit-pole for which the time of passage 
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between the firat and second points on the orbit has its proper given value ; the other 
of thoin^ tiiG locus of those positions for which the time of passage between the second 
and third points on the orbit has its proper given value : and in connexion therewith 
wo may consider other isoparametric loci of the orbit-pole ; for instance^ the isecceiitric 
lines, or loci of the orbit-polo such that along each of them the eccentricity of the 
orbit has a givcJi value. It is in this point of view that the problem is consiclcred 
in the present memoir, viz., the object proposed is the discussion of the configuration, 
&c. of these loci. I consider, in the first instance, any three given rays whatever ; 
hut in tlie ulterior discussion of the spherical curves, which it is difficult to carry out 
otherwise than numerically, I have confined myself to the case of a particular symmetrical 
position of the three rays ; viz., these arc taken to be lines each of them at an inclination 
of 00*^ to a fixed plane through and such that their projections on this plane form 
an equilateral triangle having S for its centre, and that each ray cuts the plane in 
the mid-point of the corresponding side of the triangle. 

The general theory as above explained is further developed in the memoir; and 
I consider the formula) for the determination of the orbit, &c. by moans of a given 
trivector; those relating to the determination of the trivector obtained as above by 
means of a variable plane passing Ihrougli a given point and intersecting three given 
rays; and lastly, the application to the particular system of three rays already referred 
to. The Plates refer to this particular system ; they are as follow : 


Plate 1. 


i) 

}> 

iy 


2 . 

3. 

4. 


» 


6 . 


General Planogram for a single ray, 
Planogram for Meridian 90'' — 270°, 
Planogram for Meridian 0" — ISC'", 
Splierogram for the Eccentricity, 
Spherogram for the Time. 


See Nos, 8 — 10 for explanation 
S- of the terms Planogram and 
Spherogram. 


Article Nos. 1 to 14* Gonsidemtions on the General Theorij. 

1. As explained in the introduction, we have a point or focus and three 
linos called the "'rays.” The orbit-plane is any plane through /S; it meets the rays in 
three points, which are points on the orbit; and joining these with wo have a 
“ trivoctor/' The orbit is for the present considered as in general uniquely determined 
by means of the trivcctor. 

2. There arc certain critical positions of the orbit-plane. 

Firsty the orbit-plane may be parallel to one of the rays; or (what is the same 
thing) it may pass through the lino through S iiarallel to the ray: the point on the 
ray is at infinity ; or say that it is at an indefinitely great distance in one direction 
or in the other direction along the ray; and (from the iDarticular way in which the 
orbit is selected as one of four conics) there is, as will appear (see pasty No. 20), a 
discontinuity of orbit as the point passes from the one to the other of these positions, 

O. VIL 51 
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3, ^cCQtxdbj, the orbit-plane may be parallel to two of the rays; or (what tlio 
,saiuo thing) it may pass through the lines through 8 parallel to those two iuy« ; Dio 
points on the two rays are each at infinity; viz. each of them is at an mclofiiutoly 
great distance in one or the other direction along the ray; and there is a disco iiLinuity 
of the orbit as each point passes from the one to the other of its two positions. 

4, Tkinlbj^ the orbit-plane may be such that the orbit is a right lino. ^Vo hoo 

how this arises^ observe that we may consider a system of lines mooting each of Uxo 
three rays, and of course generating a hyperboloid ; say these arc tlie gonorabing Unas : 
there IS on the hyperboloid another system of lines, say the directrix linos, in wliicb 
are included the three rays; the point 8 is not on the hyperboloid. Then, if the 

orbit-plane pats through a generating line, it will meet the throe rays iu tho pointn 

ill which these are met by the generating line: and tho orbit is, oonscquently, the 
generating line (described, as being a right line nob passing through 8, witlx a velooiby 
^cc). Any plane through 8 and a geuer<ating line also moots tlio hyperboloid iu a 
directrix line; and consequently touches it at the iutcrseotiou of the two Hiich, vh, 
it is u tangent plane of the hyperboloid. The planes in question thus envolopo tho 
circumscribed cone whose vertex is S; or (what is the same thing) when tho orbit- 

plane is any tangent-plane of this cone, the orbit is ii right lino, 

o. The only exception is, fourthly, when the orbitq3lauo passes tliroiigh one of 
the uiys, Observe that the plane then meets the liyperboloid in another lino, that 
is, a generating line, or the case under consideration ia iuoludcd in the third caao j 
it is also^ included in the first case. The point on tho ray in question is hero not 
a determinate point, but any point whatever of the ray; the points on tho othov two 
rays being (as in general) determinate : the orbit is coiisequoutly mdetominate ; yy/,. 
to any point selected at pleasure as the intersection of tho orbit-plane witli tho ray 
contained therein, there corresponds a determinate orbit (in particular, tho solocicd 
point may be such that the orbit is, as in the third case, a right lino); and, corro- 
S question of the orbit-plane, wc have tho entire system of 

corresponding positions oflhe orbit-polo on a sphere described 
bou the centre S. It will be convenient for the moment to attend to the two 

Zs' to iwnJrtl belonging to any position of tho orbit-pUirc, and 

thioutrh ^ orbit-pole as moving over the entire spherical surface. The pavalloJ 

I \ separators, each two meeting in a pair of 

TTcTnJtlLI' .X tl>c 

lire ntyi A Ike tliroLh *“ P'“"« containing: tho pnitillols of tho 

in « pnh- of opposite points 'Si Tail Vo' 

tangent plmc of tho oiroiiinsoiihS”ron«) meete the" ^ T''.‘ 

I call the "regulator-'* fn i ) the sphere lu a spherical conic wliich 

on suoh aXr ' ““ « ‘l-o poit of point, A 
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7. I say that in the first of the cases above considered the locus of the orbit- 
polo is a separator; in the second case the orbit-pole is a point B; in the third case 
the locus is the regulator; and in the fourth case the orbit-polo is a point ^1. 

8. In the absence of models, the spherical figiu^o must be repx’esentcd by a pro- 
jection; the atoreographic projection is convenient for facility of description; and it has 
the very great advantage that wo can by means of it exhibit, no matter how largo 
a portion of the spherical siu'face. In the figures called ” spherograms,” afterwards 
referred to, the rej)resontation of a hemisphere is all that is recpiired ; but, to give a 
more distinct general idea, I annex a figure representing a larger portion of the 
surface; the data are those belonging io the particular symmetrical ease referred to as 
intended to bo specially considered: and the regulator conic is accordingly a pair of 
opposite small circles, the points A and B being related to it symmetrically ; but, 
disregarding these specialities, the figure is adapted to the illitsbiution of the general 


3?ig. L 

A 



case (at least if the point S bo situate within the hyperboloid), and it is hero given 
for that purpose. The circle marked '‘Ecliptic’* does not properly belong to the figure: 
it is added as showing the boundary of a hemisphere, so that, by omitting all that 
lies outside this circle, the figure would be limited to the representation of a hemi- 
sphere; and the orbit-pole be in every case represented, no longer as a pair of opposite 
points, but as a single point; we should have the separators each as a half circle, and 
the regulator as a single small circle; the separators would intersect in pairs, in the 
three points By and would touch the regulator in the th^ee points &c, 

9, The figure constructed as above, but omitting so much of it as lies outside 
the ecliptic cirole, is the representation of a hemisphere — say of the northern hemi- 

51—2 
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sphevo. It is readily seen that the central triangle BBB and the three circumjacout 
tiiauglea BBB, represent also the half-surface of the sphere, viz., instead of the oinittod 
l^ortions of the northern hemisphei'e we have tlic equal O2:)posito portions of tho 
Hmtheni hemisphere. The adoption of this figure as the I’cprcseutatiou of the hall- 
surface of the sphere has the great advantage that the apherical curves can ho deUncatucl 
without the apt^arent breaks which Avoukl otherwise occur at their iutcvsoctious with 
the ecliptic circle; I accordingly adopt it, and call the figure in question (viz., Hint 
composed of the four triaiigle.s) a blank " spherogram.” We wish for any given po^itioii 
tliereon of the ovbit'iiole to determine the values of certain parameters (eccontrioity, 
latus roctiun, time of passage between two rays, &o., as the case may bo) boloaging 
to the orbit, with a view to the subsequent dcKneation of the corrosjiondiug isopara- 
metric (iseccentric, i.sochronic, &c.) lines, so constructing a sphcrograni *’ for any HUch 
parameter, or system of lines. 

10. It is for this purpose couvenieut to consider the values of tlio 2 >aiumotor 
corresponding to a single senes of positions of tho orbit-polo, viz., wo consider fcho 
orbit-pole as describing on the s^fiiere a curve selected at pleasure* Coiisidor for a 
moiueiit the orbit-plane as a material piano rigidly comiocted with the orbit-axis ; tlio 
motion of the orbit-pole does not absolutely determine the motion of tho orbit-plaiio, 
iuasmuch as the orbit-plane, occupying tho sanie position in space, might rotate about 
the orbit-a^is ; but if we exclude any such motion by the assum])tiou that the motion 
of the orbit-plaue is always about au axis in the orbit-plane, thou tho motion of tho 
orbit-pole determines that of the orbit-plane, viz., the orbit-plane envelopes a cono> tho 
reciprocal to that described by the orbit-axis. If then on tho orbit-plauo in each 
position thereof wc mark, as well its line of contact with the ouvoloped cone, as also 
Its intorseetions with the three raj^s, we obtain a figure (Avhich may, if we please, be 
regamed as drawn on the^ orbit-plane in some piirtioular position thereof), such fignro 
consrstmgof a senes of tiivectors, and (belonging to each of them) a lino through B 
serving to fix the position of the trivector in space, Tho locus of each oxtroinity of 
the nveefor is a certain curve, and the construction establishes a point-to-point corre. 
spomence between these three curves; viz,, to any point on one of thorn hhoro 

the other two a single point, the throe points being hlic 
e luniUes of a tviYcctor. The figure would be rcudered more complete by drawing 

U. The most simple case is wheu blie orbit-imle describes a ereat circle- fcho 

I «"Vs i 

of contact is thjis n J “I®”® Z®*' axis of rotation j and tho lino 
lines throiirdi 8 in th * orbifc-pJaue; or (what is the same thing) fcho 

axis of rotation for lonjagatf a^g ^'Tn^'fact ""WT' 't "" 

same thiim whether the orhi^nM... h j i'»y> it is fcho 

as contimmlly to intersect tlie \-av o!- rotation, so 

«y. whether, considering the orbit-plaue as fixed. 
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and Lhe ray as rigidly connected with the axis, wo make the ray to rotate about this 
axis, so as continually to intersect the orbit-plane. But in this last case the ray 
describes about the axis a hyperboloid of revolution, and the orbit-plane, as an axial 
plane, meets this surface in a hyperbola leaving the axis for its conjugate axis; which 
hyperbola is the required locus of the irivector-oxtremity. It is moreover easy to see 
that if tliG angle of position of the variable orbit-plaixe, or (what is the same thing) 
the angle of position of the orbit-polo in the great circle which it describes he —q 
(where q is measured fiom any fixed plane or point), and if the coordinates a/ and y' 
be measured from S in the direction of and perpendicular to the axis of rotation, 
then the coordinates of the point on the hypei'bola are expressed in the form 
af — a 4- a tan (q 4- jQ), = h sec {q -h ^)> ^vhere a, a, b, arc constants depending on the 
position of the ray in regard to the axis of rotation : see as to this No. 49. 

12. Considering the orbit-polo as describing a given curve, the value for the 
several positions thereof of any parameter of the orbit may bo exhibited by moans 
of a diagram,” vi> 5 ., wo may take for abscissa any quantity serving to fix tlio position 
of the orbit-polo on the described curve, and for ordinate the value of the parameter in 
question. In the particular case whore the orbit'-polo describes a groat circle passing 
through the axis of the storcograpluc projection, and which is consequently in the 
sphorogram represented by a diameter of the ecliptic or bounding circle, it is natural 
to take for the abscissa the distance (from tlic centre) of the representation of the 
orbit-pole ; the diagram will then fit on to the diameter, and for any position of the 
orbit-pole oil such diameter give at once the value of the parameter to which the 
diagram relates. 

18. It is right to remark that the construciioii of planograms and diagrams is 
merely subsidiary to that of the spherograms; the information given by any number 
of planograms or diagiams would bo all of it embodied in a spherograin for the same 
parameter. And theoretically the construction of a spherograin is a mere matter of 
geometry; for a given position of the orbit-pole we construct the trivector, thoiicc the 
orbit, and in relation thereto any paramotors which it is desired to considoi*; and so, 
for a sufficient number of points on the spherogram, deloriniuo the value of the 
parameter, or parameters; and lay down the isoparametric lines. The construction of 
the orbit from a given trivector, and in particular the selection of the orbit as one 
of the four conics given by the trivoctor, has nob yet been explained: in coiniexioii 
herewith we have the discontinuity of orbit which arises when the orbit -pole is upon 
a separator, and which is a leading circumstance in the theory ; until it is gone into, 
there is little more to be said in the way of general explanation as to the spherogram, 
or tho isoparametric lines thereof. 

14, It may however be noticed that for any parameter whatever, the points A of the 
spherogram aro common points, through which pass in general the line.s belonging to 
any value what over of the parameter ; the reason of course is that the orbit-piano 
then passing through tho ray, and the orbit itself being indeterminate, the value of 
any parameter belonging to the orbit is also indeterminate. Moreover, for some 
parameters the curve belonging to any particular value of the parameter not only 
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passes through the points A, but passes through each point twice, or (wba-fc is the 
same thing) has each of the points A for a nodal point ; when this is so, then it 
is to be further observed that, for certain values of the parameters, they will be 
acnodal points, properly belonging to tlic curve, although there is not any real branch 
of the curve passing through the points A ; for others they will bo crnnodal points, 
with two real branches through each ; and in the transition between the two cases 
they will be cuspidal points on tho isoparametric curve; it w'ill appear in the sequel 
that this is really the case in regard to the iseccentric lines. 

Ai'ticlc Nos, IS to 30. Determination of the Orhit from a given Tnvector. 

IS, With a given point 8 as focus, and through three given points, that is with 
a given trivector, there may be described four conics. This appears from the general 
theory according to Avhich a given focus is equivalent to two given tangents; and also 

Pig. 2. 



from the geonietrieal construction, a, booh i. sect. 4; Scholium to Prop. XXi. : 

viz. given the focus 8 and the points 1, 2, 3, then if 

On 23 we find a so that a 2 ; 3, 

„ 31 „ i „ h3 : bl^Sd : SI, 

„ 12 „ c „ c 1 : c2 = ^l ; 82, 

the points a, b, c, are each of them on the directrix, so that any two of them deter- 

mine the directrix. In the figure (aa in Kewton^s) the distances 82, 8 3, aro 
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each regarded as positive, but the very same construction, taking two of the distances 
each as positive and negative successively, would lead to three other positions of the 
directrix ; or the construction would give in all four conics, 

16. In the figure the directrix lies on the same side of the three points; and 
the conic is thus aii ellipse ov parabola, or, if a hyperbola, then the three points lie 
in the same branch thereof ; and it is eonseqticntly an orbit such that along it a 
body can pass through the three points successively. The construction as varied would 
give in each case a directrix having on one side of it one, and on the other side 
two, of tlio three points; so that the conic would bo a hyperbola having the three 
points not on the same branch thereof; consequently it would not be an orbit such 
that along it a body could pass through the throe points successively. 

And it thus appears that though the trivector really determines four conics, yot 
it is only one of these in Avhich the directrix lies on the same side of the three 
points ; and this conic I call the orbit : the given trivector thus determines a single 
orbit. 

17. It is to bo noticed however that the orbit constructed as above may be a 
hyperbolic branch separated by the directrix from the focus and consequently convex 
to the focus S ; viiJ., tho three points lie hero in a hyperbolic branch convex to /S, 
and which is therefore not an orbit which can be described under the action of an 
attractive force at say we have a '‘convex orbit,*' I regard this as a real orbit, 
but the times of passage therein as imaginary, or rather as non-oxistont, and the case 
is thus excluded from consideration in the formuljB and figures which relate to the 
times of passage, 

18. The same results arc established analytically in a. very similar manner, viz., 
taking tho focus for origin and starting from tho focal equation 

r - Acd + By H- C ; 

then if we take (oJi, j/j), j/a), («? 3 , y^), as the coordinates of tho three given points 

and write 

Vi = V 4* - V a’i® + ^3 == V -h 2 /e^ 

we have for the determination of the constants 

^ Vj ^ -h Byt 4 G, 

4- %9 4 0, 

A.v^ 4- Bijs 4* G, 




y> 

1 

n, 


3/.> 

I 



y^, 

1 


^3, 

ys) 

1 


and the equation therefore is 
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■which, attributing therein to ?’ 3 , the signs — at pleasure, represents eight 

different equations: these liowever give only four conics, viz., we have the same conic 
whether we attribute to ?i, i\y any particular combination of signs, or reverse all 
the signs simultaneously. 

19. But the focal equation AtV By G is precisely equivalent to the equation 

I 

1+0 CO.S (0 — -dt) ' 

and in this equation (taking as is allowable p as jDositive) then if ±e ho ^ or < 1 , 
that is for an ellipse or parabola whatever be the value of ^ — ct, r is always 
positive ; but if ± bo > 1, that is for a hyperbola, r is positive for those values 
of d—'UT whicii belong to one branch, negative for those which belong to the other 
branch, of the curve. Hence in the determinant equation, unless rj, ry, Va, have the 
same sign, the curve will be a hyperbola with the points two of them on one brancli, 
the tliird on the other branch thereof But in the remaining case, when Vu 
have all the same sign, or say when they are all positive, then the conic is an ellipse 
or parabola, or else it is a hyperbola with the three points on the same branch 
tliercof; that is, the foregoing determinant equation, regarding therein Vi, ?a, rg, as all 
of them positive, gives the orbit. 

20. When ono of the points is at infinity on a given line there is a cliscontiiniity 

of orbit. To explain this, suppose that the point (/Tj, yi) is situate on the line 
y “ A’ tan Of, at an indcfluitcly great distance in one or the other direction along the 

line; viz., ri is an indefinitely largo positive quantity, and we have in the one case 

yi^^TiCosa, ?'isinof; and in the other case a'l, === — 7’i cos a, — 7’isin«: the corre- 
sponding equations of the orbit, putting therein ultimately 7’i = + oo, are 



A?, 

v> 

1 

= 0. 



y> 

1 

1, 

COS Of, 

sill a, 

0 


1, 

“ cos Of, 

— sin a, 

0 



y-it 

1 




y^, 

1 

n, 


Vi, 

1 




2/3. 



wdiich equations belong, it is clear, to two distinct conics; or as tho point y^) 
passes from a positive to a negative infinity along the given line, there is an abrupt 
change of orbit. It is proper to remark that the two orbits are the very same as 
would be obtained by writing a’l, yx = riCOsa, ?’isincf, =: + co and = — oo in the 
determinant equation ; that is, the orbit passes abruptly from one to another of the 
four conics which belong to the position ( 0 ?i, yi)y and we thus understand how the 
transition frona + o) to — oo , which is geometrically no breach of continuity, occasions 
in the actual problem a discontinuity* 

21, The same thing appears from the geometrical construction; and we derive a 
further result which will be useful. Suppose first that the point 1 is at infinity in 
the direction shown by the arrow ; then drawing 2o — and 36 = 3S each in the 
direction opposite to SI, we have the points 6, c on the directrix, which is thus the 
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line D joining these points. But if 1 is at infinity on tlio same line in the opposite 
direction, then instead of c, h wq have the points o', 6', and the directrix is tlie lino 
D' joining these points. 

Fig. 3. 



22. Observe that in the first case the focus ^Sf and the bhroo points are on 

oi^posito sides of the directrix JD, or tlic orbit is convex ; but in the second case tho 
focus S and the three points arc on the snmo side of the directrix D', and the orbit 

is concave. That is, the line St does not separate the two points 2, 3, and the orbits 

arc tho one convex, tho other concave. 

23. But if 1 bo at infinity along the line S(l) first in tho direction sliowu by 

the arrow, and thon in tho opposite direction ; in the first case tho directrix is (7^) 

not separating tho focus S from tho three points, and tho orbit is concave; in the 

second case tho orbit is (D'}, not separating from the three points, and tho orbit 
is still concavo; hero tho line ;S(t) does separate tho points 2, 3, and tho orbits arc 
both concavo. 

24. And wo thus sco in general that ns the jDoini L passes from a posibivo to 
a negative infinity along a lino passing through S; thon, according as the line 
through 8 does not or does separate the remaining two points 2, 3, tho orbits corre- 
sponding to tho two positions of 1 are tho one convex, tho other concavo, or they 
are both concavo. 

26. Tho points 1 and 2 may bo each of them at infinity along a given rny; we 
have here in a similar manner yj = ?*iCosaj, riBiuai, or olso = — ri cos — ?’i8incfi, 
whore is an indefinitely large positive quantity; and cos 7 *a 8 inaa, or else 

0. VIL 52 
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= '”?\cosa^i, — >’>smQf 3 , where ro an indefinitely large jDOsitivo ^j^ulntit3^ And ^YniJing 
ultimately = + + the equation of the orbit is obtained in the form 

r, io , y ,1=0, 

1, fcosai, isincfi, 0 
1 , ± cos cfa, ± sin 0 
n. , ya , 1 

wheie the ± of the second line and the ± of the third line havQ each of them tho 
value + or - at pleasure. There are consequently four distinot orbits, GOiTasponding 
to the combinations of each of the two directions of the point J with cucli of the 
two directions of the point 2. And it is moreover clear that these are the very conics 
which are obtained from the determinant equation by writing therein /Tj, y, = ?*i cos , 
?’i sin cii ; cos sin Us and = + co , - oo ; rg = + cc , — oo successively ; vi;^., 

the orbit clianges abruptly between the four conics which eorrespond to the given 
position of the points 1, 2, 3. 

rig. 4. 



. geometrical construction is very simple indeed; vijj., measuring o(Y from 

3 111 the directions SI, S2, and in the opposite directions respectively, a distaneo 
-.^3 we have four points, the angles of a rectangle; and joining tlieso in pairs, wo 

directrix: the figure shows at onco that the orbits aro 
three 01 them concave, the remaining one convex. 

27. The determinant equation obtained for the orbit is an equation of tbo form 

r^A.v + By + G', 

and it is clear that the equation of the directrix is Ax+Bv4-O=:0 J3v what 
precedes, tins l.„c will lie on the same side of the three poiittsM oithoi it d 1 

n ' ’ * convex. Although in e’eneral the airyn of 

0 » »0 c„,e„.„ (,0.. tk, 
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Iho same eurve) yet in the present case it is so; for, observe that, iu taking 
each of them positive, we make r to be positive for the orbit, that is, for the entire 
curvG if an ellipse or parabola, but for the branch containing the three points if the 
curve is a hyperbola. Hence, considering the radius vector through S parallel to the 
directrix, this is i30sltivc for a concave, negative for a convex orbit ; or writing 
Aiv + 5?/ = 0, wo have r = G positive for a concave, negative for a convex orbit ; 
wherefore the orbit is concave or convex according as 0 is positive or negative, 

28. Comparing the equation with 

=z= e cos 'BT q- y sill -ct) ± a (1 — e% 

wo SCO that the eccentricity and seiniaxis major, taken to bo each of them positive, are 




±G 


(+ 0 or —C, according as e<l or ^>1); and inasinuch as the focus and directrix 
arc known, tlioro is no ambiguity as to the position of ilie orbit: it may be added 
that the coordinates of the centre are given by 

{A^ - 1) A! + AB y + AG — 0, 

AB + « l)y + i?(7=:0, 

that is, wc have for the coordinates of the centre 


and thonco also 


AG 

y = 

BG 


L~A<^~B^ 

2 AG 

v = 

2BG 


i-A^~ B^ 


for the coordinates of the other focus. 


29. But to effect tho comparison rather more precisely it is to bo observed that 
n, G being positive, then for a concave orbit, if X be measured from tho focus in the 
direction cmay from the directrix, wo should have 


Y^eX ± ft (1 -6-) 

(~h for tho ellipse, — for the hyperbola, so that ±a(l — is positive): whence 

e=:V/l»+>. Z = a = 




(by what precedes, (? is =: +, so that the formula gives as it should do at=:+). 

And similarly for a convex orbit, if X bo measured in tho direction towards tho 
directrix, we should have 


r = eX — a — 1) ; 
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wlience 


e-^/4= + J?^ 


A(e + By 


-G 


wliore by what precedes G is = — , and the formula gives as It should do a = -p . 

:10. It is not necessary for the purpose of the present memoir, but I notice an 
eleg.int fonn of the polar equation of the orbit belonging to a given trivoebor; vIk., 
taking (r, 6 ) as polar coordinates, and therefore (?•,, 6 ,), (r^, OA, (I'j, 0.,), as the coordinatoH 
of the given points, the equation of the orbit is 


1 = sinH^ -g.lsin^fg - 0 ,) 

r ^ Vi ‘ sin i (0, - 62 ) sin | { 0 ^ - 0 ^) ' 

In fact, It is clear that this is an equation of the fonn 

~ = («, 0 , 'y)(8in|-(?, 003^(9)=; 

that is of the form 

^ = X COS ^ -f /t Sin 0 -f ; 


and that it thus represents a conic with the given focus; and moreover that llio 
equation is satisfied by writing therein 0 ,), (r„ 0 ,), or (r,, 0 ,), in plaeo of (?-, 0 ) ; 
that is, the conic passes through the three given points. The foregoing roinarha as 
to the signs of r,, /», /j, apply without alteration to this polar equation. 


Article Nos. 31 to 41, Time Formula}; Lameeiit’.s Equation. 

31. Suppose for a moment that the orbit is an ellipse; as the ellipse may bo 
described ^ edher direction, the time of passage hetween any two points, Z to 2, or 
- 0 I, iiiclifferentjy, may be regarded as positive. With only two points 3, 2, wo 
might pass, say from 1 to 2, in either direction along the ellipse, and the time of 
passage would have ambiguously cither of two positive values. In the case however 
aheie ^^e on the ellipse three points, 1, 2, 3, this ambiguity is avoided; vk. it 
Is a.ssunied that the passage between any two of tlio points is along the elliptic arc 
which does not contain the third point; the three times of passagf are thmZl Z 

cntii^ 01%^' periodic time, or time of dcscidhiiig tho 

n i i. ] ^ ^ 01 bit be a parabola or concave hyperbolic branch, then if tho 

points taken m their order of position along the orbit L 1 2 3 we 1 lave' in li ! 

;::::\\tcro ^ctweenS and 2 . ana ;is; a 

Lopt through 2 (which i^ode is no p^sage between 1 and 3 
time of passage between 1 and 3 If 1 ^ ^ 

between 1 and 2. and between 2 and 3. ^ 

the action of^Ju luLf -t desci-ibcd under 

tractne tojce, theie is not any time of passage to be considorod. 
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In the tonsUioii case of a right line not passing through the focus, since, ns 
mentioned, the velocity is infinite, if the order of the points on the line is 1, 2, 3, 
the times of passage from 1 to 2 and from 2 to 3 are each ==0j and tlicso are tho 
only times of passage ■\vhich are to bo considorecl, 

34. Tho preceding conventions are of course to be attcncled to iu tlie aj^pliealion 
of any formula to tho calculation of the times of passage between given poinin of 
the orbit) ; in the case of a parabolic or hyperbolic orbit wo have only to ascertain, 
which aro the two times of passage to be calculated ; but, in the case of iin ellipse, 
we must take care that the time of passage between each two of tho tlirco points i« 
calculated along tho arc not containing the third point; viz., it is in some cases to 
be calculated through tho angle < tt between the two radius vectors, and in other 
cases through tho angle > tt between the two radius vectors ; or, more simply, tho time 
to bo calculated is sometimes the longer, and at other times tho shorter time of passage. 


35. For tho purpose of the present memoir the unit of time is so fixed tliat 
the periodic time in a circle radius 1 shall be equal 3. The period in a circle or 
ellipse, radius or somiaxis major =a, is thus and generally 


Time = -. 


Area 


TT latus rectum 


Tho time formulfc are first the ordinary ones in which the time from poriccnli'o 
is expressed in terms of an angle (the eccentric anomaly for an cllipso or hyperbola, 
true anomaly for tlic parabola) ; secondly, Lambert’s formula), in which the time between 
any two points on the orbit is expressed by means of the two radius vectors and tlic 
chord. 


36. The first sot of formulte may be written; 

Ellipse. the eccentric anomaly from pcricentre, viz. (cos — e), = u, 

if a*, y, are tho coordinates from the focus, .r measured in the direction towards tho 
directrix. 

Time from periconfcre = - (u — e sin ii). 

Parabola. 6, tho truo anomaly, vii!., »’=j)sec“^0, if p bo the poviccntric distaiico 
or -latus rectum. 

3 »» 

Time from pericentre =- (tan -1 0 -f J tan “ h $). 

TT V2 

Hyperbola ; concave branch. «, the eccentric anomaly from pcriccntro, viz,, 
ffi = fl (secM - e), y= a'^e^—ltanu, if aro tho coorclinalos from the focus, w measured 
in tho direction muay from the directrix. 

Time from pericentre = ^ (e tan a — hyp. log tan (Jtt H- ^ w)}, 


and by taking the sum or the difference of two of these expressions, wo obtain tlic 
time of passage between two given points of the orbit. 
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37« I remark that as to the elliptic and parabolic orbits, I have proforred using 
Lan'ibert's er] nations, and I should have done the same for tlio lij^perboUc orbits, but 
lor the absence of a table (see post^ No. 39). As it is, for the few hj^porbolic orbits 
which it was necessary to calculate, I have used the foregoing formula (') : a table of 
h} p. log tan (I 'IT + 4 «), 11 = 0'' to ?< = 90^at intervals of 80' to 12 plaocH of clccinmls, with 
fifth differences is given, Table IV, Legendre, TraiU des Fonctions Jillipiiques^ t* ir. 
pp. 25C— 259. 


3S. The other set of foimnlre may be written : 
Ellipse, i\ / the radius vectors, 7 tho cliord. 


2f/ cos;)^ =: 2a-r -r' — 7, 2acos;\;^ = 2a — ?’ — r' -H 7* 

g 

Tune * ^ ix-oi- sin % + sin x). 

Parabola. >■, r', <y, xit suprA; 


Time = A ((,. + ^ _ y)il). 

Hyperbola. 

2a cosh x = 2u-i-r+ ?■' + 7 , 2a cosh x' = 2a +r + r' - 7 . 
Tunc = A fti ^ ^ ^ gj„ jj ^ 


where cosh, sinli, denote the hyperbolic cosine aud sino of x< viz. : 

cosh % = i (e»: + e~'<), sinli ^ ^ (ex — g~xy 

, k w («*ai7) of tho functions oosliv, siuliv, anti of tniih v MV 

ft by anJe„n.„„, OM,, u. vn,. ,„t| ,.x. ton -2000 tf v-SOO ^^ 0 ™)! 
tnhiihtlo””'* snba^nautly ot -01 to eight places of decimals, I do not iinom why tlio 

nteJfcTr"' 'T *■“* ‘"= '‘™” ‘"o™ »f 

hypcsbolio ..bils, tosotW ;rS®ofof'LT."‘ 


Of." at valuoa 

2acmx^2a~v^r'^,^, 2acosx'=2a-r-r' + 7 . 

It is remarked in Gfuiss’ Um'ia MoMs n 120 fhaf , 

O'’ aud 300'’: y a nositive or oof. f i’ » positive angle between 

, positive 01 negative angle between +180“, -180% vk x' is positive 

I ralhet legict tlmt I did not use tlio foregoing fownnlio in all eases. 
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or nogativo according as tho angle between the two radius vectors is < ISO" or > 180". 
This detonninos said that ^ is really indeterminate; viz. it is so if onlj^ 

the values Vy Ty 7 , cty are givon, for there are then two orbits in which these quantities 
imvG their given values^ and the times in these have different value.s. But when, as 
in tlio case liore considered the orbit is known, x ''V'ill of course have a determinate 
signifacation, and it is easy to explain how this is to bo fixed. I observe, in the first 
place, that if % = 7 r wo have 7 — ( 2 a — ?•) + — 7 *'), that is, the chord 7 passes through 

Iho other focus of the ellipse. The criterion thus depends on the position of the two 
points on the cllipso in relation to tlic other focus, and it is oasy to see that it is 
as follows : viz. lot the time between the points 1 , 2 , on the ellipse be understood 
to mean the tinio of passage from 1 through apocontro to 2 ; then I say that, in the 
prcccclmg for mill a 

l^me === sin x + sin x% 

X will bo < ISC’ or > 180" according as the chord from 1 through the other focus li 
<locs not or does separate tlic point 2 from the focus S> 

41, It is hardly necessary to remark that in the application of the formuloe, 
Xy X reckoned according to their lengths ns circular arcs to the radius unity : 

a table for the conversion of degrees and ininiite.s to such circular measure, is given 
in ino.st oollcctioii.s of Trigonomolrical Tables, 


Article Nos, 42 to 4o. Formulw for the Trans/orviation hehoeen two sets of Bectangular 

A(oes, 

42, Oonsidcr an arbitrary sot of fixed rectangular axes, Syy which are con- 
Hidored as intmecting the sphoro, centre 8y in iho points Xy F, Zy and so the axes 

8y\ S/y afLerwards defined arc considered m intersecting the sphere in the points 
X'y Z\ h'or couvenioncG Sie is considered as an origin of longitudes, which arc 
measured in the piano of wy in the direction toAvarcls y; and an angular distance 

from Sjs i.s termed a polar diataneo or colatitudo; so that the position of any lino 

through Sj or point on the sphere, will bo determined by its longitude b and colatitiide c, 

43, It IB wished in the eoquol to made the orbit-polo revolve about an arbitrary 

line S/o\ and for this purpose I take the now sot of rectangular axes, S(o\ Sy\ Sz\ 

or points oji tho sphere X\ Y\ Z', as -follows, 

X'y longitude (?, colatitudo 90° -h X, 

Y'Z'y is thou a groat circle, polo X', mooting ZX' in a point 11 , longitude Gy colatitude 
iV, and tho position of Z' in this groat circle is fixed by its distance from IT, llZ'^JIy 
tlio distance of 3^' being HF'— 90°+//, and these being each of them reckoned from IT 
in tho diroctiou of longitude X to F, Tho position of tho new axes Sw' y Sy\ Sz\ 

or points X\ Y\ Z\ is thus fixed by means of the three angles iV, II , 
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It is to be added that if the angle X'ZZ' is called and if h, c, arc the 
longitude and eolatitude of then we have smi7= cotry taniT, which gives q, and 







44. The transforniation-forinnlie between the two sots of axes are at once found to bo 



X 

Y 

z 

X' 

cos G cos N 

sin G cos N 

- sin N 

r 

- sin G cos //- cos G sin ZT sin N 

cos G cos H— sill 6^ sill 11 sin N 

-siu/ZcosiV 

z* 

“ sin G sin // + cos G cos 7/ sin iV | 

cos G sill E -f sin G cos U sin N 

cos 11 cos N 


which are for shortness represented by 



X 

Y 

Z 

X' 

a 


y 

r 

1 

a' 

- 

/3' 

/ 

r 

1 

Z' 

o!* 

/8" 

tt 

y 
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45 In the particular ease where So)' is in the plane ot xy, 11 coincides 

with and the longitude and eolafcitudc of Z' are 6=(? + 90°, g=^II. Writing 
accordingly in the formula iV = 0, and introducing ft, c in the place of G, the 
formula become 



X 

Y 

Z 

AT' 

siu h 

— cos h 

0 

Y' 

cos b cos c 

sin h cos c 

- sin c 

Z' 

cos ^ sin c 

nhi h sin c 

cosc 


and in particular if o — 0, here coincides with and the axes Sx\ Sy^ are in the 
plane of coy) then wo have simply 



X 

r 

Z 

X' 

sin h 

— COS h 

0 

Y' 

cos 5 

sin h 

0 

Z' 

0 

0 

1 


Ai'ticle Nos, 46 to 60. AjypliGation to fmding the Intorseotion of the Orbit-plajie hy a 

Siuffle May, 

46, The equations of the my reforrod to tho fixed axes are taken to be 

w — A y — B z — O 
— ^ — 17 “ . = ^ suppose, 

or^ what is the same thing, 

ft) -/t “H M( > 
y == i? 4- -Kg, 

^ =s 0 -p Jl\\^ 

and if in the foregoing formula) the point is taken to bo the orbit-i}olo (longitude 
b-G + dO°, and colatitudo c == cos'^ cos coa as above) then the equation of the 
C. VII. 53 
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orbit-plane is z* = 0, We have therefore merely to transform the equations of the ray 
to the now axes by writing for y, Zy the values 

tLod + b d* z\ 

/3.a;' + iQy-i-/3V, 

+ 7y -f- y V, 

and then putting < 2 f'= 0 , we find y\ the coordinates in the orbit-plaiio of its inter- 
sections with the ray. 

47. The equations thus become^ 

ot a?' + y y — yl — iif == 0, 

70?"^ + 7'y — (7 “• iih — 0, 
or, what is the same thing, we have 

: y ; : 1 


= 

1 



* 


1 



: 



-1 






-1 


«. 

f, 

A 


a. 


f. 

A 


«. 

a', 

f, 



a, 

a'. 

f, 

A 


/3. 

/3', g, 

B 


/3, 


g. 

B 


B, 

/3'. 


i? 


B, 


g> 

B 


7> 

y. h, 

G 



i > 

h, 

0 


7. 

7 '. 

h, 

0 


y> 

y'> 

h, 

G 



a', f, 

A 

1 * 


a. 

f, 

A 


1 

-4. 


a' 


f, 

«< 

«' 

, 



/3'. g. 

B 


A 

gy 

B 




B' 


g. 

/3. 

A 




y. h, 

G 


f 7. 

ll, 

G 


A 

7> 

y 


h. 

7 . 

7 ' 



In these formiilse wo have identically 

iSy-iSy yct'-ry'a, a0'-d^^d\ 0", y\ 
and if we write moreover 


a, b, c, - ag-5h, Ali--C% Bt-Ag, 

(whence identically af+bg-h ch = 0, and whore (a, b, c, f, g, h) are the “six coordinates*' 
of the ray), then we have the very simple formulro 

d \ \ B ] I 

= (a, b, c$< /3', y) : --(a, b, e][«. 7) : (it, 5, /3", /) : (f, g, hja", /3", 7"), 

or omitting (as not required for the present purpose) one of the proportional terms, we 
have 


: y : l = (a, b. oJa' 0', y') : -(a, b. o][«, 0 , y) : (f, g. h$«". /3", -y"), 
which are tlie required expressions for the coordinates, 
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48. Consider in ihe equations just obtained the axis of x as fixed but R as 
variable ; that is, lot tho orbit-pole Z' describe a gi-oat circle about the fixed pole X' 
(longitude Q, colatitude 90° +N). We have a/, y', 1, proportional to linear functions of 
sin li, cos H ; viz., writing for shortness 


we have 


Xe — - a sin O' + b cos Q, 

= (— a cos (? - b sin G) sin W — c cos N, 
Yo == (- a cos - b sin Q) cos JV + c sin N, 
We = { f cos O' + g sin G) sin W + h cos W, 
TFs = (- f sin (? -I- g cos 0), 

, _ X„ cos H + Xg sin II 
~ Wg msliV TF7siu II ’ 


Y„ 


IF^ cos // H- Wg sill II ' 


49 » I write 


iWc I . Wg 1 , ^ 

=~ COS A, ~ = — sin A, 

Yo m Yo m 

J ^ ™ cos A — cot S sin A> 

Yo wi. 

— = — sin A -h cot) S cos A, 

Yo 

equations which determine m, A, J, S, viz,, wo have 

W y 

tan A = in — — - , 


, Xq cos a -h Xe sin A 

l = m — Tr — ' 


cot S = 


— Xo sin A + Xg coa A 
_ ; 

* O 


0 T- rrg 

1 

IV . 

a 

1 


Fo" 


Yo VFo^+ F,*' 


±^^(^XoWo + XgWg). 

(X,Wo~-XoWe), 


and wo then very easily find 

(v' ^l + m cot S tan {II — A), 
2/' = m sec {II — A), 

and thence also 


viz. tho orbit-plane revolving about the fixed axis SX\ moots the ray in a series of 
points forming in the orbit-piano a hyperbola having tho line SX^ for its conjugate 
axis. 


53—2 



420 


ON THE DETERMINATION OF THE 


[476 


50 . As already remarked (antCj No. 11), this hyperbola is nothing else than the 
iutcrseetiou of the orbit-plane regarded as fixed, by the hyperboloid generated by the 

rotation of the ray about the axis SX'. And we thus sec the interpretation of the 

constants, viz. 

I is the distance from S along the axis SX^ of the “arm,” or shortest distance 
of SX' and the ray. 

m is the length of this arm. 

S is the inclination of the ray to the axis SX'; 

and for the remaining quantity A, imagine parallel to the ray a line through 8 
mooting the sphere in L {L is the pole of the separator), I say that A — ^ is the 
angle LXZ \ or (what is the same thing) drawing XL to meet YiZ^Y‘ in A, wo have 
nA = A =ir4* or (what is the same thing) — 

61 , To verify this, observe that the cosine distances of L from AT, F, Z, are as 
f : g : h ; and thonco its cosine distances from X\ Y\ Z\ are as (f, g, A y): 

(f, g, /3', i) : (f, g, hja", /3", 7 "); say, for a moment, as f' : g' : h'. 


Now LA. is the perpendicular from L on the side YZ^ of the qiiadrantal spherical 
triangle LYZ\ and we thence have 

h^ COSAF' , A 4 /A TT\ 

— = = tan AZ := tan (A — 

g' cos AZ ^ 

if A has the geometrical signification just assigned to it, But this equation is 

g' cos (IT - A) 4 - h' sin {H — A) ss: 0 , 

that is 


tan A = 


g' cos H 4 h' sin H 
- g' sin II 4 h' cos H * 


or substituting for g\ h' their values, the numerator is 

f (o' cos H + a" sin H) 4 g cos H 4 / 3 " sin //) 4 h (7' cos H 4 7'' sin if), 

which is 

==~fsin(x4gcos (?, 

and the denominator is 

f (~ a! sin if 4- cos ff ) 4 g (- ^8' sin if 4 / 3 " cos 11 ) 4 li (- 7' sin H 4 7" cos if), 
which is 


- (f cos Cr 4 g sin Q) sin iV4 h cos N, — Fo, 


.so that the formula becomes 


tan A = 


F, 

F/ 


which is the original expression of tan A, 
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52 . Wc might in the equations 

as' : 2/' : 1 = (a, b, eja', / 3 ', 7') ; - (a, b, ejs, 7) : (f, g, 7") 

consider for instance Q or N as alone variablOj and then eliminate the variable 
parameter so as to obtain a locus; but the results would be complicated and the 
geometrical interpretations not very obvious. 

53. I assume (as was done before) iV*== 0, G^h — 90 ^ ^ — c, that is, the position 
of the orbit-polo is longitude 6, colatitudo c, aiad the axis is the line of nodes 
or intersection of the orbit-plane Avith tl\e ecliptic, viz., the longitude of this line is 
= 5 - 90 ". 

The formula) become 

i?)' ; y' : 1 = (a cos & -h b sin b) cos o — c sin c 
; - a sin & + b cos b 
: (f cos & -I- g sin h) sin c -|- li gob o, 


if those arc 


, _ Xo cos c + Xg sin G 
^ cos G -h Ws sin c ’ 


^ Wo cos c + TTs sin c ' 

the values now arc 

Xo — a cos 6 H- b sin 5 , 
iVg — c, 

Yo — a sin 6 + b cos 6, 

TF.- h, 

Ws - f cos 6 4- g sin 6, 

and thonco forming as before the values of tan A, I, nit cotS, and putting for shortness 

V -f }f^t - 4- (f cos & -h g sin b)% — il 

wc find after some easy reductions 

tan A = r cos & 4- r sin b, 
n h 

m = a sin 6 4- b cos 6), 


I = ^ [(ah - of) cos b 4- (bli - eg) sin 6], 
cot S =: (- a sin & 4^ b cos b) (- f sin 6 4 - g cos b), 

= ~ (- f sm6 + g cost), 
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and with these values 

a/ I VI cot 8 tan (c A), 
y' = on sec (g - A), 

and theuee 

vii5., this is the hyperbola obtained by rotating the orbit-plane about the line of nodes, 
longitude 90°, 

54 imagine the orbit-plane (having upon it the hyperbola) brought by such 
rotation into the plane js^== 0, or plane of the ecliptic, so that the hyperbola will be 
a curve in this plane, the inclination to 8(v, or longitude of the axis Sa}\ being of 
course Transforming the equation to axes So), Sij, wo muKst write in the 

equation 

w' - X Bin h — y cos by 

y' = cos 6 + y sin 
and the equation thus becomes 

(x cos 6 + y sin hf - (x sin 5 - y cos 5 - If tan^ S = m\ 


oS. It will be recollected that the equations of the ray were 


writing herein ^=i0 we find 


x-A y-Bz-G 
f “ g “'T"’ 


ic = A~ 



y ^ ^0, 


a 

h’ 


and it is clear that this point ~ j should life on the hyperbola. 

Substituting for (x, y) the values in question, wo have first 
b sin 5 + a cos 6 — hZ . 

~ O? + (f cos 6 + g sin hf) (b sin & + a oos 6) — h (ah -- of) (cos b + (bh ~ eg) sin h ) } 

1 

= Ip {(f cos J + g sin bf (b sin 6 + a cos b) + (f cos J + g sin b) oh} 

= (f cos i + g sin b) {(f cos 6 + g sin b) (b sin i + a cos 6) + ch (cos» h + sin= b)} 

= ^ (fi cos h + g sin J) (- a sin ft + b cos b) (f sin i - g cos b) ; 
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tan S ^ 




we have 


f sin 6 — g cos h * 

(b sin & + a cos i - hi) tan 5 = — ^ (f cos 6 + g sin b) (- a sin & + b cos b ) ; 
and hence the result of the substitution is at once found to be 


1 

(— a gin 6 4- b cos b^ - ^ (“ asin b-hh cos by (g sin 6 + f cos by 

_»,,ah9 li H-aBint + bcos^i)* . 

-mn, — - ^3 , 

viz,, the factor (— a sin 6 + b cos 6)^ divides out, and tho equation then becomes 

1 

that is 

03 = h^ + (g sin & -h f cos b)\ 

which is in fact the value of 

66. I seek for tho direction of tho hyperbola at tlic point in question. 

We have 

da) : dy = (b cos 6 — a sin b) sin 6 -f cos & tan^ S (b sin 6 + a cos J — h/) 

: — (b cos & - a sin b) cos b 4- sin b tan*^ 8 (b sin 6 + a cos 6 - hZ), 

and from the above values of (bsint + acosi — hZ) and tanS, wo have 

X o /I ■ 7 . 7 1 7 \ sin i 4* f cos 6 , . , . , . 

tan^ o (b sin 6 4- acos 6 - hZ) = ?— f - -j a sin & 4- b cos b ) ; 

^ ^ f sm 6 - g cos o ^ ^ 

whence 

dec \ dy— (b cos & — a sin b) sin b (f sin 6 - geos 6) 4- (g sin i 4- f cos b) cos 6 a sin 6 + b cos b) 

: — (b cos 6 - a sin b) cos b (f sin 6 - g cos &) + (g sin 6 4- f cos b) sin 6 (- a sin 6 4- b cos &), 

wliioh, multiplying out and reducing by moans of tho isolation af4-bg4-ch === 0, becomes 
do) I dy =1 (— a sin 6 4* b cos h) (sin^ b -h cos^ b) f ; (— a sin 6 + b cos 6) (sin^ b 4- cos^ b) g ; 
that is 

(fo : dy=f : g, or £ = f . 

which shows that the hyperbola, at the point where it meets the ray, touches 

the projection 

te — A _y — B 

~ ^ 

of the ray on the plane of xy, which contains tho hyperbola. 
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o7. We may consider various particular forms of the hyperbola y'"^ — (»' — Vf Inu’^ 

1“. If tanS = 0, the hj'perbola is the pair of parallel lines y'^ — m^. 

This can only happen if h = 0, f cos 6 + g sin 6 = 0. The first equation given af + bg = 0, 

, , , f b 1 .1 — asin6 + bcos6 0 . . a. . -.i 

whence tan o = — = - ; we have thus m = P 5 = - , which is consistent with 

7)1 finite. The equations show that the ray is parcallol to the liuo of nodes. 


2®. If tan S — 00 , the hyperbola is (, 9 /— = viz., the lino twice; the 

condition is - f sin 6 + g cos 6 = 0 ; viz., the ray (not in general cutting tho lino of 
nodes) is at right angles to the line of nodes. 

3°. If 7)1-0, the hyperbola is the pair of intersecting Hues - (a?' - i)naii2 8. The 

condition is — asm& + bcos6 = 0, signifying that tho ray cuts the lino of nodes. 


‘t®. We may have simultaneously tan 8 = 00 , m = 0. The hyperbola (as in 2®) is 
{x' ~ ly - 0. The conditions are - f sin 6 + g cos 6 := 0, - a sin 6 -f b cos b — 0, whence 

tani = |:=-, and therefore also ag-bf=0; these signify tliat the ray cuts at right 

angles the line of nodes. 

The line i(f = l passes through the point that is, we ought to liavo 

+ The value of I is in the first instance given in tho form 


where 


^ “ X 13 ((^h — cf) cos b -f (bh - eg) sin &], 


= h2 -f (f cos & + g sin by = h^ + P + - (- fain 6 -f g cos = P + g^ -i- 

But obseiwe that tho equations 

ag*--bf = 0, 

bg -f af = - ch, 


give 

and thence 


consequently 


-ch ~.ch , 

q- b^ ^ n3 Ua 


'a"q-b^ 


n2 = P+g24.h2 ^h^Clq. ... ] _ h‘‘(a‘' + b=‘ + o») 

V a“ + bV aHb=' ’ 

1 — -F«. 

1 1 1 

6 + bsin 6) fla = - (acos 6 + b sin h) = i Va^l?, 


which is right. 
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58. I refcui'u to the equation of the hyperbola written in blio form 


{x cos 6 + y sin Hf — {x sin & — y cos b — Vf tau^ S ; 
being (as was shown) a hyperbola passing through the point where its plane 


is mot by the ray, and touching at this point the projection 


oj — yi _ y — 5 


If ill the equation wc consider h as variable, we have a scries of hyperbolas, viis,, 
these are the intersections of the plane of wy with the hyperboloids ol' rovoliition 
obtained by making the ray rotate successively round the several lines ij?cos 5 H-y sin i = 0 

tlirough the focus S. And, as just seen, these hyperbolas all of them touch at 

the projection of the ray. 


59. The hyperbola to any particular angle h is the hyperbola belonging to the 
ray, in the plaiiogmin for an orbit-plane rotating about the axis ^cosi-hysini™ 0; 
so that the system of hyperbolas would be useful foi^ the construction of any such 
planogram. And there is another series of curves which, if they could be constructed 
with moderate facility, would be very useful for the same purpose ; viz., reverting to 
the equations 

X \ y' \ \ - (a cos 5 + b siii b) cos c -- c sin c 
; - a sin 6 + b cos b 


(f cos /» + g sin b) sin o d- h cos c, 


which determine in the orbit-plane the coordinates x\ y^ of the intorscctiuii thereof with 
the ray: imagine as before that the point is marked on the orbit-plane, and let it by a 
rotation of the orbit-plane be brought into the plane of evy; so that y\ will be 

the coordinates in the direction of and pGiqDcnclicuIar to the lino of nodes of a point on 

the hyperbola - (/«?' — If tan® S = i)i\ or (x cos i d- y sin by -- (x sin i) - y oos i — ly tan® S = 
viz., of the point corresponding to an orbit-j^olo, colatitude g, Suppose that a?, y, are 

the coorclinaies of this same point roforred to the fixed axes, wc have 


(G ^ X* sin 5 d“ y' cos 
so* cos & d- y' sin 6, 

and thence 


rtj : y : 1 — (a cos & -h b sin h) sin b cos c — c sin b sin c -p (— a sin /p d- b cos h) cos b 

: — (a cos 5 4- b sin b) cos b cos o -P c cos b sin o -P (— a sin 6 + b cos h) sin b 

: (f cos t d- g sill b) sin c d- h cos c, 

the coordinates of the point just referred to. Now, if from these equations we could 

eliminate 6, we should have a scries of curves coiiiainmg the variable parameter c, 
intersecting the series of hyperbolas ; and thus marking out on oacli of these hyperbolas 
the points which belong to the successive values of the parameter g; wc should thus 
have in the piano of xy the point corresponding to an orbit-pole longitude b and 
0, viL 54 
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colafcitude c. The series of curves in question may be called graduation 
they would serve for the graduation of the hyperbola in the planogram foi an oihi 
plane rotating round any line «icosA + ysinli«0 in the plane of ay. But tho ehimnatnm 
cannot be easily effected, and I am not in possession of any method of tiacing 
series of curves. 


GO. I remark that from the equations 

0 / 1 - cos i + Tb sin b) cos 0 - c siu 0 

: — a sin 6 + b cos b 
; (f cos 6 + g sin b) sin c + h cos g, 


we may without difficulty eliminate b; the result is, in fact, 

[ss' (- ah cos c) + y' (- bh cos^ c - eg siu^ c) - ac sin 
+ [a/ ( bh cos c) -f y' (- ah cos^ c -k cf sin^ c) + be sin cf 
= [or' ( cli sin o)-\-y'( ag - bf ) sin c cos c + (a^ - b^) cos 

a conic; but the geometrical signification of this result is not obvious, and I do not 
make any use of it. 


iVi*ticle Nos. 61 to 63. The 'IVivector and the Orbit 
61, Considering now the three rays, these are determined by their six coovdinutos, 

Cl, fi, gi, hj), 

^3) ffij Sif 

(^j 1^3i ^3t ^3) ha)) 

respectively; and the intersections with the orbit-plane are given by 

: y/ : l-(ai, bi, Ci$«, /3, 7 ) : -(ai, b^, cj«', 7 ') ^ (fi> go hlA y'% 

a’/ : y/ : l=(aj, bg, „ ) J “(a^, bj, „ ) i (fa, go, „ ), 

le; : y/ : l-(aa, bj, : --(ag, bg, „ ) : (f-j, gs, » )> 

where the axes Sa/^ Sy^ are an arbitrary set of rectangular axes in the orbit-plane ; 
or where, as before, the axis Six/ may be taken to be the line of nodes. 

There is no difficulty in finding the equation of the orbit. Writing rj — + 
we have 

_ Ui 

’’’ (fi, gu ihK. 7 ")’ 


iq = ±V'[(ai, b„ Cija', /3', 7 ')?+ [(a,, K c,^a, /3, 7 )]*, 
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the sign being taken in such manner that shall be positive; viz,, the sign must 
be the same as that of (fj, gi, h,][a", / 3 ", 7"). And we have the like formulse for 
73 and 73. Substituting these values, the equation of the orbit becomes 


(ai, bi, c, 5 ;a', / 9 ', 7'). “(»!. A 7), (fi, g,. Iq^a", /S'", 7") 

7(3, (a^, bs, C3J „ ), (uj, bj, Co^ „ ), ffs, gs, h«5^ „ ) 

7 L) (A'j> ba, ,, ), (Aj, bj, ^5! ** ii } 


62 . Considering the minor determinants formed with the tcrni.s under the as' and y', 
for instance 

(a„ bi, Ci'Ja', fi', 7').- (03, ba. Cgga, / 3 , 7) 

+ (ai, b„ c,$a, fi, y). (uj, b„ Osja, fi', 7) 

this is 

= (bjCa - bjC,) (fiy - fi'y) + (c,a3 - c, a,) (7a' - 7'« ) + (a,ba - a^b,) (afi' - a'fi) 

= a" (bjCj - b.,Ci) -h fi" (cj as — CbU,) + 7" (a, bo — n.b,), 

or, what is tho same thing, 

= (b,C3-baC„ Ciaa-Csa,, a,b3 - ajbi'ga", fi", 7"); 

with the like expressions for tho other two minore. And wo thus obtain the following 
developed form of the equation, visi. 

[®'(ai, b„ c,]j;a, fi, y)+y'(ai, b,, Cija', fi', 7 '))[-« 3 (fa. ga. hj 5 «". fi", 7") 

+ «3(f2. ga, haja" fi", 7")] 

q* [a* (Uj, bs, 03^ „ ) 4 “ 2/ (a^) by, 03]^ „ )| gi, hi]^ „ ) 

+ ‘^h (fa, gii> bs]5^ ,1 )] 

"b (a3> bs, „ ) "b y (^3, b3, 03^ „ )| g3, hg"^ ,, ) 

+ « 3 (fi. gi, bi5 .. )] 

+ (bjC 3 -b 3 Ca, C3a3-C3a,, a^bj - ajbgja", fi", y")[r({„ gu hjja", fi", y")—'i>>i\ 

+ (bgCj — bjCg, CgUi — c,ag, agbi — axbgj „ ) ['*’ (fs) gai bjJ „ ) 

+ (bjCg — bgCi, OiUg — Ogai, aibg — Ogbi]^ ,, ) [^ (f)J gai b35 „ ) “ Ws] = 0, 

being an equation of the fonn fir = Ate' -h fiy' + G, 

63 . Tho eoofficient of r is a quadric function of («", fi”, y"), and if this vanish 

the orbit is a right Hue. It thus appears that tho orbit will be a right line provided 
only tho oi'bit-axis bo situate in a certain quadric cone, or (what is the same thing) 
the orbit-pole be situate in a certain spherical conic: agreeing with a preceding result, 
viz. the cone is that reciprocal to the cone, vertex fi, circumscribed about tho hyper- 

54—2 
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boloid which contains the three rays, And we see that the equation of this reciprocal 
cone is 

r>V' - 0 , 

(fi, gi, y 0 > anb,,c, 

gs) hjJ „ ), aj> bj , C2 

(&> g3> haj ,, ), aj, bj , C3 

Article Nos. 64 ami 60 , The Sj^ecud Symmetriced System of three Rays. 

64, In what follows I consider the throe rays forming a symniotrical system as 
already referred tor viz. the three rays intersect the, plane of the ecliptic at points 
equidistant from 8 at longitudes 0^ 120°, 240°; each of them is at right angles to 

Eig, 6 , 


the line joining 8 with the intersection with the plane of the ecliptic, and at an 
inclination =60° to this plane; the figure shows the projection on the plane of the 
ecliptic of the portions which lie above this plane of the three rays respectively. 

The three rays lie 011 a hyperboloid of revolution having the line Sz for its axis ; 
the circumscribed or asymptotic cone vortex S, is a right cone of the semi-aperturo 
= 30°; the reciprocal cone is therefore a right cone semi-aperture 60°, or (what is the 
same thing) the regulator is a small circle, angular radius 60°, and the regulator and 
separators have the positions shown in fig, 1 , see No, 8 . 

Taking 6^1 =: /S ' 2 = ^^3 = 1 , and writing down the equations of the three rays in the 
forms 


00 — \ 

y 

_ z 

0 

1 

tan 60° 

A' + COS 60"“ 

_y-sin60“ 

z 


— COS C0° 

0 

0 

1 

II 

x + eos 60“ 

y + sill 60° 

_ Z 

sin 60° 

" - cos 60“ 

tan 60° 
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we obtain the six coordinates of the three rays respectively 

(ai, bi, Cn fi, gj, hi) == ( 0, Vs, —1, 0, 

(ftj, bj, Ca, fa, gn, ho)==( 3, \/3, 2, Vs, 

(fij, bj, Cj, fi, gii, li.i) — (~ 3, Vs, 2, — Vs, 

whence the iutorscGtions with the orbit-piano are given by 
: 7// : 1- y' : ^/9V3+ y : 

r 7// : 1= 8a' + /S' V3 + Sy ; ~ 3a Vs --- 2^ : + V*V» 

< : y/ : 1 - 3a' -f- /3' Vs -h 2^ : 3a ^ /S VS ^ 2^ : - a" Vs + /3" -- 2 VS/, 

where if (as before) the position of the orbit-plane be determined by means of the 

longitude h and colatitiide c of the orbit-polej we have 

a , /3 , 7 = sill b , - cos i , 0 , 

y = cos h cos Gy sill b cos c, — sin o, 

ci!\ /S"» 7" == cos h sin c, sin h sin c, cos 0, 

and the passage from the coordinates af, y\ to osy y, is given by 

CG^ — (0 sin b - y cos &, 

y' - 0 ) cos b ’{• y sin b, 

or convorsoly 

w — w' sin & H- y' cos by 
y — — 0 )' cos b i’ y' sin h. 

65. To devolope the results, I consider the orbit-polo as passing through certain 
series of positions. The locus may be a moiidian circle : by reason of the symmetry 
of the system, the results are not altered by a change of 120*' in the longitude of 
the meridian ; so that, hy considering the two moriclians O'’ — 180° and 90° — 270°, we, 
in fact, consider twelve half meridians ai tho intorvafs of 30°. An illustration is 
afforded by Plate I. ; tho orbit-pole describes successively the meridians 0°, 30°, 60°, 90°, 
and tlie line 1, by its intersection with the orbit-phine, traces out on this plane a 
series of hyperbolas shown in tho figure ; the hyperbola for the meridian 90° is a 
right lino, but (except for tho position whore tho orbit-plane passes througli the 
lino 1) the locus is a determinate point on this line. Planogram No. 1 (Plate II.) 
refers to the meridian 90° — 270°, and Planogram No, 2 (Plato III.) to the meridian 
0*^ — 180°. Next, if tho orbit-pole be at one of the points A, that i&y if tho orbit- 
plane pass tlirough a ray — thougli tho position of fcho orbit-pole be here determinate, 
yet as there is a scries of orbits, this also will give rise to a planogram : I call it 
Planogram No. 3. The orbi6-]}olo may pass along a se 2 Darator circle (viz. the orbit- 
plane be parallel to a ray), this is Planogram No. 4, And, lastly, the orbit-polo may 
pass along the ecliptic (or the orbit-plane may pass through the axis ffZ), I call this 
Planogram No. 5. But tho last three planograms aro not considered in the like detail 
as tho first two, and I have not, in regard to them, tabulated tho results, nor given 
any Plates. 


1 , V 3 ), 

1, -2V3), 

1. - 2 V3), 
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Article Nos. 66 to 82. Planogram No, 1, the Meridian 90° — 270° (see Plate II.). 

66. SuiDposing that the orbit-plane rotates about the axis 81 (fig. 6, see No. 64) 
in the plane of the ecliptic, tlic orbit-pole will describe the meridian 90° — 270°, the 
position of the orbit-pole being 6=^90°, to 90°, or else 6^=270°, (?=0° to 90°. 

But the same analytical formula extends to the two half meridians, viz., we may take 
h = 90°, and extend o over 180°, in the final results making c an arc between 0° and 
90°, and h ^ 90°, or ~ 270°, as the case requires. 


67, Assuming then h = 90°, we have 

a , , 7 = 0 , 0 , 

8' i y' — 0, cos c, — sin c, 

ot^\ y' “ 0, sin o, cos c. 


and, moreover, ce\ / = «?, y: so that instead of (a?/, y/), &a, we may write at once 
(Wi, j/i), &c. The formula; become 


that is 


i'Ti : yi 

: 1 

= VScosc-f- 

sine : 

0 

: sine 4- VSeose, 

A'i : y^ ! 

1 

5=s V3.C0SC — 

2 sine ; 

-3 ; 

: sin c - 2 Vs cos c, 

: y 3 

: 1 

=« VSeose — 

2 sine : 

3 : 

sin c — 2 V 3 cos 0 , 


yi ” 


with the plane of ay); 


and writing 

2V3^ 

Vis 

(whence cy = 16°6') we find 


evident, meets the ray 

1 in a fixed point, its intersection 

Vs cos 0 — 2 sin g 

*^2 — , 

sin e - 2 V 3 cos 0 

11 

-3 

ya—— ) 

sin c - 2 V3 cosc 

2/s = “ 2/a. 

1 

cos 0 ), -“ 7 = = sm 0 ), 

Vl3 

1 

— ~ s= tau ft), 

2 a/3 

R . 3V3^ . , , 

^2 A P " tan (c + a)), 




3 

Vif 


sec (c + 0 )), 


and we thence have for the hyperbola, the lociiH of (ofs, ya) and (.^g, yg) ^ 


^ (y^ - •^), 
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viz. the points and y^) arc situate on the hyperbola, symmetrically on 

opposite sides of the axis of a*. For c = we have ^3 = ““^, ^ {os^ '¥ yf — 1), and 

the hyperbola at this point touches the circle rtif^Hhy^ = l; aucl similarly for .rg, 

The inclination of tho asymptotes to the axis of y is given by tan7; = 7 ) ==22® 56'. 

68. The orbits are conics, focus 8 and vortex 1. It will be convenient to con- 
sider c as passing from 0® to 90*^ — w, and from 0° to — (90® -P co ) ; that is, from 
0® to 73®54' — e, and from 0® to — 116®6'-}-e, if e bo indefinitely small: the point 
2 will thus travor,se tho upper branch (alone shown in the Plate) of the guide- 
hyperbola, viz., for o==j 0® it will bo at the point of contact with tho circle; for 

e it will bo at 00, and for c — — 106®6'4-e at co' For c=»0° the orbit 
is the circle ; as 0 increases positively, it becomes an ellipse of increasing eccentricity 
and major axis, until for a certain value (o==46®48' as will appear) it becomes a 
parabola ; it then becomes a hyperbola (concave branch) ; for c = 52® it becomes the 
hyperbola S subsecpicntly referred to; and for c — GO® (the point 2 being then on the 
line shown in the figure) the orbit becomes this right lino. As 0 continues to increase, 
the orbit becomes a hyperbola (convex branch); and ultimately fur c = 73® 54'-€, the 
point 2 goes to co, and tbe orbit becomes a hyperbola (convex) S, having an asymptote 
])arallcl to that of tho guide-hyperbola ; the inclination to tho axis of a; being thus 
90® - 22® 66', - 67® 4'. 

69. Next as c increases negatively, the point 2 moves from the point of contact 
in the other direction to 00 ' : for c — 0® the orbit is of course tho circle, and as c 
increases negatively tlio orbits are at first the very same series of orbits as those 
belonging to tho positive values viz., they are first ellipses, of increasing eccentricity 
and major axis; then for c = -~92®64i' the orbit is the parabola; tho orbits are then 
hyperbolas (concave), and finally for e = — 106® 6' + e, when 2 is at co', tho orbit is a 
hyperbola S)', the asymptote of which is jiarallcl to that of tho guiclo-liyperbola, viz., 
tho inclination to tho axis of (v is =67^4'. 

70. It will bo observed that the orbits from the circle to tho hyperbola S' each 
iutorscet tho guido-hyporbola (that is, tho branch shown in the figure) in two points, 
tho one corresponding to a positive, the other bo a negative value of c; in the positive 
series, the remaining orbits from the hyperbola 2', through tho right lino to the convex 
hyperbola 2, each intersect tho guide-hyperbola (same brancli) in a single point only, 
for which c is positive, 

71. There is, in tho passage of the orbit-pole from c = --106®6'+6 to c = 73®54'-e, 
say at o = 78®64', a discontinuity of orbit, viz., an abrupt change from the concave 
hyperbola 2' to the concave hyperbola 2 ; observe that the direction of the asymptotes 
being the same in each, the eccentricity e has tho same value. 

^ Of ooui’fiO, as ooiTGspomling to dif/oi'ont values of <?, tlioy avo not the aamo orbits in spaae, but they 
are only tho saino ourvos in tho planogram. 
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The point in question (6 = 90°, c = 73°o4') is one of the points B of the spherogram, 
and the hyperbolas S, 2' are two of the four orbits belonging to this point. And, by 
what prececlca, it appears that as the orbit- pole passes through this point along a 
meridian downwards to the ecliptic the change is from a concave to a convex orbit, 


72, On accoinit of the symmetry in regard to the axis of .r, the equation of the 
orbit will be of the form r^Ax^B\ viz., the equation is at once found to be 

73, The eccentricity is the coefficient A taken positively {e — ±A): it is in the 
present case proper to attend to the value of the coefficient itself, 


A 


n- 1 


the sign of A will then indicate the position of the centre of the orbit, viz,, according 
as A is positive or negative the centre will be on the negative or the positive side 
of the focus 8. To investigate the variation of A, we may express it as a function of 
tan c, = X suppose. We have 

X-2\/3’ X-2V5’ 

and thence 




1 

X-2V’3 


Ik 


= i n/i2 - 4 + 13A-’“ ; 


viz., ?'2 must be positive, that is, i?a is positive or negative according to the sign of 
X-2V3; negative if X<2V3 or o<73'‘54', positive if X>2V3 or 0 73"° 54', And we 
have then 

, _X^2\/3-i2a 

3(X^V3) ‘ 

But a more convenient formula is obtained by Avriting 


we then have 


^ — cot c + 


a = 


1 

2V3' 

J 

2V3^ 




which determines the sign of the radical, viz., this must have the same sign as 6; 
and then for the coefficient 
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74. For 0 a small arc =e, 6 is large and negative, and + having' .sjinu 

1 

sign as 6, is = ^ ^ nearly ; wo have therefore 


2-1 1 

36' approximately. 


For 0 nearly = 60°, say o = 60° + e. 


1 4 p 

cot 0 = cot 60“ ± 6 cosoc“ 00° = ^ + ^ , 


•'/13 


and thouco 


^ + « = ±T, v'l-|-^=' = . „ 

2 ^3 d 3 ’ 2 ■'/S 


-1+a/ 13 , 46 , Vs -l + VlS 

A = 7^^ s" db — i • j 

2 Vs 3-8 e 


viz., this is — 00 for c = 00° — e, and -h oo for c = 60° + e. 
For c nearly =90"— <u, say linst o = 73“64' — c, wo have 


whence 


cot 0 = — + -ti) 6, d = - 6, d a = -Jv=- 1 

2V3 ‘ ’ 2 Vs 


A = ± = 2-80940 ; 

Vs 


Vl + d^ = - I, 


but if c = 73° o-F -t- e, then d = } i] 6, d -|- a = ^ Vl + d^ = + 1, and 


A = - -~ = - 2-30940, 

Vs 

4} 

viz., there is an abrupt change from A=+ to A = --j=; corresponding to Lhn cHh- 

vS VS 

continuity of orbit already reforj-cd to. Wo may diminish c by 180°, and conai < l < Ji ’ (.lio 

4_ 

'VS’ 


last-inoiitionccl value, A- - as belonging to c = — 90° — to-P e = - (106° 6' — e). 


76. Consider next that c passes from 0 to -(106°6' — e). First if e ia a hiuilII 
negative quairtity o = — c, 0 is large and 2)o.sitivc, and \/l+^" having tlio samo wig-n iih 

1 2 — ’1 1 
d (positive) is = d + nearly, wo have therefore yi = ~ “ 3^ (samo as for- 

c = + e). And it is easy to soo that as c increases negatively, A is always inoi’otvHiiijg 

. . 1 — V 13 

negatively, its value for c== — C0° being A= ^ — = — -8686, and for c = — HOG" G' -p e 

being = — 2-30940 as above. Wo have a diagram of A (sec next page). 

0. vn. 
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that is 

(i+2\/3)^+i=\/r+p, 

or 

(12 + 4 V 3 ) 03 + (2 + . 1 . \/ 3 ) = 0 , 
satisliod as it should be by 6^0, and also by 


giving 




J ±1^}^ 

2 (3 + V3) 


--' 47170 , 


cot c = '76038 or c — 52''45'. 


78. Eopresonting the equation of the orbit by 

r^Aa)± a (1 - ^1**^), 

wo have for the point i, 

1 = ^ ±a{\--A% 

that is 

± 1 

a = Y , 

whcro the sign is to be taken so that a shall bo positive. 

79. With a view to the calculation of the times of passage, I calciilato a series 

of values of oiQy A, a, for values of c at the intervals of 5*" and for a few 

intorinodiato values; wo have ojj, r^, so that these are known; so long 

as the orbit is an ellipse, the time of passage between the points 2 and 3 , say Tog, 
may be calculated by Lambort^s equation, the length of the chord yg — 2 / 3 , = 2 ?/a being 
known without any fresh calculation. And then the times and l\i being equal, 
and the sum + ^Pai being equal to the whole periodic time (reckoned as = 3 a^) 

the times and are also known. But when the orbit is a concave hyperbola 
there is no time and the other two times must be calculated. For the 

reason referred to {emUy No. 39) I did not use Lambert's equation, — and it was less 
necessary to do so, by reason that, the transverse axis coiticiding with the axis of Xy 
the other formula could be employed without difficulty. 

80. The formulee for oo^y y^ adapted to logarithmic calculation arc 

log («?2 d- ’6X539) = n-eO] 74 -}- log tan (c + 16" 6 '), 

log 2/3 = n‘92()16 + log sec (c -H 16" 6 '), 

where 2/3 is always positive, but the sign of must bo attended to, The values of r<i 
and its inclination 0a to tho axis of x aro then to be calculated from 

tan 02 — r 3 = ^ 3 sec 0 £j or cosec 0 ^, 

a’g 

(viz. for ?’a it is proper to use the first or the second value, according as x^ is greater 
or less than 2 / 3 ). 


55—2 
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We have then e = {±A) and a from the foregoing forraulse 


. — 1 +1 

. « = -fr-A 5 

(Ca-l’ 1+^’ 


where a, e are each of them positive. 

And then for the Times 

= 2- (X-X'~ X + sin x ) i (log ^ ’ 

where 

acQsx = a-n-y^, 

a cos x'==a-ra + j/a, 

and attention is necessary in order to the selection of the proper values of the angloH 


And finally 




81. I subjoin a specimen; the characteristics of the logarithms are (as in the 
actual calculations) omitted, 

6 = 90° c = 20°, 

c + 16° 6' = 36° 6' 


log sec 09259 

log tan 

86285 

92015 


60174 

01274 


46459 

= 1-0297 


61539 

29147 


^2 = 

32392 


log = 

51044 

01274 


02046 

51044 


01274 

50230 


03320 

^, = 72° 3.3' 

n ™ 

1-0794 


•0794 log= 89982 
1'3239 log= 12185 

77797 


•94003 log = 97314 
comp = 02686 
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82. 


whore 


.4 =-'059975 10638 

1-0638 
1'0794 
4-ra = - -0166 

2^3 = 4- 1-0297 

l-014il = a cos X 
— 1-0463 = a cos x 


00608 

01924 

02686 

02686 

97922 

99238 


X' = 17° 36' X (= Supp. 10° 42') = 1C9° 18' % - = 151° 43' 


151° 2'63544 

43' -01260 

— — -18666 
siTix' •30209 

2-96003 

-18506 


2'70457 log = 44160 
02686 
01343 
67894 


^23= 1-4482 16083 


02686 

01343 

47712 


61741 


3ctS = 3-2916 
1-4482 


1-8434 
r„-2V= -9217 


For the Time in a hyperbola, wo have 


^ th-h.l. tan (46° + i tta)}, 


tau«s= 


ya_ . 
a.\/e“ — 1 
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Taking as a specimen the ease we have here 

-9004 e=21100 2/^ = 43-341 

iog= -95444 Iog= -32441 log= 1-63690 

a (e’ — 1) = 3-1106 
log „ = -49284 

and then the calculation is 

log a = 95444 

„ a(e5-l)= 49284 

44728 

„ (^^-1 = 22364 
log = 63690 

log tan !« ■= 41326 m = 87“47' 

32441 A . ? tan (45° + ^ «) = 3'95140 

73767 etani{= 54-660 

3-961 

50-709 

log= 70508 
95444 
47722 
67894 

31568 

y„ = 2’8i== 20-686 

83. In the case of the pai-abola p = 1, and the cxpi-essioii for the Times is 
T. = 2’, = {ip + p' + y)i-ip + p'~ y)^}. 

where for 

0 = 46° 48' 

0 = 87° 6' 

we have 

2’i8=2’«= -W. 

■ 2’„ = !r3, = 2-588. 
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Planogram No. 1, first 2 Ktrt, 6 = 90 



6 

rj’o 



**•2 

A 

a 

rn 

J- 12 

53 

T 

^ 31 

Cirolo 

0° 


•500 

4* *866 

60" 


1-000 

0 

1*000 

1-000 

1*000 

1-000 


r 

f) 


•461 

CO 

62° 

39' 

1*004 

~ -003 

1*003 






10 


•420 

•927 

66 

38 

1-017 

•012 

l-0i2 

*960 

1-136 

*960 



15 


•374 

•972 

68 

66 

1-041 

•030 

1-031 






20 


•324 

1*030 

72 

33 

1-070 

*060 

1*064 

*922 

M48 

■923 



25 


•367 

1-104 

76 

36 

1-136 

*107 

1*120 




Ellipses H 


30 


•300 

1-300 

80 

32 

1-216 

-180 

1*220 

GO 

2-376 

•887 



35 


•120 

1-326 

84 

49 

1*330 

•395 

1*418 






40 

- 

•021 

1-492 

90 

48 

1-493 

•182 

1-931 

•838 

6-371 

*838 



40° 64' 


•000 

1*515 

90 


1*515 : 

•615 

2*061 






45 

-1- 

•109 

1-722 

93 

37 

1-725 

•811 

5*362 




Parab. 

40" 48' 


•166 

1-826 

95 

11 

1-834 

1-000 

CO 

■787 

00 

•787 


/ 

50 


•387 

2-064 

97 

67 

2-074 ' 

; 1 -506 

1 

1*981 

•750 

- 

•760 

Hyporbs. h 


52" 45' 


•418 

2*306 

100 

16 

2-344 

2-309 

*764 


- 




55 


•662 

2-569 

102 

8 

2-627 

- 3-632 

•380 

*628 


-628 

Lino 

GO 


1-000 

3-4G4 

196 

6 

3-605 

— CO 

+ 00 

*000 

•000 


•000 



65 


1-937 

6-378 

109 

48 

5-716 

+ 5-032 

*iGG 




Ooiivox ^ 


70 


6-248 

12-333 

113 

13 

13-311 

2-898 

*257 ' 

Oonvox orbit. 


CO 

o 


CO 


115 

39 


+ 2-300 

•302 






CO 

CO 

64 

21 

CO 

- 2-300 

•704 

CO 


OO 



76 


21-432 

43-341 

63 

42 

48-346 

2-111 

*900 

20*68 

- 

20-68 

Ityporbs. 


80 


4-366 

7-830 

60 

65 

8-960 

1-486 

2*056 

3*856 

- 

3-866 



85 


2063 

4-322 

58 

37 

5-073 

1-116 

8*718 

2912 

- 

3-912 

Parabr 

87" 6' 


2-320 

3-644 

67 

31 

4-320 

1-000 

CO 

2-588 

oo 

2-588 

Ellipse 

90 

- 

2-000 

3-000 

56 

18 

3-606 

- -869 

7*622 

2*255 

08-62 

2*255 


Tho mark in the colinnn shows that thovo is no Time if'cj. 
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Flanogram No. 1 , second part, h ~ 270 °. 



G 

ft;. 

V2 


'^*3 

A 

a 

^12 

7^ 

23 

-^31 

Ciic» 

0 ° 

- *600 

+ *866 

60 *^ ' 

1-000 

0 

1-000 

1-000 

1-000 

1-000 


5 

•537 

•848 

67 39 

1-003 

-•002 

1-002 





10 

•673 

•837 

65 37 

1 -OU 

•009 

1-009 

1-044 

•951 

1-044 


15 

•608 

•832 

63 52 

1-030 

•019 

1 019 





20 

•643 

*834 

52 23 

1-053 

•032 

1-033 

1-091 

•969 

1-091 


25 

•678 

*842 

51 10 

1'081 

•048 

1-051 





30 

•714 

•857 

50 11 

1-116 

•068 

1-073 

1-146 

1-043 

1-146 


35 

•762 

•879 

49 27 

1-157 

•090 

1-098 




in 

40 

•793 

•910 

48 51 

1-207 

•116 

1-130 

1-207 

1-192 

1-207 

All Ellip 

45 

•836 

•950 

48 40 

1-266 

•146 

1-169 



! 

50 

•884 

1-002 

48 36 

1-336 

•179 

1 1-217 

1-283 

1-464 : 

1-283 

56 

■938 

1-069 

48 46 

1-442 1 

•218 

1-278 





60 

1-000 

1-164 

49 7 

1-627 

•264 

1-358 

1-377 

1-983 

1-377 


66 

1-074 

1-266 

49 42 

1-660 

•318 

1-466 





70 

1-164 

1-412 

50 31 

1-830 

•383 

1-622 

1-606 

3-036 

1-606 


75 

1'280 

1-611 

61 36 

2-056 

•464 

1-864 





80 

1-431 

1-891 

62 63 

2-372 

•664 

2-296 

1-771 

6-888 

1-771 


86 

1-651 

3-311 

64 28 

2-840 

•694 

3-269 





90 

-2 000 

+ 3 000 

66 18 

3-600 

-•869 

7-022 

2-266 

58-62 

2-265 
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Article Nos. 84 to 94, Planogram No. 2, the Meridian O'" — ISC'" (see Plate III,). 

84, The orbit-plane here rotates about an axis in the plane of the ecliptic at 
right angles to ^ 1 (Fig. 6 ). The entire meridian is given by 6 = 0 °, c=0'" to 90°, 
and 6=180°, o = 0° to 90°, but it is sufficient to consider one of these half meritliana, 
say the latter of them, as the series of values is the same for each of them, with 
only an interchange of the points 2 , 3. I write therefore, 6=180°, so that we have 


conse(jiieutly 


« . /3 , 

7 = 

0 , 

1, 

0 , 

/3', 

I 

If 

cos c, 

0. 

— sill Cj 

/3". 

y'" = — 

sin c, 

0, 

cos G, 


w' ; 

■ yr. 

; 1 = 

sin c : 

-V3 : 


Vs cos Cy 

oon : 

' yi '• 

1 = 

— 3 cos c - 2 sin c : 

-VO : 

-- Vs sin c — 

2 Vs cos c, 


• y-1 

: 1 = 

3 cos c — 2 sin c : 

-VO : 

V 3 sin c — 

2 V3 cos Gy 


and moreover x=y,'i/=—(c\ so that, introducing into the formula) {xy, y^), &e., in 
place of the y/), &c., we have 


which, putting 


become 


Xi = see c, 


a’j ■ 


a 3 = 


sin c -f 2 cos 0 ’ 
-1 

sin c — 2 cos e ’ 

2 


_ 1 2 sin c + 3 cos o 
~ Vg sin 0 + 2 cos c ’ 

_ 1 2 sin c - 3 cos c 
~ Vs sine — 2 cos e ’ 


] 


cos S = - , sin 3 — - 7 = , kvn 3=1-, 8 = 26“ 34', 

V5 V.") 


a’, == sec c, 


tan c, 


ftb = - sec (c - «), 2/9 = ;^|( § -1- i tan (c - «)}, 
Kf, = — sec (c + 8), 2 /g = y- {“ i (c + 3)} ; 


so that the guido-hyperbolas are 
a?!® ~ Syi ~ 1, 


^ angle of asymptotes == 30° 


iS, 

C. VII. 


!a=' = 16yj'>-16V3j^„ + 13. 
,» = 15y/ + 16^32/^-1-13, 


fcan-i~ = 14°28' 
Vlo 


56 
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It is easy to verify that 

Hyperbola 2 passes through ^ 2 = and touches there circle -p = 1, 

)j ^ jj Ag = > ^3 ^ ^ » ii W 

and we thus have the figure in the Plate. 

85. The figure shows the motion of the points 1, 2, 3, along their rospoctivc 
hyperbolas, viz. c = 0° to 90° the point 1 moves from contact with the circle, along a 
half branch to infinity: 2 moves from contact along a small portion of the half 
branch; 3 moves from contact, along the half branch to infinity for c — tnn*^^ 2 == 63° 26', 
and then reappearing at the opposite infinity, as c increases to 90° describes a portion 
of the opposite half branch. 

86. For c = 0, the orbit is the cii'cle ; as g increases the orbit becomes olliptic; 

then parabolic, c=51°, and afterwards hyperbolic (concave); until for c=G0°, tho three 
points are on the horizontal line of the figure, and the orbit is this right lino; it 

is to be noticed that the arrangement of the points on those orbits is t, 2, 3; so 
that for the parabola, is =co, and for the hyperbolas and right line does not 

exist. 

87. For c<60° until c = 63°26' the orbit is a convex hyperbola, tho arrangeincnt 

of the points being still 1, 2, 3: say for o = 63“26'-e. tho orbit is tho convex 

hyperbola fi. At c = 63°26' there is an abrupt change of orbit; say for o = (j3'‘2(j' + r 
the orbit is a concave hyperbola fl,; and for c = 05“ 52' tho orbit is n parabola; 

the an-angenient of the points on these orbits is 2, 1, 3; so that for the hyporbolns 

2.J does not exist, and is = oo for the parabola. Obsoi’vo also that for tho 

lij-perbola fij, the point 3 is at infinity, or we have = oo. As c continues to 
increase, the orbit becomes an ellipse, the eccentricity having a minimum value = '023 
(about), for c = 69“ (about). For c = 89“ 20' the orbit is again a parabola, and then 
until c = 90° It is a hyperbola; the order of the points on tho last-moiitionod 
parabola and hyperbolas being 1, 3, 2 ; so that for the parabola is = so , and for 

the hyperbolas T,, does not exist. In the hyperbola for o = 90“, say the hyperbola O', 

tie point 1 is at infinity, or we have T ,3 = co, The foregoing results, obtainod (except 

? niRWeiical values) by consideration of the figure, will be confirmed by moans 
ot the calculated values of e. 

88. The equation of the orbit may be written 


r 

w 

1 


Vi’ 

^ ’ Vi 

Vi COS c , 

1, 

sin c , cos c 

To (sin 0 + 2 cos c), 

-1, 

2 sin 0 + 3 cos c, sin o H- 2 cos o 

rg (sin 0 - 2 cos c). 

1. 

- 2 sin c + 3 cos c, sin o - 2 cos c 
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or developing, this is 




■ 3 C03- c), 


443 


“* ^ { 4?’j (sin^ c — 3 cos^ o) cos c 

- ra (sin 0 4- 2 cos o) (sin’^ 0 — 3 cos^ c) 

4- 7’a (sin 0 — 2 cos c) (sin^ c — 3 cos^ c)) 

+ y (— ^7\ sin G cos c 

+ ^2 (- sin'* 0 4- sin c cos c 4 6 cos'* c) 

4 ? 3 ( sin® c 4* sin c cos c - 6 cos^ c)) 

i { ri , - G cos'* 0 
V3 ^ 

4 3?’2 (sin® G 4 sin o cos o — 2 cos® c) 

4 Sr^ (sin® o — sin c cos o ■“ 2 cos® c){ =? 0 ; 

(observe that tho orbit will be a jight line if sin® c — 3 cos® c = 0, that is if o-60\ 

which is right, since 60"" is tho angular radius of the regulator circle), 

1 

89. Putting in the equation tanc = \, and therefore noa o = — the ooiiation 

V 1 + '■ 

becomes 

r = 


Wo have 


1 

(jVi+v 

— (\ 4 2) 4 (X “• 2) ? 3^ fl? 

^ 2 e + 2) (X - 3) ra - (X + 3) (X 

1 

1 

2ri 4 (A/ — 1) (A» 4 2) t n 4 (A 4 1) (A 

^ 2(X“~3) 

a'l — Vl 4 X®, 

- VI -h v Vi +X* 

X + 2 ’ X-2 ’ 

11 

_ 1 2X + 3 1 2X-3 

Vg X+2 ’ V3 X-2 ’ 


and thence, writing for shorlneas 


22 ,= + 

223 = 4= V 7V + 12X+12, 
V3 

22, = — m + 12. 


56—2 
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we have 


1 1 — J?, , 

i’j (\ + 2) = 

f'a ~ 2) = -Z?3, 


whore r„ r, are positive, and the signs of iJj, must be determined accordingly; 
viz,, R, is always positive, and (c = 0“ to o = 90°, as hero supposed) 11^ is also positive ; 
but Ri has the same sign as \-2; viz., c = 0° to c = 63°26', li^ is negative; and 
c = 63°26' to c = 90°, R, is positive. It is to be observed that this position, 
c = tan~*2 = 63°26', of the pole is the intersection of the meridian ft = 130° by a 
separator circle, and corresponds to an intersection at infinity on the ray 3. 

90. Substituting the foregoing values of rj, r,, r,, the equation of the orbit becomes 


r = 


6 v/r+x? 

1 

2\/.3(XS-3) 


(4i?i- R^ + R^)x 

\\ (2E, + - ij,) - 3 (i?3 + i?,)} y 


2(\® — 3) I ~ "I" Tij} , 

where X = tanc; and the equation of the orbit may thence be calculated for any given 
value of c. “ 


91. The analytical expression for the eccentricity is 

e ~ + J?“, 





^ 2 V 3 (X® - 3) R 3 ) ~ 3 (Rs + iJs)} ; 
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biiL this expression is too complicated to allow of an analytical discussion of the 
series of values of e (such as was given for A, -±e, in planogram No. 1). The 
numerical calculation gives the results mentioned ante No. 87, viz,, c = 0, e = 0; 0 = 0 !’, 
e = l; c = 6()'’, e = oo; c = 63°26'-6, e = 4'912, c = 63‘’26' + e, e==l'863; c~69“, e = 'G28 
(rain.); c==89^20', (viz. X = 8G’l76), e = l; c = 90”, e=l’018; values Avhich are ex- 
hibited in the diagram in the preceding page. 

92, It may be further remarked, in reference to the formula 

r = Aa; + By + G, 

that for c = 60°, that is X = \^3, we have A finite, B and O each infinite, but equal 
and of opposite signs; viz., the equation becomes r = -2242« + co (y-1), that is y-1, 
■orbit a right line aa above. 

The abrupt change at 0=63'* 26', X=2, arises from the change of sign of 

viz., c = 63° 26' -e, Ej = - = - 2*309, but c = 63°26' + c. Eg = ~ = -(- 2*309 ; the two 

v3 V3 

orbits arc 

c=*63°26'-e, ?•= *234. a* H- 4*900 y — 3*671, e = 4*912, a= *159, 

c = G3°26' + e, 7* = *678 a* - 1*761 y + 3*267, e = 1*863, a = 1*338 


Foi* 0 = 90° the equation is 


.r -I- f y + 


and therefoi’o e - 


= •770aj-t-*666 y-)-T527 
= 1018 as above ; = 9 V21 = 41*243. 


It is to be added that for 0 nearly =90°, or X very large, we have 


and thence 


Ei = ~X, E, = V|X-I-2V«, E, = V|X-2V^. 


A = —V i T = '770 ~ *430 i , 

3 V3 V2I 


E= a ~ AL *666-1*890-, 
® V7 ^ ^ 


(7= Vj 


4= I = 1*627 -1*656 i. 
V3 It X 


It -was, in fact, by means of these expressions that the value 86176 (0 = 89^20') 
corresponding to the last-mentioned parabolic orbit; was obtained, 
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93 . For the calculation of the table we have 

log ,u, = 10 + log sec c, 

logy, = 10’76144 + log tan c, 
log .Vj = l()-65052 + log sec (c - 26° 34'), 
log (tfi - •92376) = 10*06247 + log tan (e - 26“ 34'), 
log ft '3 = 10’66062 + log sec (o + 26“ 34'), 
log (y» + -92376) = T()-06247 + log sec (c + 26“ 34'), 
the values of r,, r,, r^, arc then calculated from 

a:, = ncos^„ yi = nsm^„ 

or say 

~ = tan (pi, = Wi see pi, &c. 

Xi 

and those of the chords yja, 723* Ysn fr<>ni 


rt?i iTjj — ^12 cos 0J2, — 2/3 7ia 


or say 


tan 013 — 


CSi “ 

yx-y-i' 


^13 — (^^1 sec 0 i 3 * 


Wc have then to find the equation of the orbit T^AcG + By'\^G\ this might bo done 
by substituting in the determinant expression the numerical values of Vi, X 2 , y^i 

^ 3 > 2 / 8 > ^’ 8 > and so calculating the result, but I have preferred to employ the formula of 
No, 90j using only the calculated values of ^a, viz. we have 


?’! ^ Ri , 

^9 (\ *h 2 ) = J?a, 

?*jj — 2) -S3, 

which gives the values of -Bi, i?a, S 3 . And then we have e, a, from the equations 

^ 0 cos zsr, B=ie sin ixr, a — ^ , 

e and a being each regarded as positive. The times in the elliptic, and parabolic 
orbits are then calculated from Lambert's equation, as explained in regard to Planogram 
No. 1 , but for tlio hyperbolic orbits, tho other formute wore made use of. 
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94. I annex a specimen; the chavaclei’isbics of the logarithms are omitted, 
c = 20°. 


20° 


- 6° 34' 


+ 46° 34' 


02701 

56107 

00286 

06113 

16272 

02376 


76144 

65052 

06247 

65052 

06247 


32251 

65338 

12360 

81324 

08623 

a-, = 1-06418 

y. = -21014 

a;a = - -45017 

•92367 

a-i = - -65049 

-92367 

32251 

02701 


-01329 


-12196 

02701 

00830 


-91038 

2/3 = 

-80171 

299.50 

03631 

! log = 

-95922 

log 2/3 = 

90402 

<f,r = 11° 10' 

r. = 1-0847 

95922 

96922 

90402 

90402 



66338 

04762 

81324 

10980 



30584 

00674 

09078 

01382 


c/), (= 63° 41') = 110° 19', n = 1-0157 <#>, (= 50° 57') = 230° 67', n = 1'0323. 


The calculation of the equation of the oi’hifc is then as follows : 


X = '30397 

log= 50107 
12214 

X»= -13248 

X“-3 = - 2-86752 
log= 45750 


logJB, = 03631 
== 1-0847 
X+ 2 = 2-36397 

log= 37364 
log‘?-a= 00074 

38038 


log VH-X* = 02701 
77816 


log 6 ViT X" = 80610 (a) 
45750 
30103 

log 2 (X'’- 3) = 75863 (o) 
23860 


E, = + 2-4010 

X-2 = - 1-63603 
log= 21378 

logra= 01882 

22760 
JJj = - 1-6889 


log 2 Vs (X=>~ 3) = 99709 (b) 
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= 4'3388 

- ~ 2-4010 

+ j - 1-6889 

4-0899 

•2489 

log = 39602 
(«)= 80516 

59086 

A * -038982 


2R, = 2-l(>94 
+ B, 2 4010 
_ B, 1-6880 

6 - 2593 -^ 

log= 79653 
56107 

35760 
+ 2-2782 

-3i?e -7-2032 

- 3iZs 5 0667 

7- 3449 
- 7-2032 

0-1417 

log = 15137 
(5) = 99709 

•15428 
B = — '014265 


7?,== 

B,^- 

+ 

log = 

X = 


4" 


log = 
(o') = 


G^ + 


log B = 15428 02729 

log A = 59086 59086 

56342 61815 

w(=20'’6') = 160'’52' 0 = -04151 

23630 

01965 
99926 

02040 


e= = -001723 
l-e’ = -998277 


log 0 ~ 
log = 


a = 1-0481 


2-4010 

1-6889 

-7121 

85254 

66107 

41361 

•25919 

6-2593^ 

6-00011 

778 US 
76863 

•01965 

1-0464 
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The calculation of the Times is similar to that for the first planogram, and 
requires no further illustration. 

The Table for Planogram No. 2 is as follows: 


0. VII. 


57 
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L4/t» 


Planogram No. 2, 


Vi ^2 

all + all - all + 


11 10 


120° 0' I'OOO 240° 0' 

118 42 l-OOl 238 23 

117 41 I'OOG 23C 34 

lie B4 I'OIG 233 B8 

116 19 1'032 230 S7 


111) 51) 
115 42 


116 0 
116 35 
IIG 43 
116 51 


20 20 


26 48 


118 11 
118 2-1 


1 000 227 IB 
1 104 222 12 


116 40 1178 217 0 

116 48 1'302 210 19 


lf)28 202 12 
I'976 192 83 
2115 190 54 
2-283 188 53 


117 7 3-738 181 18 

117 10 3-053 182 43 

117 30 3'COl 180 0 

118 59 5-813 174 25 


7 '534 172 23 
10-08 170 20 


33° 26' -€ 
63° 26' + * 


66° 62' 


89° 20' 


+ 46-22 


118 67 


119 0 46-91 344 20 


119 21 
119 35 


17-15 342 37 
10-80 340 6G 


27 48 

28 10 


119 37 10-69 340 41 


1+ 1-000 - 1-166 


29 54 


30 0 


120 11 

120 48 

121 29 

122 30 
124 49 
127 32 


6-090 337 3 
4-360 333 43 
3-466 330 38 
2-081 326 17 
2-045 320 5 
1-720 315 1 
1-648 311 21 
1-527 310 64 
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5= 180“, c = 0° to 90°. 


Equation of Orbit. 

T - Ax -f* By G 

e 


a 

723 

rm 

7i3 

rr 

T,, 

T 

^ la 


'000 

•000 

+ 1-000 

•000 

iiicl,- ' 

1-000 

1*732 

1-732 

1-732 

1-000 

1-000 

1-000 

0" 

fC 

-i^'OlOl 

- -0016 

roio4 

•010 

171 19 

1-010 

1-729 

1*832 

l'G7S 

•987 

1-106 

•963 

l) 

10 













16 

•039 

•014 

r046 

•041 

160 62 

1-048 

1-724 

1-991 

1-668 

•95G 

1*316 

•946 

20 













25 

•083 

•061 

M26 

•103 

143 48 

1-138 

1-718 

2*244 

1-710 

•924 

1-777 

•9G2 

30 













36 

•136 

•209 

1^317 

•248 

122 64 

1-404 

1-7-10 

2-684 

1-826 

•878 

3*238 

•966 

40 

•IGl 

•396 

1-627 

•426 

112 12 

1-867 

1-805 

3-066 

1-936 




46 

•186 

•816 

1-972 

•836 

102 60 

6*504 

2-016 

3-669 

2-063 

•878 

48-60 

•849 

60 

•191 

•982 

2^140 

1-000 

101 14 

CO 

2*100 

3-831 

2-097 

•879 

03 

•820 

5r 0^ 

•196 

1-160 

2-319 

1-166 

99 39 

6-434 







52 

•203 

r7i9 

2-898 

1-720 

96 44 

1*481 







64 

•207 

2^182 

3-366 

2-192 

96 26 

•885 

2-781 

4-890 

2*258 

•896] 


•666 

65 

•212 

3-074 

4-227 

3-081 

93 66 

•498 







66° 18' 

•221 

- rM6 

+ 16-42 

14-16 

90 30 

•077 







69 

•22d 

± 00 (2/ 

-1) 

^ CO 

90 0 

•000 

6-932 

9-468 

2-636 

•OOO 

- 

-000 

60 

•231 

+ 4^906 

- 3-671 

4-912 

87 17 

•169 




Oonvox Orbits, 

61 

63“ 26' 

•578 

- 1-761 

+ 3-257 

1-853 

108 11 

1-338 

CO 

CO 

2-799 


CO 

•909 

63“ 26' + e| 













64 

*087 

•979 

2-494 

1-134 

120 21 

8-666 

18-014 

16-380 

2-946 




66 

•591 

•806 

2-267 

1-000 

126 19 

OD 

11-633 

9-072 

3-036 

CO 

7-746 

1*38G 

66“ 62' 

•593 

•779 

2-221 

•979 

127 15 

63-83 







66 

•606 

•338 

1-894 

•693 

160 63 

3-6-16 







68 

•619 

- -120 

1-708 

•630 

169 0 

2-834 

6-409 

3-6-19 

3-884 

6-736 

6-343 

2-686 

70 

•636 

+ -027 

1-699 

•636 

182 26 

2-674 







72 

•654 

•186 

1-497 

•680 

196 47 

2-783 

3-869 

3'981 

4-644 

2-62 

6-68 

4*G4 

76 

•692 

•366 

1-439 

•783 

207 62 

3-716 

3-327 

6-212 

6-870 

1-97 

10-21 

9-343 

80 

•740 

•614 

1-466 

•892 

214 47 

7-721 

3-116 

12-896 

13-480 




86 

•764 

•646 

1-606 

1-000 

219 61 

CO 

3-066 

99-43 

102-7 

1-200 

225*4 

CO 

89° 20' 

+ *770 

+ -666 

+ 1-627 

1-018 

220 G 

41-000 

3-066 

CO 

CO 

1-148 

CO 


90- € 


The mark - in any of tlie T oolumna sliowa that tlie Time does not exist. 
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Article Nos. 96 to 98. Plmognm No. 3, the Orhit-pole at me of the points A. 

95. Wlien the orbit-pole is at one of the points A, the orbit-plane passes tlirough 
one of the rays, and as there is no longer on this ray any determinate point of 
intersection, the orbit (as was seen) becomes indeterminate. Thus consider the point 
A for which 5 = 270°, o=60°: we have 

0, , -iV3. 

a", 7"= 0, J , 


Fig. 9. 



and consequently the formula gives 

: y/ : 1 = 0 : 0 : 0 

a.’/ : y/ : 1 = : 3 : -:^V3-V3, 

.< : y/ : 1 = - 3 : -|V3-V3, 

and, moreover, = y— — y'. From the formula the value of of or a, is given as 

J, but the true value is obviously «i = l; the value of yi is actually indeterminate. 
The formulas give the values of (tc^, y«), (a?j, y^), viz. the system is 

Xi =1, yi = Ind, 

2 

= Va= whence ?’a = r8==V^, 

%=-i, 
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SO that the orbits in the planogram are the wliole series of conics having a given 
focus, S, and passing through two fixed points, 2, 3, having the common abscissa 


ot the axis, the axis 


2 

1, and at equal distances .. (=1 '15470) on opposite sides 

Vo 

of os is obviously the common transverse axis for all tho orbits; that is, the equation of 


the orbit will bo of the form and writing wo have = + 

viz. the equation is Vf = ^4 (a’-pl); the value of A will be determined if we 
assume for the point 1 a detoriniimte position on the lino a? — !, say its ordinate is =yii 
for then if ro = Vl -f we have — V|== 2A^ and the equation is r — V.5 = ^(r,~v/|)(.T+l). 
Til particular if ?/i=0, wo have ri = 1, and tho equation of the orbit is (^+1): 

this is tho orbit, eccentricity =‘264, belonging to the point as a point 

in planogram No. i : for the value of y, being in that planogram originally assumed 
= 0, is of course =0 when tho orbit-pole comes to be the point A, 


96. We may convorsoly take the equation of the orbit, or say tho value of 
A ± e) in the equation r — V-| = .A (/u 4* 1), to be given ; and then writing iiv = a’l — 1, 
WG have 

r, = V| 4- 2il, fclmt is - (Vf 4- 2 Ay - 1 ; 
for 


r, = 1 ov y, = 0, ^ (1 - Vf) = - -264, 


and as r, 


increases to ?•, = Vj, or y, increases to + 


2 

V3’ 


A diminishes from — ’264 to 0 ; viz., 


for ?*, = VI , or % = + , the orbit is a circle ; as •}’: incroa.scs from Vi, or w, from + , 

V3 v3 


^1 increases from 0 positively; for r, = “3*527, or = 




16-1- 2 V21 


. =±2'896, 


A becomes =1 ; that is, the orbit is a parabola; and for larger positive values of 
or positive or negative values of ?/i, the orbit is a hyperbola (concave) ; and ultimately 
for ?'i = oo or 2 /i = ±co, the orbit is the right lino a;4l = 0. Thus A extends from 
— '264 to 0, and thence from 0 positively to 4 co . 


97. In further illustration, suppose that the orbit-polo, instead of being at A^ is 
a point in tho immediate neighbourhood of A, say that the rectangular spherical 
coordinates, measured from A in the direction of tho meridian and perpendicular 
thereto, arc f and y ; the colatitude and longitude of tho orbit-polo being thus 

2 

0 = 60^4^, and i = 270°4 7 -='j;; we have then, t) being indefinitely small, 

v3 


« . /3 . 7 

V 

/3". y" 


« -1 , 

2 

-V3’'’ 

0, 


I f 

“i + -2 

Vs 

= n , 

[ 

1 

^ 2 
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and thence 



that iSj = 2/i'=|, or what is the same thing, = 2/i = |; values of 

ft?3, ^3, and fl?3, 2/3 * differ from their former values only by terms in 7;, which may 

2 2 

be neglected; that is, we have as before — — 1, and — — 2/3 


we thus see that the foregoing determination of the orbit for an arbitrary value 
of T/i, writing therein ^or what would be the same thing 2/1 — gives the 


orbit for the neighbouring position 


c = C 0 ''-Hf, and 6 = 270'’ + -^ 7 ; of the orbit-pole. 

V u 


Writing for gi'eater convenience ^—pcos'^, 7f = psin-^, tho indefinitoly small quantity 
p Avill denote the distance of the orbit-pole from A, and its azimuth measured from 
the meridian will be =i/^. We then have yi = - tan ijlr, and Tj = ^1+^“ = f soc A/f-, or, 
if to fix the ideas, f be considered as < ± 90°, then i\ = see : wo have thus 
{A = ±e as before) -4 =|(- V|-P8ec-i^); viz,, observing that V| = 1’527, wo obtain 


ir = 0, 

f = aeo--> Vf =±49'’ 6', 
f = sec-> (2 Vf - 1) = ± 60 “ 62', 
i^ = seo''*( V| + 2)= ± 73°32', 
±(90°~e), 


A = . 


•1) 

= - ‘264 

A = 



0 

A = 


1) 

= 4- ‘264 

A 



= 1 

A 



= -t- CO . 


98. These results will have to be further considered in reforonco to tho course 
of the iseccentric curves through the point A. I remark hero that, although it 
appears that although for eccentricities less than '264, and in particular for the 
eccentiicity = 0 , there are real directions of jj^ssage from to a neighbouring point, 
yet there are not thi'ough A any real branches of tho corresponding iseccentric curves ; 
viz,, A^ is in regard to these curves, an isolated point with Teal tangents 5 that is a 
point in the nature of an evanescent leraniscate. As regards tho eccentricity = 0 , it 
is obvious that this must be so; viz., there can bo no real branch through A, In 
fact, the orbit can only be a circle when the interaection by tho orbit-plane of the 
hyperboloid which contains the three rays is also a circle; that is, the orbit is a circle 
only when the orbit-plane coincides with the plane of the ecliptic, 
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Article Nos. 99 to 103. Planogram No. 4, the OiMt-pole in the EoliptiG, 

99. When the orbit-pole describes the circle of the eclii^tic, the orbit-plane passes 
through the axis of or polar axis. Wo have o = 90'’> and consequently 

« » /S > 7 = sin 6, — cos by 0, 

a', 7 - 0 . 0,^1, 

a*\ /9" 7" = cos sin &, 0. 


Reverting for a moment to the general case where the six coordinates of the ray are 
(aj b, c, f, g, h), the formulso for the intersection by the orbit-piano are 


that is 


and thence 


(c* \ y' \ (a, b, eja', 7 ') = --c 

: - (a, b, eja , /3 , 7 ) : — a sin & + b cos & 

• hja /9'', 7") ; f cos 6 + g sin b, 

i +■ ^ cos 5 -I- ” sin J = 0, 
a; 0 c 

-h - cos 6 — ^ sin Z) — 0 ; 

(G O c 

1 , eo.i, : 

(? cai ex 


consoquontly 


= !w' : gy' + a : — fy' + b; 

hx"^ = (g;/ + a)» + {^n/ - b)“ 
or, what is tho samo thing, 


h®'“ = (f** + g“) 2/'* + 2 (ag — bf ) y' + a** + b", 
or, ill particular, if (as in the special symmetrical case) ag — bf=0, thon 

ha)'“ = (f“ + g»)y'* + a'“ + b=. 


100. For tho symmotrical system of rays we have as beforo 

au b,, c„ f„ gi, h, = 0, V^, - 1, 0, 1, V3, 

aa, ba, Cj, fa, ga, llg = 3, VS, 2, Vi, 1,-2 V3, 

aa, bs, 0„ fa, ga, h, = - 3, Vi, 2, Vi, 1,-2 Vi, 


Xi yi’ 1 — 1 : Vs cost : sin 6 , 

®a' : ya' : 1 = - 2 : - 3 sin i + Vi cos & : sin 6 + Vi cos b, 

®a' : 2// : 1 = - 2 ; 3 sin Z> + Vi cos h : sin 6 — VS cos b, 


and thence 
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or, -what is tho same thing, 

lt/ = cosec b , 

, "I 

sin & + V3 cos b ^ 



sin b — V3 cos b ’ 

or as these may also be 'written 

a?/== cosec b , 
'^7/ — cosec (6 60°)j 

/*;/ = — cosec (6 - 60""), 


?// = V8 cot 6, 

' _ (cos 6 — V3 siu b) 
' sin i -h V3 cos 6 




^ V3(cos6+ v^3 sin 5) 
sin 6 — Vs cost ^ 


y/ = V3cot6 , 
2^/=-V3cot(6 + eO°), 
y/==V3cot(&-60°), 


so that for each of these sets we have 


(The curve is in fact a sectiou of the hyperboloid of revolution, 
which j5asses through the three rays,) 


101, As regards the equation of tho orbit I will first consider 
cases i = 90^ 6 = 0°, which should agree with the orbits for 0 = 90’’ in 
1 and 2 respectively. 

For 6 = 90° W 0 have ,V= 4 ^^, y' — y ^iid 

^1 === Vi ~ 

(vj = 2, 2^3^ = ^ 3, 

^3'= “2, 2//= 3, 

and the orbit is at once found to be 

the eccentricity (regarded as positive) being thus ^(Vl3-1), =7686 
6 = 0° there is a discontimiity, and I write successively 6 = + e, and 6 = *- 
we have V=— y, — and 

«?/ = 00 , 2// = CO V3, 

5j. s.— 1. 


the pai’ticukr 
tho planograms 


as before. For 
- 6. For 5 = + e 


/ 2 , 

2/3 =“1. 
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and Lhe orbit is found to bo 


r = I x' + y' + = '066 x -F ’770 ^ + 1'527 ; 

3 v3 V3 


and similarly for 6s=^c the equation is 

r = Jg y' + ^---‘6GGa?-H’770;y-hl527; 

honco the cccontricity is 

e == V'lf j - I’OIS, as before, 

T02. Considering now the general ease whore b has any value whatever, the 
aquation of the orbit is 


r 


y' 

1 

= 0, 

7\ sin ft , 

1 . 

Vs cos b , 

sin ft 


Vq (sin ft H- V5 cos ft). 

-2, 

— 3 sin b + V3 cos 6, 

sin ft -h Vs cos ft 


Vq (sin ft — Vs cos ft), 

-2, 

3 sin 6 + ^3 cos b, 

sin 6 - Vs cos ft 



= X sin b — y cos b, y' — XQOsb^^y sin 6, as before). 

Tho coefficient of r is readily found to bo - 6 Vll (sin^5 -h cos- 6)^ = — CV^ 3; hence 
completing tho development; dividing l)y 6 Vs, and transposing, ilio equation of tlio 
orbit is 

r =: [2?’i sin b — (sin i q- coa b) — (sin 5 — V3 cos 5)] x' 

1 — 

+ - [4?', ain bco&h + r.j (— 2 sin 6 cos b + VS (cos“ b — 8iu“ b)} 

GvS 

+ ?‘3 (— 2 sin b cos & — VS (cos^ b-shi^'b))]/ 

+ i [4>’i sin*" b + ?'a (sin® i + 3 cos® 6 -i- 2 VS sin b cos b) 

+ J'j ( sin® J -h 3 cos® i — 2 V3 sin b cos &)] , 

whoro 

. — jin® b-\-4i cos® b 
^ sin i ’ 

Vl3 sill* 6 + 7 cos® 6 — 6 V3 sin h coa b 

?*3 ■ y ' ■ y 

sin b + V 3 cos b 

5 7 cos^ 5 + 6 V3 sin b coa b ^ 

^ sin i ““ Vs cos ft ^ 

in which expressions tho signs of the rad^ls must bo such that 9*1, ?’a s hall b e 

positive. Honco writing tan ft — 7;, (see ft = Vl 4*7;^, which determines the sign of Vlq-??^), 

also ^ 

= V17® + 4, i?3 = a/iSi?® -TV3 7} + 7, i?s = n/i89/® + 6V3 7;47, 

0. VH. 


58 
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and therefore 


Vi = i?i> (7? + VS) 7 \ = iio, (7; - V 3 ) 7*3 - 


which last equations determine the signs of iJj, iJjj, iJj respectively, the equation of 
the orbit is 

’■= esfl+r,-^ 

+ - W3) + ii,(l V3)) y' 

+ 6(1^ (4E.,, + iJ,(^ + V3) + ii:,(„-V3)). 

Thus if & - + 6, then also ?; = + e, 

Vr+»?= = 1, J2, = 2, J?,=V7, = 

and the equation is 

+ + =‘*56Ga;'+'m2/'+l’627, 


as before ; and similarly if 6 = OO"", 
And moreover, if 6 = 30'^, then 


2 Vis 


v-j~. -e.=V^. 7^3=-^ 


whence the equation of the orbit is 

r = ^ {\^13 ~ l)a) + 0 ?/* + j (•\/l3 q- 2), 

= •8C8»' + 0y'+ 1-868. 

103. The equation of the orbit should be tabulated from b = 0 to b = 30°, the 
equations for the remainder of the circumferenco will bo then found by successive 
repetition of this interval in direct and reverse order, with however a change of sign, 
in the manner about to bo explained, 


& = e, r = + -666®' + -770?/' + 1-627, 

6 = 30°, ?- = + -868i?!'+ 0 j/' + 1-868, 

6 = 60° - e, r = + -666 a-' - -770 y' + 1-527, 

6 = 60° + 6, r = - -666 «' + -770 y' + 1-527, 

6 = 90°, ?- = -*868a!'+ 0 ?/ + 1-868, 

6 = 120° ~ e, r = - -666 x' - *770 y' + 1-527, 

30° + /3 same as 30°—^, reversing sign of tho y' coefficient. 

^ 90° + /3^same as 90“ -/3, reversing sign of tho y' coefficient, and whole interval 
60 to 120“ same as interval 0“ to 60“, except that the signs of the x coefficient 
arc reversed, and the remaining two intervals, 120° to 240° and 240° to 360°, are 
merely repetitions of the interval 0° to 120“ 
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As regards the interval O’" to SO"" the only intermediate value that I have 
calculated is i = viz.> wo then have 

r-*811a;'+ -403 1*787. 


Calculating for the 
these are found to be 

foregoing values 

6 = 0°, 6 = 15°, 6 = 

30°, the valuo.s 

6= 0°, 

e = 1-018 

® = 220° 6^ 

a = 4.1 '24 

b = 15°, 

e= -906 

w = 206° 21' 

ft = 10‘008 

b = 30°, 

c= '868 

w = 180° 

a= V'GO-i 


Article Nos. 104 to 113, Planogram No* 6. The Orbit-’ 2 ^ole on a SG2jarato7\ 


104. If the orbit-plane rotate round a lino parallel to one of the rays> the 
orbit-pole will describe a separator circle, and conversely. I consider the general case 
of a ray the six coordinates of which arc (a, b, e, f, g, Ii), and for which the inter- 
sections with the orbit-plane are given by 


: y' : 1 = (a, b, eja', /3', 7') ; (a, b, eja, /3, 7) 

The axis of w' is parallel to the ray 


(f> g> /3'\ yy 


that is, we have 

whence, putting for shortness 


a)-A _z — G 

- ^ 

a : /3 : 7 = f' : g : h, 


wo have 


and theiico 


O = Vp + g” + h® and II = Vl'® + g®, 
a = “ = cos iV cos (?, /9 = ^ = cos iV sin Q, 7 = ^ = — sin iV, 

tanG‘ = |, cosff^^, cosiV^==^, 


and wo thus obtain the values of a', B\ 


variable angle IT, viz., 
a' =- 

/3' = 
y' = 


those are 
g cos H hf sin H 

~g~+— , 

f cos H , gli sin II 

n nxi ’ 

n»sin7f 

"■"na ’ 


7'; a", 13", 7" in terms of f, g, li and the 

„ — g sin II hf cos H 

“ “ ri nfT"’ 

„ f sill II hg cos II 
p ~ ~Ti “ iin ’ 

„ _ n^cos// 

” nxi ’ 
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where JI is the angular distance of the orbit-pole, along the separator, from llio 
point A. The foregoing values give 

(a, b, c5;a , /9 , y ) - 0, 

(a, b, c5«', , 7' ) = -’ ^ ((ag-bf)cos/f + efi sin //}, 

(f,g,hK ;8",7") = 0, 

so that the coordinates te', y of the intersection with the ray arc given in tiro form 

X : y' : I =M : 0 : 0, 

that is 

,M ,0 

•^■ = 0 ='®’ 2 '* 0' 

but the value of y' is determinate, viz,, this is equal to the porpoudiciilar clistaneo of 
the ray from the point 8. 

105. In particular when the rays are the special symmetrical aystom boforo 
considered, then if (a, b, e, f, g, h) refer to the ray 1, wo have f=0, g = l, h^V.'h 
n = l, n = 2, and thence 


a, 8 >y = 0 . ^ , 1} Vs , 

“' > 8' > 7' = - cos if, I Vs sin II, ~ -J- sin H, 
8‘'> y" — — sin H, i ^3 cos II, ^ cos II. 
For the intersection with the ray 1 we have 

«,'=±oo, yi' = l, 

and for the intersections rvith the other two lines 


afj : 2^3 : 1 = 

(3, A 2 )(-cosfl', 1 Vs sin//, - ^sin //) = - S co,s // -|- -i sin // 

: -( 3, V3, 2 )( 0 , 1 , ^V3) : | Vs 

(Vs, 1, - 2 VS) (- sin ir, -:jV3cos// |cos//) V3siu//-.:]V3coH // 


•Ta' : y,' ; 1 « 

(- 3, VB, 2 )(-cosH, 
3, Vs, 2 )( 0 , i, 

: (-A 1, -2V3)(~sinff, 


i Vs sin// -^sm//)= 3 cos // -|- J sin // 

i'/S) ,|3/3 

-^V3cos,ff, i cos if) : V38in7/-2.V3co9// 
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that is, wo have 

, _ 1 6 cos H - sin 11 
~ v/g 3 cos ir+”2siui/ ’ 


Jl 6cos^+ smff 
Vs 3 co 35^ — 2sm.ff ’ 


2/a = 


3 


3 cos if + 2 sin E’ 


2 /» 


3 

3 cos if - 2 sin H ' 


106. Writing heroin 

3 2 

cos ft) = , sin ft) == —r— 

Vl3 Vl3 

the formulas arc readily converted into 
aV = {16 - 15 tan (IT- co)), 


2// = ;^0Scc(/i-ft)), 


, tnnfl) = §, ft) = 33° 41' 

< = {- 16 - 15 tan (if + o)}, 

g 

2/*' = ;^ sec (ii + iu), 


wliero, in regard lo this angle g), it is to be observed that it represents the angular 
distance from the ecliptic along the soparalor to a 2 )oiut J3, or what is the same 
thing, the complement of the angular distance on the separator, of the points 
A and 7i. Wo liavo, in lact, a right-angled siihcrical triangle ZAB^ / ^ — 60°, 

A A — 90"*, ZA = 00° whence sin 60° = tan AB cot 60°, that is, tan AB = sin 60° tan 60° 
or AB^^dO'^-co. 


Hence, 77— ± 90°, the orbit-polo is on the ecliptic, //- ± (90° - o)), it is at a 
point B (the iniorseciion of the separator by one of the other two separators), and 
7/ = 0, it is at the point A on the separator. 

The foj’ogoing values of {(Viy y/) satisfy the equation 

= 39/k^ - 32«j \/3 -f 37, 

and similarly the values of y^) satisfy 

25?/'=-39/i;^-f 32a?V3-H37, 

roaults wliich would bo useful for tho doliueation of the ^'^lanogfam, 

107» As regards tho equation of tho orbit wc have .*' 0 ?/ = ± oo , and consequently 
( 0 ^ i = 0i\ if for convcnicnco 6 bo written to stand for + 1. The equation of the 


orbit then 

is 





0 = 

r , 


(G* , 

y\ 

1 


1 


e 

0, 

0 


f'a (3 COS H +2 sin E), 

V3^ 

6 cos 7? - sin 77), 

3, 

3 cos 77+2 sin E 


(3 COS E ~2 sin E), 

1 (_ 
V3^ 

6 cos 7? — sin 77), 

3, 

3 cos Jy — 2 sin E 
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where II is the angular distance of the orbit-pole, along the sejoarator, from the 
point A, The foregoing values give 


(a, 1), c][a , j8 , ^ ) = 0, 

(a, b, , 7' ) = - i {(ag - bf) cos J/ -f cfl sin II}, 

(f, g,hK' 7 ")= 0 , 

so that the coordinates x\ y of the intersection with tho ray are given in tlio form 

; y' ; 1 == J/ : 0 : 0, 

that is 


but the value of y is determinate, viz*, this is equal to the porpoudicular disfcanco of 
the ray from tho point 8 , 

lOo. In particular when tho rays are tho special symmetrical system before 
considered, then if (a, b, c, f, g, h) refer to tho ray 1, wc have f=:0, g-1, h = V3j 
II = 1, II = 2, and thence 

«.^.7=0 .i > iV3, 
of , , y = ~ 003 H, 4 V 3 sill H, - sin II, 

0'. y" = - sill II, i V 3 cos II, i cos IL 
For the intersection with the ray 1 wo have 

oil — i ^ , 2/1 ~ 

and for the intersections with the other two lines 

CC 2 '• iji ; 1 ~ 


( 8, ^/3, 2 )(-cos//, 

I Vs sin/fi 

- i sin H) — • 

- 3 cos II H- sin H 

: -{ 3. V3, 2 )( 0, 1, 

iVs) 


: fVS 

: (V3, 1. - 2 VS) (-sin iT, 

— Vs cos 

\ cos fir) 

: — Vs sinfifi— ^VS cosfiT, 

and 




.< : y/ : 1 == 




(- 3, VS, 2 )(-cos//, 

^ Vs sin II, 

— 1 sin 11) — 

3 cos II + \ sin H 

: -(- 3, VS. 2 )( 0. 

iVS) 


:4VS 

: (-VS, 1, -2 VS) (-sin fir. 

— j Vs cos fir, 

\<iQ3H) 

: VS sin fifi - 1 VS cos fiT, 
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thali is, we have 


, _ t 6 cos H — sill S 

“Vs rconr+isiir//’ 

3 


3 cos if 4- 2 sin if’ 
106. Writing herein 


1 6cos7J-h sin 77 
FcoT^'-^a'sm J ’ 

3 


3 COS J7 — 2 sin 77 * 


3 2 

cos CO := , sin w — , tan &> “ §, &) = 33° 41' 


the formula) aro readily converted into 

{16 - 16 tan (II - w)}, .< = (- 16 - 15 tan (II + <,)}, 

3 3 

y/ = sec ( FI ~ co), 2/a' = ^ sec (if + a), 


where, in regard to this angle co, it is to be observed that it represents the angular 
distance from the ecliptic along the separator to a point B, or what is the same 
thing, the complemout of the angular distance on the separator, of the points 
A and 77 We liavo, in fact, a right-angled si^heiical triangle ZAB^ ^Z — 60°, 
Z = 00°, ZA^ 60'’ whence sin 60° = tan AB cot 60°, that is, tan AB = sin 60° tan 60° = f , 
or 47?-= 90° - 0 ). 


rtcncG, 77-i90°, the orbit-polo is on the ecliptic, 77=:±(90°"-w), it is at a 
point B (the intersection of the separator by one of the other two separators), and 
77 = 0, it is at the point A on the separator, 

The foregoing values of {(c^^ yi) satisfy the equation 

2.V = - 32a» \/3 + 37, 

and similarly the values of y^) satisfy ^ 

25y3t=:39«;''> + 32aV3 +37, 


results which would be useful for the delineation of the planogram. 

107. As regards the equation of the orbit we have ."fc/ ~ ± co , and consequently 
ooi = ± ri =- Ovi if for convenience 6 be written to stand for ± 1. The equation of the 
orbit then is 


0 - 


?’ 

1 


(3 cos 77 -h 2 sin 77), 
Vs (3 cos 77-2 sin 77), 


CO 


, 0 , 


( 6 cos jS^ - sin 7/)i 3, 

V3 

1- (— 6 cos If ~ sin II), 8, 
V8 


1 

0 

3 cos if +2 sin If 
3cosif-2ain if 
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that is 

— (r9 — a/) 12 sin H = 

2/' (36 cos^ iZ -h 4 sin^ //) - 9}\ (9 eos^ /i — 4 sin'* //) d)\ (9 sin'* H — 4 cos'* /f)| 

12 V3 cos £r + 3^ (3 cos jff -f 2 sin H) — 30 (3 cos // — 2 sin H) 

where 

_ -\/21 cos- H - 4 cos H sin if H- sin'* H 

3 cos /f + 2 sin H ' 

_ V2I cos'*!/ -f 4 cos B sin + sin** II 
3 cos!/ -2 sin// * 

Hence, writing taii//=X, and therefore acc/^=Vl4'X^ which determines the sign 
of Vl H- and moreover 

= V2rT4X + 

and thence also 

(3 4 2\)?3=i /? 2> (3 — 2X) 7*3 = Z/jj 

which last equations, since 7*3, 7*3 must be positive, determine the signs of the radicals 
J?3 ; the equation of the orbit is 

’■ - - <•’ - 2 ^) ® + 2X) ii.} + • 

where 6 ib will bo recollected denotes +1 or — 1 at pleasure. 


108, I remark that 0=+l and 6 = — l may bo considered as belonging to 
positions of tbe orbit-polo indefinitely near the separator on the opposite aides thereof 

Fig. 10. 



respectively; tbe annexed figure represents a portion of the blank sphorograin, and 
the two sides of the half-separator A'O' will he traversed by the orbit-polo, if II 
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cxleiid from 0° to 90” (=56” 3 9', value at B') and thence to 90”, ^ = + 1 belonging 
to the side marked + in the figure, and (9=-l to the opposite side. But the same 
lesult may be stated, more conveniently, in reference to the blank spherograin, as 
follows : 


H — 0 to H — 56“ 19', 0 — + 1 belongs to the outside of AB', viz. to positions 

within the region of convex orbits, 

d = — 1, to inside of AB', 

//= 66” 19' to 90“ , 0 = + l belongs to inside ot B'G', 

11 — 90° to Jjf=123“ 41', 0 = + l belongs to inside of G'B, 

the last-mentioned values being identical with those for /f = 90“ to /J=56”19', 0 = -l: 
viz. the formula for Jf = 90”-hij:, 0 = + l is equivalent to that for E=Q0° - K,’ $ = -l, 

109. I consider aomo particular cases. 

Orbit-polo at A : hero // = 0 and therefore X = 0, ; the orbit is 

0 Vs 

r~0(c'+ (y' — l), viz, it is the right lino y'-l = 0. 


Orbit-polo in the neighbourhood of B. Suppose first /f = 90“ - to - e, X = cot to - e 
coscc** to = 3-2X, is positive, and tbei-oforo B.^ is positive, and we have 

Ili — 8, whence tho equation is 


viz. ^ = — 1, this is 
and 0 = -h 1, it is 


}• = + ai' + >^^y'+l, 

r = w' + ^iiiy' + l~~^ 


and so secondly, if Jf = 90” — co -f c, x = |--t-4fc, 8 - 2X, is negative, or is 

also negative, viz. Z ?2 = 0, 1 ^ 3 = — 4 VS, and the equation is 


viz. ^ == -h 1, this is 
and 0 = — I, it is 




Ai) tho point B there arc thus four orbits: viz, // = — 90"^ - — e, 0= + l, and 
if — 90° — ft) + e, 0 = — 1, those arc orbits wherein the eccentricity ia =2*809, 

agreeing with that found for tho point B in planogram No, 1, or say for an orbit- 
pole near B in tho direction of tho meridian; whereas for i?= 90° “ — e, 0 = — I 
and iJ = 90° -6) -he, 0 = -hl Iho eccentricity is Vf^^^llOl. 
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Sxippose again that the orbit- pole is on the ecliptic, or say H — 90° — e, X = + oo , 
— i? 3 =- 2 V|x, and and the equation is 



and similarly for if =5 90° + e, X ==“ CO , f?a==2V^fjX, ifg— — 2VjX, — \ and the 

equation still is 

viz. 9 retaining the same sign, there is no discontinuity in the passage through 90°. 

The eccentricity^, whether ^ = + 1 or =: — 1, is —1*018, agreeing with Plano- 
gram No, % 

11 0, For the more complete discussion of the eccentricity, we have 

The eccentricity cannot be less than 1, which is evidently right, for the point 3 being 
at infinity, the orbit cannot be an ellipse. Wo may have e = l (or the orbit a parabola), 
viz, this will be the case if 

4(9 

^ (9 + V) - (3 -- 2X) E, + (3 -I- 2X) R, -= 0. 

V3 

Proceeding to rationalize this equation, we have first 

(3 ^ 2X)« Ri -H (3 + 2X)^ R,^ - ^ (9 + - 2 (9 ^ 4X^) RA, 

viz. substituting for i?a» R^ their values V^21 — and V21 -{- 4X -P this is 

found to be 

2 (9 - 4A*) a/(21 + ^)’ - 16 ^ — 64 + 336 V 

or, -what is the same thing, 

(9 - 4X“) V3969 + 3384AH784\< = - 81 + 504 \“ + 104 
■\vhence, squaring and reducing, we have 

432 (4X® - 248 - 819 + 162 X'^ + 729) = 0 ; 

or, what is the same thing, 

432 (X’ + 1) (4X“ - 262 X^ - 667 X» + 729) = 0, 
or, finally, the condition for a parabola is 


4X*--252 X‘-667X'> + 729 = 0. 
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111. I slop to remark that this equation may be obtained differently, as follows. 

Since the point 1 is at infinity on the axis of x, this line will be the axis of the 

parabola ; or the equation of tbe parabola will be 

- + iiix + 4a“ = 0, 

and we have therefore 

- 2// + + 4a“ = 0, 

- + ‘ItWfa + 4a“ = 0, 

that is 

1 : 4a : 4a=' = %-a-3 ; y^~y^ : -y^Xs + y^ x^, 

and therefore 

{Ui ” VsY — ~ 4 (a’a ~ ^ 3 ) {y^x^ — y^ x^ 
as the condition for a parabola. 


But the values of x^, y^', x^, y^, ante No. 104, introducing X in the place of H, arc 




1 6-X 

1 6 + X 

Vs 8 + 2x' 

^^"V3 8-2X 

3 ViTx» 

3vr+x“ 

3 + 2X ’ 

" 3 - 2X 


and thence 


ft?3 * 




A ^ + 

Vs 9 - 4X.= ’ 

^6\(1+X0 

(9-4X7 ' 


l+X*" 


and siibRtil/Uting tliose values and omitting a factor result is 


viis, this is 
that is 
as before. 




(4X'‘ - 9) (X'* - 81) - 243X« (X“ + 1) = 0, 
4X« - 262X'‘ - 6C7X“ + 729 = 0, 


112. The equation considered as a cubic equation in X’ has its three roots real, 
but only two of thorn are positive; vis. there is a root not very different from 1, and 
which is easily approximated to by writing X“ = 1 — this gives 


0. VII. 


4a!» + 240a:» - 1068® + 86 = 0, 


59 




Tho two vahiea of e for 9~-\-\ and 0 = — 1, aro each infinito for \ = 0, and 
they ^ become equal for X = co (viz. when the orbit-iiolo is on tho ocliiotio), but 
not in any other case; in fact they can only do so for 9-l-\*' = 0, or olso for 
(3 - 2X) Ji, = (3 + 2X) i? 5 , that is, \ (288 + 128 >?) = 0, viz., X (9 -I- 4X“) = 0. 

113. In further explanation I give a diagram of tho eccentricity. 



The base AB'O'B is hero the broken lino AB'O'B' of figure 10: tho ordinates 
along the base J.O'(=:90°) of the two continuous curves exhibit tho values of o, as 
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given by 0 — + 1 and 0 = •“* 1 respectively ; tlie dotted curve on the base G'B (~ O^B') 
is merely the upper curve on the base O'B' transferred to the base G'B; and the 
curve composed of the lower curve on the base AG' and of the dotted curve gives 
by its ordinates the value of the eccentricity as the orbit-pole moves along AB'B 

within tho triangle B'BB": the upper curve on the base AB' gives by its ordinates 
the value of tho eccentricity as the orbit-pole moves along AB' on tho other side 
thereof, that is, within the convex region, 

Tho base of tho diagram is graduated not for the value of if, but for that of 

tho angular distance (or distance in longitude) of the orbit-pole from the point A 

(or A ') ; viz. this is the angle opposite if in a right-angled spherical triangle, the sides 
and hypothenusG of which are GO'*, if, c; writing /S for the angle in question we have 


cos c = i cos Efy 


tan B - 7 = tan if 

V3 


(-!)• 


and any position of the orbit-pole on the separator may be conveniently laid down by 
means of this angle j3. The values of /3 corresponding to the before-mentioned values 
\ = *9692 and \ — 8*073 arc /3=s47° 54' and /3~83'‘53' respectively 


Article Nos, 114 and 115, The Bj^herogram and IsoparemetriG Lines — General 

Qonsiderations, 

114 Wo first construct a blank spherograin, as already explained (and see also 
Plates IV. and V.), viz., we draw on the stereographic projection a hemisphere— say 
the northern hemisphere : the meridians being radii and the parallels of colatitude 
circles with the polo as centre ; the parallel of 60° is tho I'ogulator circle, and the 
separators are groat circles touching this at tho points Ay A, A, in longitudes 30°, 150°, 
270° respectively j tho separators intersect in the points By By By in the northern heini- 
spher^e, and they are produced to meet again in the points By B, By of the southern 
hemisphere ; but instead of taking the whole northern hemisphere, we omit portions 
thereof, and lake in tho opposite portions of tho southern hemisphere; the spherograin 
being thus bounded by portions of the separator circles, and consisting of the inner 
spherical triangle By J5, JB, and three surroundiiig triangles J3, By B, The inner triangle 
contains the rcgulatoi^-circlc, touching its sides at tho points Ay Ay A roapeotively, and 
dividing it into an inner circular region and three surrounding regions Ay By A ; these 
last arc the loci in qtdbits of tho orbit-poles which correspond to convex orbits; and 
to mark them off from the other regions, it is proper to shade them in the sphere- 
gram. Excluding them from consideration, we have tho inner circular region and the 
outer' triangular regions separated off from each other by the shaded regions, except 
at the points A, where these are thinned away to nothing. The points A are positions 
of tho orbit-pole for which the orbit is indeterminate ; and consequently any pai’ameter 
belonging to the orbit is also indeterminate. Hence the isoparametric line for any 
given value of the parameter will always pass through the points A; that is, all the 
isoparametric lines will pass through these points, which are thus points of connexion 



468 


ON THE EETBRTMINATION OJT THE 


[476 


between the inner circular region and the three outer regions, but it must bo recol- 
lected that for certain given values of the parameter, the points A may bo isolated 
points on the isoparametric line. 

116, It is sometimes necessary (more particularly as regards the TimC'Sphcrogmm 
and isochronic lin&s) to distinguish from each other the several points A and B ; and 
for this purpose I consider the several points, as situated in the sjjhorogram, to be 
accented in the following manner: 

5" F B 
A' A 
F" A" B" 

B'' 

so that the inner triangle is B'F'B'" and the outer triangles are BFB", FB^''B"' and 
B"'B"^B" respectively; this distinction has been already partially made in Fig. 10. 


Article Nos. 116 to 122. The e-spherogram and Iseccentrio Lines, See Blate IV, 


116. Constructing a blanlc spherogram as above, wo may from the tables for 
planograms Nos, 1 and 2 lay down numerically the values of the occontricily at the 
several points of each meridian for the longitudes 0°, 30“,,.330'’, viz. 


Longitudes Planogram No. 2 shows that e increases from 0 at 

0”, 60°, 120°, 180°, 240°, 800°. the centre to a> at 60°, then, 60° to 63° 26' (shaded 

region), it diminishes from oo to 4‘912; on passing 63° 26' 
it changes abruptly to 1*858; thonce diminishes to a 
minimum =‘628 at 59°, and again increases to 3 '018 at 
90°, 


Longitudes Planogram No. 1, part 1, shows that c incroaso.s 

10°, 210°, 330°. from 0 at the centre to w at 60°, then, 60“ to 73° 64' 

(shaded region), it diminishes from oo to 2'300, this last 
value being at a point B, the termination of tho sphere- 
gram. 


Longitudes 
30°, 160°, 210°, 


Planogram No, 1, part 2, and for values over 90°, 
part 1, shows that e increases from 0 at tiro centro to 
•264 at 60° (point A), '869 at 90°, and 2'309 at 100° 6', 
point B, 


It -will he recollected that, although e has the same value, 2'309 at llio two 
opposite points B, yet there is an abrupt change of orbit, indicated by tho chanao of 
sign of A (= ± e). 


117. Planogram No. 3 shows tho dheotions at the points A of the sovoral 
iseccentrio lines. Planogram No. 4, if the calculations were completed, would give tlio 
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value of the eccentricity at the several points of the ecliptic, but besides the already- 
mentioned values 1‘018 at 0^ 60°, &c., and *868 at 30°, 90°, &c,, the only value 
calculated is *906 at 15°, 45°, &a It thus appears that the eccentricity =1'018 for 
longitude 0° diminishes through *906 at 15° to *868 at 30°, and then again increases 
through ‘906 at 45° to 1'018 at 60°, and so on through successive intervals of 60°, 

118, Planogram No, 6, if the calculations were completed, would give the value 
of e for the arc AB within the shaded region (but no values have been found except 
those given by Planograms 1 and 2, viz. e = co (it A, =4*912 at longitude 30° from A, 
and = 2*309 at J3) ; and it would also give the value of e for the whole bounding 
arc ABB within the exterior triangular region, We have e = at A, =1*853 at 
longitude 30° from A, = 1 at distance if = 43° 49' from A, =1*101 at B, and then 
proceeding along the arc BB, = 1 at distance II = 82° 66' from A, = 1*018 on the 
ecliptic, and, finally, =2*309 at B, The two values e = l are very important, as will 
presently appear, with regard to the parabolic curve, 

119, It is now easy lo trace the form of the iscccentric lines. 

0 = 0, the curve is a point at the centre, and for any value less than *264 it is 
a trigonoid form surrounding the centre, the maxima radii being directed towards the 
points A, The points A belong as isolated points to all these curves, 

e = *264, the curve is tricuspidal, having a cusp at each of the points A. The 
numerical values seem to show a singularly blunt form of cusp (the points A are, in 
fact, not ordinary cusps, but singular points of a higher order); but the data do not 
enable me to draw with certainty the precise forms of the arcs between the three 
cusps : the wavy form was drawn purposely, but there is no suflScient evidence for its 
correctness, 

120, It is convenient to pass at once to the case 0 = 1, or say the parabolic 
curve, locus of bho orbit-pole when the orbit is a parabola, This is a three-looped 
curve cutting itself (having a node) at each of the points A] and it appears from 
planogram No, 5 that each loop touches at four points (two points, if = 43° 49', and 
two points, II = 82° 66'), the sides of the bounding triangle BBS. The loop thus divides 
the triangle BBS into six regions, viz. one within the loop, two subjacent, two lateral, 
and one superjacent, 

For any value between 0 = *264 and 0 = 1, the curve is a three-looped curve inter- 
secting itself at the points A, and such that the loops lie wholly within those of the 
parabolic curve, and the remaining 2^orbion3 between the parabolic and cuspidal curves. 

121, For any value of 0>1, wo must imagine a three-looped curve intersecting 
itself at the iDoints A, the loops respectively containing those of the parabolic curve, 
and the remaining portions within the regulator-circle lying between the regulator-circle 
and the jDarabolio curve; and wo must then obliterate so miioli of each loop as lies 
in the shaded regions, or outaido the spherogram; viz. instead of a continuous loop 
there will be thus a broken looj) with detached j)orbion8 thereof in the subjacent 
regions, the lateral regions, and the supeijacent region respectively. More precisely 
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thia is the form foi' any value of e from e—1 to 6-1*101, but for this last vakto tho 
unobliterated portion for each lateral region evanesces ; for any valiiG of e between 
0== 1*101 and 6=2'309, the unobliterated portions lie wholly within tho subjacent regions 
and the siijDerjacont region; for 6 = 2*309 the portion within the superjacent region 
evanesces ; and for any greater value of e the unobliterated portion lies wholly within 
the subjacent regions, the loop being thus a mere fragment. 

122. The iseccentric curves within tho shaded regions form a distinct system: such 
curves belong to the values 6=2*309 to 6=oo, and any one of them is a fragment 
of a three-looped curve intersecting itself at the points A, obtained by obliterating so 
much of tho complete curve as lies outside the shaded regions. But it is perhaps 
better to disregard these curves altogether, thus in effect excluding the shaded regions 
from the spherogram, 


Aiticle Nos, 123 to 143, The Time^spherogram and Isochronie Lines, See Plate V, 

123, We construct a blank spherogram, and lay down upon it the parabolic 
curve ; wo may then lay down (as will be explained) the numerical values, say of the 
times 2^13, but in order to gain some idea of the form of tho iTia-Unos I will first 
consider the question in a more general manner. 

124, When the orbit is a line, parabola, or hyperbola, we may distinguish it by 

the letters L, P, E accordingly; and by the numbers 1, % 3, written in the proper 

order, show the arrangement of tho three points on the orbit; observe that if 1 bo 
the middle point on the orbit, we may write indifferently 213 or 312, and so in other 
cases, the fixation of the middle inimbor is alone material When tho orbit is a lino 
the distances of the points are always finite ; and if the orbit be, for example, L 123, 
then 2 i 2 and arc each but 1\^ is non-existent. For the parabola and hyperbola 
the distances are in general finite ; but it is necessary to distinguish for tlio parabola, 

e,g. the case Pi23 where an extreme point, and for tho hyperbola, e.g. tho cases 

E l23 and S 123 where one or each of the extreme points, is at infinity. We have 
in these cases respectively 

P 123, Pi2 finite, P23 finite, P31 = co 

P 123, Pi2= 00 , infinite, T^i = co 

and it may be added, as regards P123, that, by a continuous change of the parabolic 
orbit the point 1 may change over to infinity on the other half-braneli of tho parabola, 
or the arrangement become P23l. And, moreover 

pri23, yaa finite, P«3 finite, Pai non-oxistont. 

E I23, P12 = 00 , P23 finite, 2 ox non-existent. 

^ 123, P12 = 00 , T33 — 00 , Poi non-existent. 

^ Thus the proper symbol L 123, P i23, &c. as the case may be, will always at onco 
indicate as to each of the times T^, whether this is = 0, finite, infinite, or 
non-existent. 
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125. Wo may without difficulty attach to tho several 23t>i'fcions of tlie regulator, 
the separators and the parabolic curve, to each portion its projoer symbol L, P, li 
and 123, 123, &c. as tho case may be. 

First, as to tho regulator, it is obvious that this is separated by the points A 

into tho three portions Z213, Z321, X 132, resj^cctivcly. And inside tho regulator, 

adjacent to these, we have portions of tho parabolic curve P 213, P 321, P 132, 
rcs^jcctively. 

Again, for one of the separators, say (sec hero and in all that follows 

tho notation-diagram, No. 115) ; since the point 2 is hero at infinity this must bo at 

every portion thereof cither 7/132 or else 1121% The point 7F^ is XT 13^ and tho 
point B' is 7/312; consequently, as the orbit-pole passes along the separator from 

to B\ the symbol is at first 7/132 and at last 77 312; the transition takes place 
at the point of contact of the parabolic curve which is indifferently 7^132 or 7^213. 
(In further explanation of tho transition, consider the orbit-polo as passing from 
77'^ to B, not on the sepamtor, but indefinitely near it ; it can only do so by 
twice crossing the parabolic curve near the point of contact; tho orbit is first 77 13^, 
or say 77182, then 7^132, then an ellipse, which when the orbit-polo again ai’rivos 
at the parabolic curve changes into P 312; and it finally becomes 77312 or 77312.) 

126. Again, since, on tho two sopnratoi’s through P*'', in the portion.s adjacent to 
P''', tho symbols arc 7/ 1 32 and 77 132, it ia clear that in the adjacent portion of 
tlio parabolic curve (terminated each way by a j)oint of contact with those separators 
respectively) the symbol must bo 7^132; at tho point of contact with tho first- 
montioued separator B^'’B'AB"B'''y this becomes 7^ 13^, =P^13; and beyond tho point 
of contact it becomes P213, continuing so until it arrives at tho next point of contact 
with tho separator B'A'B"-. there is always in tho symbol for the parabolic curvo this 
change of form as wo pass through a point of contact with a separator; and there 
is the .same change, when travelling along the loop (that is w'ithout going insido the 
regulator) we pass through a point A, Tho foregoing considerations fully explain how 
the proper symbol is to bo attached to each portion of tho regulator,' the separators, 
and the parabolic curve: to avoid confusion, I have abstained from attaching thorn in 
the Plato. 

127. Imagining tho symbols attached as above, it at once appears that, for the 
two portions A' A and AA" of the regulator curvo, wc have 2',3 = 0 ; _ while, for tho 
arc A" A' of tho parabolic curve wo have 'Xis-co. Moreover, /'jg can ‘only be infiuifio 
on ono of the separators through B'" ami on tho parabolic curvo; and tho symbols 
show that tho curvo !/« is made up, in a peculiar dmeontinuous mannor, of portions 
of thosG two separators and of the parabolic curve, as shown by tho strongly marked 
lino of the figure; wo have thus the boundary of certain lightly shaded regions within 
which (as well as within the shaded regions) 'l\a is non-existent ; excluding these, the 
remaining regions (instead of a trilateral symmetry) have a symmetry about tho axis 
BB"' \ there are still four regions which may be distiiiguishod as the innor region, the 
axial outer region, and tho lateral outer regions ; or, more slmrtly, as the inner, axial, 
and lateral regions. 
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128. The times Ta> T-j, arc calculated, Planogram 1, part 1 , for tho mciicliaii 

long. 90°, and ditto part 2 for the meridian long. 270°; and in Planogram 2 for the 

meridian long. 180°. As regards these last values, it is easy to sec that, in order to 

pass to the meridian long. 0°, the numbers 2 , 3 must bo interchanged ; that is, 

long. 0 “, the T,,, Tu, are respectively equal to tho values, long. 180°, 2 ', a, T^. 

Moreover, the numbers 1, 2, 3 may be changed into 2, 3, 1, or into 3, 1 , 2 , provided 
the longitude is increased by 120° and 240° in tho two cases respectively ; that is, 

23 , long, a = 21,1 long, a 

= 2'.3loug. (a + 120°) 

= 'fa long, (a + 240°). 

129. By means of the foregoing two relations, T*,, for tho several longitudes 

0 °, 30°, 60°, ... 330°, is given as equal to the 2 ', 3 , 2 ' 5 j, or for long. 90°, 270”, or 

180°, that is, to the Tu, 2y, or Tj,, of Planogram No. 1 , part 1 or 2 , or of Planogram 

No. 2 . For example, long. 240° = 3 long. 0''=='fa long. 180°, that is, it is equal to 

the 2’3i of Planogram No. 2. We thus find 


2\j of Plan. No. 2 


'l\i of Plan. No. 1 , pt. 2 


Tia of Plan. No. 1 , pt. 1 


and observing that for Planogram No. 1 , part 1 or 2 , wo have = it hence 
appears as above, that the meridian 30° — 210° is an axis of symmetry of the 
spherogram. In what precedes it has been assumed that the colatitudos only extend 
from 0 ° to 90°, but in the spherogram they extend for the meridians 30°, 160°, 270°, 
to the colatitude 106° 6 ', the values for the colatitudes above 90° are those for the 
omitted portions 90° to 73° 54' of tho opposite meridian. 

N.B, A meridian extends from the pole in one clireoiion only, unless the contrary 
is expressed or implied, as in speaking of a meridian 0° — 180°, 
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130. I attend, in the first instance, to the axis of symmetry or meridian 30“ 210°, 

Proceeding along the meridian long. 30'^ or towards the point A, the value of ^,3 
decreases from 1 at the cenlro to a minimum = *950 at colatitiide 11 ^ (call this the 
point A"'), and it then increases to 1*983 at A, and thence to 58*62 at 90'^ and 00 
cat the parabolic boundary of the axial region. In the opposite direction it increases 
from 1 at the cenfcro to 00 at the parabolic boundary of the inner region. The 
minimum value *950 on the axis of symmetry indicates a node on the isochronic 
curve; that ia, the point X is a node on the isochronic r ,3 = *950. This ^vill consist 
of two branches, proceeding from A , A^\ respectively, cutting the axis and each other 
at Xj thou again cutting at A^ and thence passing on into the axial region, and 
respectively terminating on the separator boundary B'AB" thereof. 

131. Tliia curve, which I call the nodal isochronic, divides the inner region into 

a loop, antiloop, and two side regions. On each of the meridians 0 °, 60°, the value 

of diminishes from 1 at the centre to a minimum which is less, and then 

increases to a maximum which is greater, than *950; the value then diminishes to 0 
on the regulator: on cmorgonco of the meridian from the shaded into the axial 
region, the value is — *909, and it thence increases to 00 at the parabolic boundary 
of the axial region; those data further delcrminc the form of the nodal isochronic, 
yiz,j each of Llio two half meridians cuts the loop twice, and again cuts the curve in 
the axial region. 

The nodal isochronic, at each of the points A\ A'\ contiaues its course into the 
lateral region, returning to the same point A or A', so as to form in each of the 
lateral regions a loop. Considering the loop as formed of two branches, each proceeding 

from A^ or iho one which is the continuation of the course within the inner 

region I call the lower branch ; the other, the upper branch ; and I say that the 
upper branch touGhos tho separator at A' or A^\ Tho two branches and the entire 
loop lie on tlio Icft-lmud side (or side away from A) of the meridians through 
A' or As to tho contact of tho upper branch of this and other isochronics at 

A' or with tho separator, see 2^ost No. 142. 

132. It is con von ion t at this point to consider the form of tho isochronio curves 
within tho axial region. The parabolic boundary thereof is an isochronic ~ co , and 
it thcnco appears that for any largo value of 2^8 the isochronic curve (portion of the 
curve) is a curve not mooting tho parabolic boundary, and terminated each way in 
tho separator boundary B'AB'\ As tho value of Ty^ diminishes, the curve (which is 
of course always symmetrical in regard to the axis) bends inwards towards the point 
A and for 2 13 = 1 *983 (value on tho axis at A) the curve acquires a cusp at A. 

I call this the cuspidal isochronic; I remark that it intersects in the axial region 
each of the meridians 0 ° and 60°. 

As 2ia further diminishes to any value between 1*983 and *950, the curve, 
commencing in the separator boundary, passes through A into the inner region, and, 
forming a loop within tho loop of the nodal isoohronic, emerges through A into the 
axial region, terminating again in the sei^arator boundary. 

C. VII. 


60 
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138. Ou the meridians 330°, through the points B'\ respectively, the value 
of Tij. diminishes from 1 at the centre to 0 at the regulator, where these meridians 
are considered as terminating. 

On the meridians 120°, 300° (meridian at right angles to the axis of symmetry), 

the value of diminishes from 1 at the centre to a minimum less than *878, and 

then increasing to a maximiira of over *895 diminishes to 0 at the regulator. On 
emergence of the meridian from the shaded and half-shaded region on the parabolic 
boundary of the lateral region the value is = oo , and it thence diminishes to 1*148 
on the separator boundary B^'^B' or B^B'\ 

On the meridians 150°, 270°, which pass through A\ A'\ rospectivoly, tho value 
of fia increases from 1 at tho centre to 1*377 at the regulator, and thence through 
2-255 at 90° to oo at B^^ or B^. 

And finally, on the meridians 180°, 240°, the value of increases from 1 at 

the centre to a> at the j^arabolic inner boundary, and then ou emergence from the 

half-shaded and shaded region at the separator boundary B'^'A' or B'''A^\ tho value 
is =a>, and it thence diminishes to a minimum under 6*343, and again increases to 
00 at the separator boundary B’^*B^^ or 

134, By what precedes, it appears that on the separator boundary B^^B^ or B^B'^ 
of either of the lateral regions, the values of is at each extremity — co , and at an 
intermediate point —1*148; there is consequently a minimum value loss than 1*148, 
and therefore two points at each of wliich the value is = 1*983. 

Now resuming the consideration of the cuspidal iaochrouic (Tia= 1*983) as regards 
the remaining portions thereof, viz,, those in the lateral and inner regions; and con- 
sidering first the lateral region there will be from each of tho points just 

referred to on the boundary B^^F a branch; one (which I call the lower branch) from 
the point nearer B\ passes, on the right-hand side of the meridian through A\ to A'; 
the other (which I call tho upper branch) proceeding from the point nearer B^'^y cuts 
the same meridian, and then on the left-hand side thereof arrives at A', touching 
there the separator: at A*^ in the other lateral region there are in like manner an 
upper and a lower branch (situate symmetrically, in regard to the axis, with the upper 
and lower branches at A*)\ and continuous with the two lower branches there is a 
branch from A' to A*\ through the antiloop of the inner region. 

135. Imagine the given value of as continuously increasing from tho value 
'960, which belongs to the nodal isochronic; and attend in the first instance to the 
form within the lateral regions. There will be a loop of continually increasing 
magnitude (viz., the loop for a larger value of Ti^ will always wholly include that for 
a smaller value); each loop formed by an upper branch, which at A' touches the 
separator, and a lower branch the direction of which from A^ is variable. So long 
as jP ,3 is less than 1*377 (value at A' along the meridian) the lower branch, and 
consequently the whole loop, will lie on the left hand of the meridian; but when 2]!, 
is — 1 377, the lower branch touches tho meridian, and for any greater value of 2^3 
lies on the right of the meridian; and in either of the last-mentioned cases tho loop 
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is cut by the mcridiau, and thus lies partly on the loft, and partly on the right 
thereof. 

136. Now by what precedes there is on the separator boundary of the 

lateral region a point whore 'J\^ has a minimum value less than 1*148, and con- 
sequently, for any given value, say for a value between this minimum and 1*377, there 
are on B'B^^ two points where 1\^ has the given value. These points cannot lie on 
tho loop of tho curve belonging to the given value (for this loop is wholly on the 
left hand of tho meridian) ; hence the complete curve for the given value of will 
include (within the lateral region) besides tho loop, a branch uniting the two points 
in question; say a link branch, 

137. It follows that there is between ^13== 1*377 and 1*983, a value (to fix the 

ideas, say = 1*80 ?, it being understood that I do not attempt to determine this value) 
for which tho loop and link branch will unite themselves together, the point of 
junction becoming as usual a node; viz., there will be a curve Tj3 = l*80? having in 
tho two lateral regions respectively the nodes Y, Y'; or say tho curve has in each 
lateral region a solf-intorsccting loop, For any greater value of 1\^ (as for example 
tlio value 1*983 belonging to tho cuspidal curve) there arc two branches inclosing the 
self-intersecting loop; for a loss value, as has been seen, instead of tho self-intersecting 
loop, there is a loop and link branch; at least this is the case until for the minimum 
value < 1 *148 of on the separator boundary the link branch disappears. For 

smaller valiios down to = ‘960, which belongs to tho nodal isochronic, there is no 
link branch, but only tho loop; and as diminishes below this value, there is still 
a continually diminishing loop, lying wholly on the loft hand of the meridian, and 
with it.s upper branch always touching tho soparaior; and ultimately for jTis^O the 
loop vanishes, 

]38, Wo liavo attended wholly to the lateral regions; bub tho consideration of 
tho axial and inner regions is very easy: for any value between tho values 1'983 and 
•960, there are in tlio axial region (between tho nodal and cuspidal curves) two 
brauchoB each proceeding from tho separator to Ay whore they unite, and, crossing 
each other, pass into the inner region, forming a loop within the loop of the nodal 
isochronic; and, movcovor, there is in the inner region a branch, the continuation of 
tho lower branches of tho lateral loops, uniting the points A\ A^\ and lying between 
the nodal and cuspidal isochronic. And for loss than *950 there are in tho axial 

region, between tho nodal curve and tho separator, two branches, each proceeding from 
tho soparaior to A, where, crossing each other, they enter the inner region passing 
outside tho nodal curve (or in tlie side regions of tho inner region) to the points 
A\ A^\ where they rospcctivoly join on to the lower branches of tho lateral loops. 
Ultimately, for 2^33= 0, tho curve coincicloa with the finite portions AA\ AA^' of the 
regulator circle, 

139. Wo have finally to consider the cose greater than 1*983: there is in 

tho axial region a branch lying outside tho cuspidal curve, and extending from 
separator to separator ; in each lateral I'egion two branches (lying outside those of 
the cuspidal curve) each proceeding from A' (or A^*) to the separator boundary BB^"^ 

60—2 
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or an upper branch touching the separator at A* or A*\ and a lower brancli; 

and in the inner region, a branch (continuation of the lower branches) lying between 
the cuspidal curve and the parabolic boundary of the antiloop, and uniting the points 
A\ A!\ In the ultimate case ^ja^oo, the curve coincides with the before-mentioned 
discontinuous curve composed of portions of the parabolic curve and of two separators. 

140. To obtain a comprehensive statement of the foregoing results, we may (as 
in the ease of the iseccentric lines) imagine the curves completed and rondored 
continuous by the insertion of portions lying outside the spherograin, or within tim 
half-shaded and shaded regions; which inserted portions are to be ultimately oblitcratcil. 
The upper and under branches terminating in the separator boundary of a lateral 
region are thus completed into a loop ; the link branch into a closed curve or oval ; 
the vanishing of the link branch happens when the oval, on the point of passing 
outside the separator boundary of the lateral region, just touches this boundary; as 
jfig diminishes to the value for which this happens, and continues still further to 
diminish, I think it may be assumed that there is some value (to fix the ideas, say 
^13 = I'lO ?, but I do not attempt to determine it) for which tho oval becomos a 
conjugate point, viz., for this value = I’lO ? the curve will have two conjugate 
points (nodes) Z\ outside the two lateral regions respectively. 

141. We may now state the forms of the curve, The points A^ A\ are 
always nodes, viz., A\ -4", nodes with real branches, but A is either a conjiigaio point, 
a cusp, or a node with real branches, 

Tia>l‘983: two-loopcd curve, containing within it ^ as a conjugate point; 

as Tig diminishes, the curve bends inwards towards A, and 

Tia— 1*983 ; cuspidal isochronic; A^ a cusp. 

T ]3 < 1*983, the curve cuts itself at Ay having thus acquired an internal loop : as 
jTjs diminishes, changes occur first as regards the lateral loops, and afterwards as regards 
the internal loop; viz., each of the lateral loops is gradually pinched iogethor until 

^13 = 1*80? there are two new nodes Y\ each lateral loop being a figure of 8. 

As Ti 3 diminishes tho figure-of-8-loop breaks up into a loop and oval, which oval 
continually diminishes until for 

^13 “110? the ovals have each become conjugate points, or there is jx ourvo with 
two conjugate points Z ^ Z , As diminishes the conjugate points have disappeared, 
and we have again a curve with an internal and two lateral loops; but in tho 
meantime the internal loop and the branch A*A^^ are continually approaching each 
other; and, Tig = *950, nodal iaochronic, there is a node X on the axis. Tho curve 
consists of two figures of 8, each crossing itself at one of the points A\ A'\ and tho 
two crossing each other at the points A, X 

As 5^13 diminishes, the curve breaks off from X on each side of tho axis so as 
not any longer to cross the axis (except at A), that is 
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7ia<‘950; curve is a chain iutcrsecting itself at A\ it, A"; viz., from each loop 
thei'e pass two branchos, one inside, the other outside, the regulator, uniting themselves 
at A with the braiiclics from the other loop outside and inside the regulator 

respectively; and finally 

'J\^ = 0, the curve is the arc A'AA^^ of the regulator circle. 

142, There is not in the several curves any discontinuity of direction at the 

point A' or A'': the branch from il within the shaded or half-shaded region, emerges 
at A' or it" into the lateral region, uniting itself with the upper branch of the loop; 
it can only do this in virtue of its being at A' or A" a tangent to the separator 
(for otherwise it would cross the separator and regulator into the inner region); 

that is, the continuation thereof, or upper branch of the loop, must at the point 

or A'' touch the j^eparator; it has been previously throughout assumed that tliis is so, 

143. It is to bo observed, both as regards the iseccentiic and the isochromc 

curves, Lliat there is a I’eal meaning in the obliterated portion.s; viz., to any position 
ol‘ the orbit-polo on such obliterated portion of the curve there corresponds a conic 
doiormined by means of a given trivcctor, but which, by reason of its being a convex 
liyperbola, or hyperbola such that the three points do not lie on the same branch 
thereof, is not regarded as an orbit, The obliterated portions have been in the present 
Memoir eonsidored only so far as they present themselves in contiiuuty with the curves 
which arc the loci of the polo of a proper orbit, and for tlie purpose of explaining 
the course of those curves; and the curves completed as above are not the complete 
loci which would bo obtained if, instead of the selected conic called the orbit, wo 

had considorod simultaneously the four conics determined by means of any given 
trivcctor; such oxtenHion of the theory would, it is probable, bo iutorosting geometrically; 
but it would bo devoid of all astronomical significance. 
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477. 

ON THE GRAPHIOAL CONSTRUCTION OP A SOLAR ECLIPSE. 


[From the Memoirs of the Royal Astronomical Society^ vol xxxix, (1870 — 1871)^ 

P23, 1 — 17. Head January 13, 187L] 

The present Memoir contains the exj^lanation of a Graphical Construction of a 
Solar Eclipse, wliich (it appears to me) is at once easy, and suscoiitible of considerable 
accuracy: I think that if made on the suggested scale (radius =12 inches) wo might 
by means of it construct a diagram such as the eclijiso-diagrams of the NaiitiGal 
AlmanaOf with at least as much accuracy as could be exhibited in a diagram on that 
scale. 


Article Nos. 1 to 9, General Eooplanaiion of the Construction, 

1. We may imagine the celestial sjihere as seen from the centre of the Earth 
stereographically projected at each instant during tlie eclipse—ihe radius of the bouudiug 
circle of the projected hemisphere being a given length, say twelve inches, which is 

taken as unity — in such wise that the centre of the Moon is always at the centre of 

the projection, say Jlf, and the pole (suppose the north pole, say N) of the Earth on 
a given radius: its position on this radius will in strictness be variable, viz. distance 
from centre = in’ojection of Moon's N. P, D, = tan^A. Suppose, for a moment, that the 
position at each instant of the Sun's centre were also laid down on the projection, 
so as to obtain the projection of the Sun's rolativo orbit; this will be a terminated 
short line A'B^ (fig, 1), nearly straight, and lying near the centre of the projection 
(this relative orbit is not to be actually laid down, but it is replaced, as will presently 

be explained, by a relative orbit on a very enlarged scale) ; if at any instant the 

position of the Sun on the relative orbit be denoted by then the straight line 
MB* is the projection of the arc of great circle through the centres of the Moon and 
Sun, so that E being the angular distance of the centres, the length of tho lino 
MB* is =tan^i?, or {E being small) it is 
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2, Produce S'M through the centre M to a point Z, and consider Z as repre- 
senting a point on tlie Earth’s surface: to determine the geographical position of Z, 
we must consider the projected meridian NZ which passes through Z : the arc NZ, 


Pig. 1. 



i-ogarded as a projection, represents the N.P. D. or colatitudo of Z, and tlio actual 
angle at N which the tangent of NZ makes with the lino NM is equal to the 
celestial angle ZNM which is = Moon’s hour-angle from Z, or wliat is the same thing 
= difference of Moon’s hour-angle from Greenwich and of the longitude of Z (as tlio 
figure is drawn, /L ZNM = Moon’s hour-.angle E. of Greenwich, less E. longitude of Z). 

3. Now, considering the Moon and Sun as seen from Z, we may disregard the 
parallactic depression of the Sun, and attribute to the Moon a displacement equal to 
the difference of the parallactic displacements of the Moon and Sun ; that is, regarding 
the zenith distances ZM, ZS' as equal, wo may consider the Moon’s centre as depressed 
by parallax in the direction of the arc M8' through an arc MQ', = .sin“^ P' sin ^il/, 
where P' = '99837{<r' — tt') is the quantity thus designated in the Appendix to the 
Nautical Almanac for 1836, viz. it is =<r' — tt', the differenco of the equatorcal horizontal 
parallaxes at the time of the eclipse, multiplied by a factor •99837, which answers to 
a distance of Z from the Earth’s centre = Earth’s radius for latitude 46°. And if wo 
take Q' such that its angular distance from 5" = sura of angular semidiameters of the 
Sun and Moon, the locus of Q' is very nearly a circle about the centre 8', and the 
corresponding positions of Z give the positions on the Earth where the limbs are in 
exterior contact, or, what is the same thing, give the penumbral curve on the Earth’s 
surface for the position 8' of the Sun. 

4. Instead of 


we may write 


Arcjlir(3' = siu->P'sin^il/, 
Ai-cil/Q'= P'AaZM, 
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or, mmg p to doiiotc the linear distance ZM in the projection, we have p - tan ^ZM, 

2n 

and therefore sin ZM — - —— 7 , hence 

+ 1 

Arcil/Q' = F-^-, 
p-H-1 

and the linear distance MQ' in the projection is ~ tan ^ arc say this is =^txvc MQ\ 
or calling this linear distance wc have 



6 , Hence, if instead of the original representation of the Sun's relative orbit we 
consider an enlarged representation thereof and of the depressed positions Q' of the 
Moon, obtained by increasing the several distances from the centre of the projection 
in the ratio IP' to I, and if instead of A\ B\ S\ Q\ we use A, 5, 8, Q, as referring 
to this enlarged represoutation, then representing by r the linear distance MQ, we have 
2 

r — and consequently 

Wo luwo hole r ropi'osontii)g Llie parallactic depression corresponding to the zenith 
distance ZM, whore p — ZM \ tliat is, p = 1 , and therefore ?' = 1; but for 

ZM^^^W the piunllaclic depression is =F; that is, the scale of the enlarged repre- 
sentation of the Sun’s rolabive orbit, or say simply the scale of the relative orbit (for 
on the original scale it was never actually constructed at all) is such that we have 
P' (= about GO') roprosentod by the radius of the bounding circle of the projected 
heinis 2 )hore, = 12 inches, 

6 . 'J'ho process is, construct the relative orbit on the scale P'=! radius of bounding 
circlo : tako fi for the position at any given instant of the Sun in the relative orbit, 
and with contro 8 and radius =s-f-£r (sum of the angular semidiameters, of couise 
on tho sainn scale) doscribo a circle. The positions A. and B of the Sun at the 
beginning and end of tho colipso respectively are such that this circle just touches 
tho bounding circlo oxtcrnally, viz, tho distances of A and B from the centre of the 
projooLion aro each = radius of bounding circle -t- s -f o-. At any intermediate instant 
the circle, radius s-t-c, lies wholly or partly within tho bounding circle; in the latter 
case Avo attend only to tho arc thereof Avhich lies ivithin the bounding circle. Taking 
then <3 any point Avhatever on tho circle or arc in question, Ave join Q Avith the 
contro M of tho projection, and produce this lino through M to a point Z, such that 
the distances MQ, MZ, being r, p respectively, wo have as above 

p^ + 1' 

or, Avhat is tho saino thing, Avriting 6 in place of z, and regarding this angle 6 as 
a variablo parameter, the relation between i’, p, may he expressed by means of the 
bAVO equations, p — tan ^0, r — sin Q. 

0. VII. 


61 
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7. Practically the construction may be performed very easily means of a straight 

edge twenty-four inches long, graduated from the centre, one half of it for the values 
of and the other half for the corresponding values of p (that is, the first half is 

gi’aduafced for sin and the second half for tanj^): we have thus^ corresponding to 

the circle or arc of circle which is the locus of Q> ^ closed curve, or arc thereof 
terminated each way at the bounding circle, for the locus of Z: which curve or arc 
of a curve is the penurabral tairve on the Earth's surface for the position S of the 
Sun in the relative orbit. 

8. The north pole of the Earth occupies in the projection a given position, viz. 

it is situate on a given radius at a distance = tan ^ Moon’s N.P.D. ; which N.P.D. 
may be considered as being throughout the eclipse constant, and equal to its value 
at the middle of the eclipse. But in order to arrive at the geographical signification 

of the figure it is necessary to lay down on the projection the position of the 

meridian of Greenwich; which position, it will be remembered, varies according to the 
position of S. Supposing this done, we could of course (at least theoretically) draw 
the whole series of meridians and parallels, and thereby determine the latitudes and 
longitudes of the several points of the penuinbral curve, or (if need is) transfer it 
to a different projection of the Eartlfs surface. The actual description of the meridians 
and parallels would, however, bo very laborious, and fortunately it can be avoided by 
means of a single blank projection and a slight modification of the foregoing process, 
UvS will be explained. 

9. But before considering how tliis is, it is proper to remarlc that constructing as 
above a figure of the penuinbral curves corresponding to the several positions of the 
fiuii: by what precedes these different curves may indeed be considered ns belonging to 
the same position of the north polo in the projection, but they boloug to different 
positions of the meridian of Greenwich ; and thus they do not constitute a I’eprescn- 
tation of the penumbral curves each in its proper terrestrial position, but only a repre- 
sentation in which the penumbral curves are affected each of them by a different 
displacement in longitude. 

Article Nos. 10 to 13, Modijicaimi in order to the AppHcnbility of it Single Blank 

Projection, 

10. Imagine a stereographic projection of the meridians and parallels on the 'plane 

of a 'ineHdiitn^ radius of this meridian, that is of the bounding circle of the projected 
hemisphere, being =12 inches as before ; and the poles i7, ^ being of course opposite 
points on the circumference of the bounding circle — the incrklianH and parallels are, 
however, to be produced outside the bounding circle; say this is the blank jirojectioii,” 
and let its centre be denoted by Then, if at any point M on the radius J/iV, 
we draw the chord QD at right angles to and on GD as diameter describe a 

ciiclc, this will cut out from the blank projection a new projection having the last- 

mentioned circle for its bounding circle, and in which N is the north polo; viz. the 

meridians of the blank projection will bo meridians, and the parallels of the blank 

pi ejection will he parallels, in this now projection. And, moreover, if the longitudes 
aie reckoned from the meridian NMMi, then the meridian of a given longitude in 
the blank projection will iu the new projection bo the meridian of the mme 
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longitude — but the parallel of a given colatitude o in tlie blank projection willj in 
the ueAV projection^ bo the parallel of a different colatitudo — the relation of o, 
being, however, a very simple one^ as presently explained. 


Fig. 2. 



11. The blank projection thus at oiico gives a projection in which the north 
polo N has any assumed position whatever; and it is easy to see that in order that 
its distance MN from the centre of the projection may represent a given angle A, 
wo have only to take Jl/jilf — cos A (that is =* 12 inches x cos A), the corresponding value 
of MO being ilfO — sinA (that is —12 inches x sin A). Hence A denoting the iloon’a 
N.P.D, at the middle of the eclipse, we can by means of the blank projection construct 
a projection such as that above referred to, only the radius of its bounding circle, 
instead of being unity (12 inches), is in the reduced ratio of 1 ; sin A. 

12. The figure of tho pcnumbral curves as originally constructed requires, therefore, 
to be reduced in the ratio 1 : sin A, viz. each of the distances from the centre M 
should be reduced in this ratio ; this could of course bo done easily enough with a 
pair of proportional compasses ; but by means of a different graduation of the straight 
edge wo may, in the first instance, construct the ponumbral curves on tho proper 
reduced scale; viz. assuming that we have on the proper scale a proportional-scale 
figure such as is here shoAvn, the lino Mr (-12 inches) being graduated for sin 6, 
and tho lino MA (also -12 inches) for ian^O^ and a sot of parallel lines being drawn 
through the last-mentioned graduations—then taking the distance i/p-sinA, that is 
= 12 inches xsinA, and drawing the line Mp, this line will, it is clear, be graduated 
for sin A tan \6\ so that we may from the figure graduate the straiglit edge, the one 
half of it by means of tho line Mr, and the other half of it by means of tho line 
Mp ; and with the straight edge thus graduated, at once lay down the peuumbral 
curve on the scale now in question. And wo thus obtain a figure containing as well 

61—2 
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the penumbral curves, as the meridians and parallels which serve to fix their terrestrial 
position. 

Fig, 3. 





13, It remains in the new projection to find the colatitude belonging to any 
given parallel. Supposing that the colatitude in the blank projeetion is —o', then it 
may be shown that the colatitndo c of the same parallel in the reduced projection is 
given by means of the equation 

taxi 0 = cot ^ A tan ^ o\ 

from which c might be calculated ninnorically: but the required value may also bo 
obtained graphically. In fact, considering the parallel which cuts JVS (sec fig. 2) in 
a point Rj then, if by lines drawn from G as a centre we project Ny R, 2, on the 
circumference of the bountlmg circle of tho new projection—say the projections of these 
points arc n, r, s, respectively, the arc ns is a semicircle, and tho arcs nr, sr, avo 
respectively the N.P.D, and the S.P.D, of the parallel in question. It may be added 
that ill the new projection the equator is reproscntccl by tho parallel through the 

points 0, D; so that if this cuts iY2 in Q, and the point Q bo in like manner 
projected on the bounding circle — say its projection is q, then tho arcs nq, sq, will bo 
each of them a quadrant, and the arc qr will be the latitude of tho parallel in 

question* 

Article Nos. 14 to 18. As to the Oonstruotion of the Relative Orhits, 

14, It is convenient to notice that if e, e', be the values of tho equation of 

time at the preceding and following Greenwich Mean Noons (viz. e or e' -G.M.T. of 

apparent Noon) then that the Sun's hour-angle E. of Greenwich at the Greenwich 
mean tinie t is 
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and that if a, a\ arc the R.A/s of the Moon and Sun respectively, then /i' — /i — — a, 
which is also of the form A + BU In the reduced projection, the Moon is always at 
the centre M ; by means of the values of II — h we lay down at any instant the 
Sun's position in R.A. and then by means of the values of h\ the position of the 
meridian of Greenwich; and we thus at any instant read off the terrestrial longitude 
of any point of the reduced projection, or say, of a point on the peniiinbral curve, 

15. With regard to the construction of the relative orbit, it is to be observed 
that if at any instant the hour-angle and N,P,D. of the Moon are h, A, and those 
of tho Sun, h\ A', thou taking M as origin, and the axes Mx, Mij, in the direction 


Fig. L 
jV 



of NM produced, and perpendicular hereto to the right (or eastwards), thou the 
rectangular coordinates of S' arc approximately «; === J (A^ — A), — /i)sm A, where 

— /i is equal to the difference of RA. of the Sun and Moon. Hence, in the adopted 
relative orbit, the coordinates of 8 would bo 

x^~p- 12 in. sin A. 12in. 

Avhorc, jP' being reckoned in minutes, A' — A and A' — A are also reckoned in minutes, 

16. Moreover, A may be considered as constant during the eclipse: and the relative 
orbit, assumed to be a straight lino, will be determined by means of two points 
thereof ; vix, knowing tho values of A' — A, and h' — h at about the time of the 
beginning and at about tho time of the end of the eclipse, we construct by these 
formiila3 two points of tho orbit, and joining them by a straight line, we have the 
orbit. Also the position at any Instant of tho Sun in this relative orbit will be 
obtained by considering its motion therein as being uniform. I think there is no 
advantage in the adoption of a moi^e accurate construction : for although we may for 
any given instant use the acciu'ate values of A, A, h\ A', and so construct the position 
in tho relative orbit, and tho corresponding penumbral curve, yet if in the deter- 
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mination of the geographical significance thereof, we were to use for each curve a 
different value of A, the simplicity of the construction would disappear; and it is, 
moreover, doubtful whether the trifling corrections would not be within the limits of 
the necessary errors of the drawing* 

17, But if MS' be and /.ccMS' — d, the accurate values for the coordinates 

of S' are tan J -B . cos 0, y — tan sin 0, and the values for the coordinates of S 
2 2 

are cc = tan MS .co^0 , 12 in,, y = ^37 t/ • sin 0 . 12 in., where P' is still 

P , arc 1 " ^ , arc i 


reckoned in minutes, and of course arcl' = 


10800* 


As the scale is considerable, it is 


worth while to inquire w'hether the employment of the accurate formula3 would produce 
an appreciable difference in the position of 

"We have sin0“SiuA' = sin(B“7it)-r aini?, that is, sin B sin ^ = sin (B — /i) sin A', and 
cos B — cos A cos A' -{- sin A sin A^ cos {h' — h ) ; or putting for shortness A' — A ^ a, h' — A == /9, 
wo have sin E sin 5 = sin j(3 sin A^, and cos B - cos « — sin A sin A' . 2 sin^ Hence, 
attending to tlie equations cos^ \E 2 (cos^ sin A sin A' sin^ ^ /3) and siii^ ^ B = 
2 (sin® i a + sin A sin A" sin^-^ /3), we find 


tan J E sin Q = 


sin ^ /S cos 4* S sh^ A' 
cos^ — sin A sin A' sin'^ ^ ^ * 


tan i E cos 


^ _ j sin^ ^ a + sin A sin A' sin'-' -i* /3 _ sin^ ^ /3 cos^ ^ /3 sin^ A' 

V cos'-* a •“ sin A sin E! sin'' J /8 (cos" ^ a — sin A sin b! sin" ^ /3)" ' 


whence, considering a, /3 ns small quantities of the same order, and neglecting terms 
of the third order, we have tan ^ .B sin 0 = sin ‘J ^ cos | /3 sin A', or what is the same 
thing, =siU'^^sinA, or fiiiall}^ =^jQsinA, that is -J- (B A) sin A, which is the foregoing 

approximate value, and thus in the adopted orbit y =3 ] 2 in. = approx, value. As 

regards the expression for tan -^ jB cos wtI ting for a moment fi = sec" ^ a sin A sin A' sin" ^/3, 

the quantity under the radical sign is 

tan" i a + XI sin" ^ ^ cos" -J /3 sin" A' 

^os'"|^i -- ay " * 


and, taking this to the third order, it is 

X « \ ^1 . X a 1 \ i i® i /3 sin" A' 

= tan"of + Xl(l + tan"ia) ^ , 

^ ^ ' oos'^a 

which, substituting for XI its value, is 

, , ^ , sin" A /3 sin A' , . . . , „ . 

= tan" i a H (sm A — sin A cos" i /9), 

where sin A — sin A^ eos"^ /3 = sin A — sin (A + a) cos" ^ /9, 
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= sin A — (sin A + sin ot cos A) cos- ^ 

— — sin a cos A, = — 2 tan ^ a cos® ^ cl cos A, 

so that to the third order the quantity under the radical sign is 

^ ^ 1 2 tan i a sin- i 1$ sin A cos A 

^ cos® I ct ' 

and to the second order, that is finally neglecting terms of the third order, 


sin® ^ s in A cos A 
cus®-^^ 


tan ^Econe^ tan i ^ “ 

or, what is the same thing, 

= -^ a — sin A cos A . J j3\ 


18. Hence, writing aa=(A' — A) arc 1', — h) avc\\ and passing to the adopted 

orbit, wo have 

^ = ^j/-^ 12 in, - ^ sin A cos A 12 in. x (h^ - h) arc 1', 

viz. putting 


we have 


or say 


h'-h . . 

i/= pf smA,12iu. 

A' - A 

^ ^ __ — 12 in, ^ y . cos A X {h' — h) arc 1', 
= 12 in, - y . ^ cos A (It' - h) . 


The value of the second term may amount to about of an inch, and thus be 
sensible, but there is no difficulty in taking account of it. 


Article No. If), xls to the Equation , 

p-'d- 1 

19. It may be remarked that the equation which served for the 

graduation of the straight edge, was iu effect obtained from the equations 

2 

?• == p} tan ^ E, sin z = sin p — tan ^ z 

by assuming therein tan \E^\E and sin = S respectively, But the elimination of E 

and z can be effected without this assumption, viz, we havo siii E = t 

^ l + tan®^A? l-hiP^P 
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and then as before, sin - = -r—-—,! whence the relation bolwcen r and p is 

H-tan-^2 l+p‘ 

found (,0 bo 

r _ 2p 

r-R'pv-'i+p^' 

wliich ho\\'ovcr assumes that P' is reckoned in parts of the radius; reckoning it as 

2^f 

before in minutes, we must^ instead of P\ write 2^' arc 1' ^ numerical 

value is about nnd taking it to be this number, tlic formula is 

r _ 2p 


1 + 


14400 


where r, p arc reckoned in parts of the radius (= 12 inches). Supposing that is 

calculated from the formula nearly r = ?•, ^1 + > 

and 3’i being =1 at most, the corioction is inappreciable; if however this were not 
tht) case, the moro accurate forimila might have been used; the onl}' difference being 
that the making of the graduation would have been more laborious. 


Article No. 20 . Remark as to the Geometrical Theory of the Projection of the Pemmihral 

Curve. 

20. il’ho stercographic prtyectiou of the penuinbral curve ou the Earths surface 
(assumed to bo aphorical) is, ns I have elsewhere shown, a bicircular quartic. It may 
bo sliowu that the atoi-eogiAphic projection, as given by the foregoing approximate 
inctbocl, is a bicirciikr quartic: we have, in fact a circle, the equation of which in the 
polar coordinates r, 0 is 

‘ (r cos ^ — a)“ + 7 ’® sm= 0 = 

and where {$ being unaltered) r is cliaiigcd into p, where , that is 7 ; = i (f + ") • 

'fho ciiuation of the circle is 

— 2ar cos 0 -h aP — J3^ = 0, 

or snj' „ „ 

, 2 «cos^ , 

1 7.— + 

and the transformed equation is therefore 

1 — a cos ^ + i (a® — (p + “) ~ 

*'*’”*' («9 — /3^) (p” + 1)“ - 4a cos 0p (p“ + 1) + 4p“ = 0, 

or in rectangular coordinates 

+ 2p= + 1 - (P’' + l)+aa_y37 P’‘ 
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that is 


P* a? - /3^ a“ - /3‘‘) « + 1 = 0, 


wliexG the form of tho equation sliows that the curve is a hicircular 

2 

quartic. Writing for shortness = m, the equation is 


pi — 2maxp^ 4* (2 + 2m) + 1 — 2max = 0, 

that is 

-- m {ax ~ 1) + 1}8 ^ {ax ~ 1)^ - 2m ==: 0, 
or, what is the same thing, 

[{x - may + m 4- 1}^ -- Qn^ {ax - 1)^ -- 2m 0, 

which putting x^^ma for w is 

{ap q. y9 « J q, q. ly _ ^ ^ _ 2m = 0, 

viz. the terms of iho fourth order being and there being no terms of the 

third order, the curve represented by this equation is a bicircular quartic, 


Article Nos. 21 to SO, Practical Details ami Application to Eclipse of December 21-22, 

1870* 

2U There arc some practical details which it is proper to explain, using to fix 
the ideas the eclipse of December 21-22, 1870; the constant value of A (see infixl) 
is taken to bo 490"‘4-22''35'C)» 

I have a blank projection (radius 12 in, as above) with the meridians and parallels 
each at iutorvaly of 6°. And also another blank form which has on it merely a 

circle, radius 12 in,, graduated as to ono quadrant thereof with lines about l-^in. long, 
inwards towards the centre. Tt contains also in a corner the foregoing proportional- 
scale figure, 

22. On tho blank projection I measure off, downwards from the centre, a distance 
Jl/iJf = 12 sin 22"^ 3i5^(= 4*01), distances all in inehes ; and then with tho centre il/ and 
radius Jlf(7= 12 cos22''36'(= 11*08), describe a circle which is the bounding circle of 
tho reduced projection. WiLli this same radius I describe on iho second form, con- 
centric with the 12-inch circle and above the horizontal diameter thereof, a semicircle; 
and, cutting out the included area, replace it with tracing cloth. The form thus 

prepared is placed over tho blank projection, so that the semicircle shall coincide with 
the corresponding semicircle on the blank projection, and the two sheets are fixed 

together by their lower edges, and by folding down tho remaining sides. We have 

thus tho upper half of the reduced projection, represented by the semicircle, with the 

^ See Plato, wliioli oxliibits in dotted linos tho blanlc projection iinclor tlio other blank form; tho part within 
tho rod aoinioirolo, aB soon tlirongh tho tracing oloih, tho reafc really hidden. 

0. VII. 
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merkliaus and parallels marked out tlicreon by lines seen through the tracing cloth. 
See the Plate; the dotted line shows a paper scale afterwards affixed to the second 
form or upper sheet. Observe that so far the only eclipse- datum made use of is the 
value A -=90° + 22° 35'. 

23. We have for the eclipse in question, taking t for the G.M.T* in hours, 
positive or negative according as the time is after or before G.M, Noon, Dec. 22, and 
A' also in hours, 

/i' = 0’‘*02 + ^999C, 

and then taking the values of a, cl. A, A' from the N.A. wo have as follows : 


G.M.T. 
1870, Deo, 

;t'+2'>= 

a— 


A=g0°H' 


h 

h' -5* 2^* + a' - a 

A-A 
in Minutes 
of Aio. 

h'-h 
in ditto. 

d h 

li m a 

h m 9 

Ii in B 

o f /f 

o ' " 

U 111 B 

/ 

/ 

21 22 

0 1 13*42 

17 66 1-84 

18 1 48-72 

22 27 8-6 

23 27 17-1 

0 7 0-30 

60-143 

- 86-G20 

22 3 

5 1 7*37 

1 

18 9 26*74 

18 2 44-27 

22 43 12-6 

23 27 13-9 

4 64 24-90 

44-023 

+ 100-G32 


and moreover 

Moon’s Parallax o'' = 60'38"*6 

Sun's ditto 7 r'= 91 

(j'-~7r' = G0 29‘6 = 60'‘49 
F = 60 ‘39 

Moon's Semidiara. s = 16' 33"*2 

Sun's ditto $'=:16 17 ‘9 

5 + s' = 32 61 ’2 = 32'*86 

whence 

12 in, = 6*53 

viz, this is the radius of the circles used in the construction of the penumhral curves. 
24. We have for w, y the formula 

A' — * A 

io = — p— 12 in. + y (h' - h) O'OOOOG, 

-.o- 

y — — p — 12 in. X sm A, 

viz. I find Dec. 21, 22'*, 


® = 11*95 - 06 = 11'89, 
y - 15-80, 
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and Dec, 22 — 3^ 

8‘75 + •!!-= 8^85, 

y = -h 18-45, 

where I have taken account of the small corrections to the approximate values of a?: 
it may be added that, using the conjunction^ value 62' 9"*4 of A' — A, we have at 
conjunction, 

= 10*36, 2/ = 0. 

25. We thus lay down on the relative orbit the two points 22’* and 3**, and the 
point of conjunction or intersection with the axis of os; the three points are found 
to be sensibly in a straight line: the distance between the extreme points is about 
34 inches, representing 6 hours, so that the scale is nearly 7 inches to an hour; the 
lino is then graduated to quarters of an hour. We then, by means of the distance 
12+6*63 — 18*53, mark off on the relative orbil, the points B, which correspond to 
tho beginning and end of tho cclipso respectively: the times as read off from my 
figure, and comjDared with the true times given in the N. A, arc 

from figure N, A. 

Beginning 22'*12”**6 22 13*6 

End 2 40 *6 2 41*1 

26. With centre B describing a circle radius 6*63 this will of courso just touch 
the 12-incli circle, and tho ponumbral curve will bo a more point, viz., this is the 
point 71' on tho bounding circle, opposiLc to the -pomi of contact. And so with 
contro E describing a circle of the same radius 6*53, that will just touch the 12-incli 
circle, and the ponumbral curve will be a more point, viz., tho point JS?' on the 
bounding circle, opposite the point of contact, 

27. T draw tho circles corresponding to tho times 22’*30**\ 46’**, 23’* 0”*, viz., so 
much of each as lies within tho 12-inoh circle. Each of those is then transformed 
into a ponumbral curve, drawn in the upper semicircle on tho tracing cloth. For 
this purpose wo construct a straight edge of paper, tho ono half graduated for 
12 sin 0, the other half for 11*08 tan^/?, by means of tho proportionahscalo figure, as 
already explained : 0 =: 0® to Q0° at intervals of 6°, is quite sufficient ; tho points on 
any particular ponumbral curve are laid down in pairs with tho utmost facility, and 
tho curve is traced by hand from 4 or 6 pairs of points. 

28. Wo then gracluato for latitude; viz., wo see through tho tracing cloth, the 
equator cutting tho vortical radius in Q, and a parallel cutting tho same radius, say 
in Jl; drawing lines from (7, wo refer these to the points q, r on the boimcliug 
circlo, viz., on tho quadrant thereof which is graduated by means of the graduation- 
lines of the 12-inch circle; and we thus read off the latitude of tho parallel in 
question; this latitude is then marked for each parallel on the vortical radius from 
Q up to tho bounding circlo, viz,, not on tho tracing cloth, but on the paper affix; 
and wo then on this same radius (on tho paper affix) intorpolato the positions whore 
this would bo intersected by the parallels for the colatitudes, 6°, 10^ 16°, &c, Or 

62—2 
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(wliat is perhaps bcUer) we may without rnarkiiig the latitudes of the parallels of 

the blank form, construct directly the last-mentioned graduations; viz,, marking off on 
the bounding circle from the point q, equal intervals of 5*", and from any such mark 
drawing to (7, a line to meet tlie vertical radius, the point of intersection is the 
point belonging to the parallel, latitude equal to the corresponding multiple of o'". 

29. Finally, we must (not on the tracing cloth but on the paper affix) graduate 
an are of the equator for the position of the meridian of Greenwich, that is for A. 
We have 

li m s li in s o / 

At 22^^ A = ~2‘‘-i- 0 7 0*30 ==- 1 52 62^30 = -^28 13*08 
At 3^^ - - 2'‘ + 4 64 24*90 -= + 2 54 24*90 = + 43 36*20 

The equator is already graduated in longitude by means of the meridians of the 
blank projection: hence we lay down the marks for 22*' and 3^^ in the positions 

belonging to — 28"" 1H\ and 4* 43“ 36' respectively. And then since the interval of 

5 hours answers to 71° 49', that of 1 hour will answer to 14° 22', so that, measuring off 
those intervals of longitude^ wo have the marks for the intermediate times 23^ 0^^ l^ 
or it might be proper to find in tliis way the marks corresponding to each interval 
of 20^’’ of time, answering to about 6° of longitude; the further subdivisions would be 
proportional to the intervals of time. 

SO. I have in this way read off the positions of the points i?' and 7?' belonging 
to the beginning and end of the eclipse ; the values, as compared with the true 
ones, ai’c 


B' 

latitude N. 

From Figiiro 

o 

34 

N. A. 

0 ' 
86 37 


longitude W, 

47 

46 44 

E' 

latitude N*. 

26 

26 5 


longitude W, 


37 16 


I remark that my figure, although drawn carefully, is not drawn with anything 
like the degree of accuracy which would be easily attainable ; and I think that far 
better results might bo obtained. I merely from a scale lay down tenths and estimate 
hundredths of an inch, but certainly fiftieths might be laid down from a scale. 
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ON THE GEODESIC LINES ON AN ELLIPSOID. 

[From ilio Memoirs of the Royal Astronomical Society, vol. xxxix, (1872), pp. 31 — 63. 

Read January 18, 1871.] 


Tllii] funclnmcnlal equations, in regard to tho geodesic lines on an ellipsoid, were 
established by Jacobi, viz., representing by «, h, o, the squares of the semiaxes, that is, 
taking tlio ellipsoid to be 


a>^ 

a 


+ 



£! 

0 


= 1 


(where a>h>o), if wo introduce tho elliptic coordinates h, k, and write 

ft -}■ h h 0 + /t * 

^ + + =1 
w -j- k 6 + Ic c + /c ’ 

or, what is tho same thing, 

, _ a (a + h) (a + ?c) 

® “ (a-6)(«-c) ’ 

^ i (& 4- h) (h 4 k) 
y ~ {h-c){b-a) ’ 

„ _ 0 (o + h) ( o + k) _ 

~ {o-a)(o-h) ’ 

then, if /3 bo an arbitrary constant, the clifFerential equation of a geodesic lino is 
(1) const. = JfZ/t a/ + + 0 {a-^k){h + k){o + k){S^k ) ' 
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and the expression for the lengtii of anj’ arc of the curve is given by 
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( 2 ) 




A(/3 + /0 


{a + h) {h + h) (c + h) 


+ 



k) {b 4* k) (c H- k) 


I propose in the present Memoir to dcvelope the theory to tlio extent of showing* 
how we can, by means of the first of these equations, explain the course of the 
geodesic linos; and for given numerical values of 6, o, calculate, construct, and 
exhibit in a drawing the course of these lines: I attend more particularly to the 
scries of geodesic lines through an umbilicus (which lines pass also through the 
opposite umbilicus), and to the case where the somiaxes are coniioctcd by tho equation 
ac — 6^ — 0, a relation whicli siinplifics the fornmlm. 


General Gonsideraiwns as to the Ooimo of the Lines. 

1* It will bo observed that h and k enter into tho fonnulro symmetrically: it 
will be convenient to distinguish between these coordinates by considering h as 
extending between the values -a, —h\ and k as exiondiiig botwocu tlio values —i, 
Thus : 

h — const, denotes a curve of curvature of the one kind, vi;i. : 

A — — a, the principal section ABA' (or major-mean section), the curves 

XJU* and (or portions of the umbilicar section AGA'G*)\ similarly, 

Aj — const, denotes a curve of curvature of the other kind, viz.: 

— 0 , the principal section GBG' (or minor-mean section), k^^-h^ the curves 
and (remaining portions of the umbilicar section AGAV% 



2. To any given (admissible) values of h, k there correspond eight points, situate 
in tho eight octants of the surface respectively; but, unless tho contrary is expressed, 
it is assumed that the coordinates cOy y, Zy are positive, and that tho point is situate 
in the octant ABC. 

3. The constant /3 may have any value from 4- a to +o\ viz., if it has a value 

between a and &, or say, if has an /i-value, then tho geodesic lines wholly 
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tetwGcn the two ovals of the cuiwe of curvature A — — /3 (being in general an indefinite 
undulating curve touching each oval an indefinite number of times). Similarly^ if ^ 
has any value between h and c, or say, if — /8 has a A-value, then the geodesic line 
lies wholly between the two ovals of the curve of curvature h — (being in general 
an indefinite undulating curve touching each oval an indefinite number of times). 
The intermediate case is when /3 — or say when — ^ has the iimbilicar value: here 
the geodesic line is in general an indefinite undulating curve passing an infinite 
number of times through tho opposite umbilici U'\ or U\ U'"; to fix the ideas, 
say through ff, 


Lilies through an Umbilicus, 

4 I attend in particular to the last-mentioned case, and thus write /3 = 6, We 
may in tho formula (1) fix at pleasure a limit of each integral; and writing for 
convenience 


U{h)^ 

J 

P -clh 

/ 

1 6 + A \ 

' (a-l- A) (c + A)* 


f-o dk 

/ 

'k l> + k\ 

(a 4“ A) (c 4" A) ^ 


the equation (1) becomes 

Const. - n (h) 4- (&). 


5, It is to be observed, in regard to these integrals, that writing /i — — a 4- w, we 


have 


which, for small, is 


n {h) = r — J 

^ J 0 C6 — 0 — V tfc (a - 


11 


0 — n) ' 


— ^ — 2Va6 j a 

a-hW cc-oJo ‘^a-bV a-G* 


By the assistance of this formula the value of the integral may bo ealciilated by 
quadratures; viz,, tho formula gives the integral for any small value of ii, and we 
can tlieii proceed by the method of quadratures, The integral becomcB infinite for 
suppose that wo have by quadratures calculated it up to — (m small), 

then to calculate it up to any value -b — m-hu nearer to — b, we have 


rr/7\ 7T/ 7 \ i I b-hm- it 

( t) -- ( m) + Y _ u) 

= n(-5-TO) + ^ 

= (a-5)(5-c)'os(l~ w)’(') 

where the second term is positive, and the value thus increases slowly with 
becoming as it should do =oo for u—m or h^ — K 

^ Bxoopt whoa tho contrary is stated, tho symbol “log*’ denotes throughout the hyperbolic logarithm, 
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6, Similarly in the second integral writing li = -o~v, we have 


which, for d small, is 


^ f" dv / o + v 

j,h-c-'yV 

_1 / 0 f dv _2V« 

~b — ov a — cj Vv’ 



which is of the like assistance in regard to the calculation, by quadratures. And if 
we have by quadratures calculated the integral up to h=‘ — h + n {n small), then, to 
calculate it U23 to any value —b+n — v nearer to —b, wo have 

(ft) = ^ 6 + a) + ^ 

= 'P (- 6 + w) - (j-c) ’ 

where the second term is positive, and the value thus increases slowly with v, 
becoming as it should do =« for v = n, or k = — b. 


7. It may be remarked that in IT (A) and '?(/!?) respectively the coefficient of the 
logarithmic term has in each case the same value —/\J ^ . As regards the 

initial terms V« and W, the coefficients are — ^a/— ^ and r-— A / — — - rospoc- 

a—bya~o b-ova-o ^ 

tively, which are equal if orac-&^ = 0, 


8, We may consider the two geodesic linos 11 (/t) ± '?(/{?)— const. ; suppose that 
these each of them pass through the point P, coordinates (/i^, h) in the ABO octant 
of the ellipsoid ; then for one of them we have II (h) - (Jg) = n (ho) — {h), and for 

the other of them we have n(/i) + '^P(&)-n(Ao)H-^[^(/^^^ I attend first to the former 
of these, say II (Ji) — (k) ^ 0 ^whero (7 is = II (Iiq) - (A7o)) ; and I say that this 

denotes the curve UPU". In fact, by reason of the equation n(/i) and must both 

increase or both diminish ; they both increase as h passes from /zo to — b, and as Jc passes 
from i'o to —6: we may have /t= — 6-l-w, h^-b^^v where %t and v are both indefinitely 
small, tlie functions II and being then indefinitely large, but II — “ (7 ; and wo 

have thus a series of points nearer and nearer to the umbilicus U ; that is, we have 
the portion P?7 of the curve. Tracing the curve in tho opposite direction, or con- 
sidering h as passing from to — a, and k as passing from Jcq to — o, then if 0 be 
positive, k will attain the value — c, before h attains the value — a, say that wo have 
simultaneously = & = «c; the equation is H c) - (7, that is, n(Ai)-:a; 

and the geodesic line then arrives at a point P, on the are OB of the minor-moan 
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principal section. The function tlioii changes its sign, vii 5 ., eoiisklcring it as alwa 3 's 
positive, the equation is now H (A) 'F (^j) = passing from the value — c towards 

-hy that is, increasing, and therefore Il{h) diminishing, or h passing from 

towards the value -'(t; until at last, say for h = wo have A — — a, that is, 

G = II (— a) -I- (A'a), or G = 'P (/l\) ; the geodesic lino here arrives at a point on the 

arc BjV of the major mean principal section. The function II then changes its sign, 
viz., n denoting a positive function as before, the equation is — FI (/i)4-'F (A’)= f?; 
h passes fi’om -a towards that is 11 (A) increases, and therefore must also 

increase, or k pass from k^ towards —6: we have at length A- — 6— w, A — 

'll and V being each indefinitely small ; and therefore FI and each indefinitely large 
(but — n d- = (7) , that is, wo arrive at the umbilicus U'\ completing the geodesic 

line UFU\ 


9, If instead of C/ = d- we have 6' = —, everything is similar, but the geodesic 
line proceeding from U in the direction UP will first cut the arc BA of tlie major 
mean section at a point Pj ; then the arc BG^ of the minor mean section at a 
point Pal and, finally, arrive as before at the umbilicus U'*\ 


10. The intormediato case is when <7=0, viz., wo liavc here n (A) - (/j) = 0 ; 

the geodesic line hero passes from U in the direction UP to B (extremity of the 
mean axis, A= -a, /a — — c); 11 and 'F then each cluinge their sign, so that, con- 
sidoring them ns positive, the equation still is 11 (A) — ^F {k) — 0, and the geodesic line 

at last arrives at the umbilicus U*\ It will bo easily understood how in the like 

manuor II (A) + "^F (A) = <7 i^ofers to the lino U'P U*^\ 

11. lioverting to the equation 11 (A) — "^F (&) = <7, or aa I will now write it 

n(A)-T^(/r) = n(Ao)-'F(/ro), 

which belongs to the portion UP of the geodesic lino UPU'\ we require when A 
is = — A — 1^, and k — ’-b’^-v {ti and v indefinitely small) to know the ratio of the 
increments ti, vi this in fact serves to determine the direction at U of the geodesic 
lino through the given point (Ao, Ao)* 


which is 


12. For this purpose writing A= — A — ic, wo find 

^ « V(a-6~tt)(6-c + «)' 

du I / ^ / p I 

^J« » (v (a~l> - u)(b— 0 + u) V (a - t») (b ~ o)) 




(«- 


l> . a — b 
(a- b){b-6) ~io ' 


and, when u is indofinitoly small, this is 


n(A) 

C. VII 


f“-‘ dll { / 

“J» M (V (o 


6 + ti 


(a — b— u) (b — c + u) 


( b ( I / ^ , a-J 

'V ia~bj(b~o)\'^y (a~b){b-o) u ' 


63 
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Similarly, when where v is indefiniijely small 


'^{\/(a~b+\)ib~c^v) Vi 


(a - b) {b-c) 


/ h .6 — 0 

(a- 6) (6-0) V ‘ 


13. Each of the integrals is of the tUmeiiaion — ^ in a, 6, c, and the difference 
of the integrals may be represented by 


we have therefore 


whore 


i/V^ (6 — c)* 

n('0-’^W = V'(»-^6)76r„] {''+>»* 


g — 6 -u) 

6 — 0 ?6! ^ 


‘s/ (a ~ 



\j 

6 + 16 

J--- -\ 

Jo U 

[v (a- 

- 6 — g) (6 — c + «) 

V(a-5)(&-c)) 

dv 1 

/~ 

6- v 

/ i 

io ~V \ 

V (a- 

- 6 + “«) (6 - c - v) ^ 

i 

1 


(a-6)(6 — o)" 


H. Suppose the inferior limits replaced by the indefinitely small positive quantities 
€y € respectively ; and for the variable in the second integral write — w ; then 


r <du / 

\ u V 


h u j b 

(g — 6 — 2i»)(6 — o + g) V (g — 6)(6 — c)) * 


it being understood that the values to a= + e arc omitted from the integration: 

this ia 

^ f du / b j b I j, ^^'“b e 

^ V {a-b — n) (6 — 0-1 u) V (g - 6) (6 — c) ^ 6 - n 


6 6 - c 


with the same convention as to the integral; or if e'=:6, then 


whoro 


{a ~b)(b — o) 


, _ f ^ /. 

«”V( 


(a — b—u)(b — e + n) J^b+kv (a + h)(o+/i) 


I . 

V (a^■h){G■vh)' 


the omitted elements being from u~~e to u = + e’, that is (in tho language of 
Cauchy) we take for the iutcgi’al its priimpal value. And hence 


n{h)-^¥{Ic). 


{a — h){b~o) 


M' + logy. 


15. By what precedes this is = TI (A,,) — 'P ; or if wo write simply (h, fo) 
instead of Qh, fto), that is, consider the geodesic lino UP, which is drawn from tho 
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poinlj Py coordinates (A, to the umbilicus tT, the coordinates of a point consecutive 
to the umbilicus arc — — 6 + y, where y arc connected by the last-mentioned 

equation, in which il/' is a transcendental function depending on (a, 6, c) but inde- 
pendent of the particular geodesic line. 

16. If for the geodesic lino through the point or say for the JS-geodesic 

= then = — log— , and wc have in general 
XI XI Q XIq 

a result which I proceed to further transform as follows; 

If a'o, 3/o> ^0 t'Gfev to the umbilicus [/, then consicleriiig first the consecutive 
point P on the geodesic lino (coordinates — 6 — 26 , — 6 -f z;) and next the consecutive 



point Q on the umbilicar section, wo have for these two points respectively, 


dv^A — - 


clx/o^ 


V(a--b) (ft — o) * 

V6 Vuv 

V(a - b) (b - cf) ' 


V(Zi — c) (a — c) 


Siv, 


i Va 


■V^fl — b) (a — o) ’ 


S^» = 


-jVo 


V(b ~G)(a — o) 
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fsay these are ct, /3, 7 , and a', /3', 7 '; and then 

««' + + 7^ = J {(a_i,)(ct_c) + (b-o)~(a-c)] 


_ }b(v - u) 
a — c \a — 6 — c) ' (a — b){b --g)' 


«» + /3^ + 7 ’ - _ c) + (6 - c)'(a - c)} ' ^ (a- 

whence 


'5)(6 - c) 


V.' + J9. + V Va- + ^- + y. . . 


and hence 


that is, 


cos ^ = 


acc' Hr H* /y^' 


y — ii 


’ Vc(" -f yS^ +'7" Va^ H- H- 7" * 


cos (180'" — or lan^ i ^ . 

where if U is the umbilicns, P tho consocutivo point - -w, — & H-t^j and UQ iho 

element of the umbilical* principal section, 0— ^PtTQ, 1S0° — (j)^ /.PUQ\ For tho 
B-geoclesic we have 


2 log tan ^ (^0 = log “ “ M\ 


17. The foregoing equation for 11 (li) - (k) now boeomes 


viz., </>o is tho south azimuth of the P-geodesic at tho umbilicus, a more function of 
{a, bj c) and <l> is the south azimuth at the umbilicus, of the geodesic lino under 
consideration, so that we may consider the geodesic line to ho determined by the 
south azimuth (f> as its parameter. 
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Formuliti for the case ac — b^=^0, 

18. I annex the following investigation in regard to the case ac— — 0. 
We have in general 

1 ^ V — 0 ) {a — 6) (6 — c) + h{a -h co) (e + 

Vfi (a “ b) {b - c) dx ^ V- 0 ! (a — 6) (6 — c) — V— & (a 4- a?) (o *f x) 


^ ^x(a-\‘w)(c + x) 

X 1 /znzm 

b b X y (a + a?) (o 4- a;) 

, 1 /_JZZZZ. 

bx + iiG V (a + x) (o 4-a?) ‘ 

In fact, denoting the logarithm by log^-^-^, wo liave 


where 


d P + (3_ 2W-P-Q) 


va;(a4-^t'0 (c ‘(- a?) 

— x (a — b)(b’-o) (a + x) (o 4- i*?) 

= (her -\- ac) (b + x)] 

that is 

2(PQ^-FQ) ^/F{^b)l^^) (c^^ao 

P^ <3^ (a 4* (c 4- iw) + <^<^) (b -H x) ^ 

_ {a — 6) (b - c) f 1 X ^ 1 

(a 4* iv) (c + <w) t b b(b-i- m) hx+ ao| * 

which proves the theorem. 


19. Hence in Ihe paHiciilnv case (co = b’^ wo have 

1 'J~ h (a — b) (b ~ o) + ^/— b (a + h) (c + k) 

^b{,a-b)(b-o) V-7i (a- 1)'(6 -c) - ^-b^+li)W+^) ’ 

Ip dh 

6 j_(i V/i (« + h) (c + A) 
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that is 




dh 


b 


^ 1 j b ] V-Zi- (ft ~b){b-c)-\-^~h {a + li) (e + li) 

V/t(a + /t)(c + /i) {a-b)(b-o) V— h (a - b){b -c)~^—b (tt + h){o + h ) ’ 


or say 


r 


dh 


wliGi-e 


•<lh(a-Y h) (c + /») 
h 






1+^ 

{a-h){b~c)^\-E' 


(a + /i) (c+/i) 
(co-b)(b~cj h 


viz. we see that 11 (A) depends on the more simple integral 


J -a ‘dh(a 


dh 


VA (a + A) (c + A) 


20. Similarly 


1 I V — A’ (tt — A) (A — o) 4* V” A (a + A) (o -1* A) 

VA(a-A)(A-c) V-T(ft - AKA -T) - AyC^T'A) 

= ir 


dk 


k ^Jc 'i' /t’) (c 4" /ti) 


that is 

^ h 

or say 

where 


2f-« / 

aJ ^a+aVi 


dA 




(a + A)(e + A) (“ ■*■ A ’ 

V- k(a — b)(b~c) + V— A(ct.+A)(o+A) 


fc VA(a + A)(e + A) ^^(a — A)(A — c) ^ V— A(ft — A)(A— o) — V— A(a4-A)(o+A) 

® . I j ^ 1 1 4* 

^ Vfc(a + &) (o 4 /j) V (a-- 6) (6 - o) 1 - /r * 

6 (a 4 /h”) (c 4 


that is, ^ (k) depends on the more simple integral, 

p dk 
' fc VA? (ct 4 (o 4 

Write = — ?(i, /c-~ 6 4;;, where u and v are indefinitely small, then 

n (A) - 'F (A) = i p i a/ ^ log F, 

V_»^/A(a+7^)(c + A) ^V(a_A)(A-p) ^ 1 - fn + F 
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478] 
where 

(^ + bu-^ j 

W 1 — , . ,, \ -r r - , — ^ (attending to ao = 6“), 

, , i( (n-6) (i-c)(i + ») ' ® 

^ + 6 

and 

in _ ~ _ 6u» 

; V {a^b)ib-c)ib~v)’ 

21, Comparing with the result obtained for the general case tho two agree, 
if only 

dh ^ I h _ ^ dh 

+ A V (a + /i) (cf 4* /i) * J-rt V'/i (c6 + /ir)(c4/0 * 

where on the left-hand side the integral has its principal value : a result which must 
therefore hold good when ac-6^. 


GalGulation of ike Umhilioar Geodesies for Ellipsoid a i 6 : o - 4 ; 2 : 1. 

22. As a specimen of the way in which wo may, on a given ellipsoid, calculate 
the course of a geodesic lino, I take the somiaxes to bo as 2 : V2 : 1, or, for con- 
venience, a — 1000, 6 = BOO, o = 250; and, considering the geodesic lines tlirough the 
umbilicus, I calculate by (piadratures the functions 

n {h) = 100.000 5oo-t-/t (moTlxm+'h) ’ 

r -260 j \ 

'P(/u’) = 100,000 Mo+iv (T000 + /c)(260 + i!)’ 

The results do not pretend to minute accuracy : I have not attempted to estimate 
or correct for any error occasioned by the intervals (10 units) being too large ; and 
there may possibly bo accidental errors. 
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Table 1. 



n' 

n(A) 

-A 

n ' 

n{/o 

-A 

n' 

n(A) 

1000 

CO 

0 

840 

27-6 

6746 

630 

81 '6 

13972 

999 

231-4 

462 

830 

27*8 

7023 

620 

64*1 

14499 

998 

164 0 

659 

820 

27-9 

7301 

610 

69*2 

16066 

997 

134 ‘2 

809 

810 

28*1 

7582 

600 

66-5 

16689 

996 

116-5 

934 

800 

28-4 

7865 

590 

724 

16377 

995 

104-4 

1044 

790 

28 •? 

8151 

680 

80-0 

17142 

990 

7 4 -6 

1492 

780 

29*2 

8440 

670 

93-0 

18011 

980 

640 

2135 

770 

29‘7 

8735 

560 

106-8 

19010 

970 

45-1 

2630 

7 G 0 

30-3 

9035 

650 

127 -G 

20183 

960 

40*1 

3056 

750 

31-0 

9341 

640 

169-1 

21616 

960 

36*6 

3439 

740 

31-8 

9665 

630 

211-6 

23409 

940 

34'3 

3794 

730 

32'6 

9977 

520 

316-7 

2 G 111 

930 ; 

32*5 

4127 

720 

33-6 

10308 

510 

632-7 

30868 

920 

31*2 

4446 

710 

34'7 

10660 

605 

1266-0 

36602 

910 

30^2 

4753 

700 

36'0 

11004 

504 

1681-2 

37014 

900 1 

29*4 

6051 

690 

374 

11371 

603 

2107-7 

38834 

890 

28-8 

6342 

680 

39 '0 , 

1 

11764 

502 

3162-3 

41398 

880 

28 ‘4 

5628 

670 

40-8 

12153 

601 

6324-1 

46792 

870 

28-1 

6911 

660 

42-0 

12567 

600 

00 

CO 

860 

27*9 

6190 

660 

45-4 

13006 




850 

27*8 

6469 

640 

48*2 

13473 







478 ] 


ON THE GEODESIC LINES ON AN ELLIPSOID, 


505 


Table II. 




■^V{k) 

-it 


4'(){!) 

-h 

xY 


250 

CO 

0 

320 

45-5 

4665 

440 

107*1 

12207 

251 

232*2 

462 

330 

46*1 

6114 

460 

127-9 

13383 

252 

166'6 

661 

340 

47-3 

6581 

460 

159*2 

14818 

253 

136'0 

811 

360 

48'9 

6062 

470 

211*6 

16673 

254 

118-6 

939 

360 

5M 

6662 

480 

316*7 

19314 

255 

IOG'8 

1051 

370 

63*8 

7086 

490 

632*7 

24062 

260 

78'1 

15M 

380 

67 2 

7641 

495 

1265*0 

28806 

270 , 

60-5 

2207 

390 

61*4 

8235 

496 

1681*2 

30218 

280 1 

51-7 

2708 

400 

06*7 

8876 

' 497 

1 2108*1 

32037 

290 

48-2 

32G8 

410 

73*2 

9575 

498 

3162*3 

34602 

300 

46-3 

3741 

420 

81*6 

10349 

499 

6234*1 

38995 

310 1 

46 -6 

4200 

430 

91*4 1 

11214 

600 

CO 

CO 


23. Bui) it is obviously convenient to revert these Tables so as to have for the 
common arguments a series of uniformly increasing values of 11 or viz., we obtain 
by interpolation the values of h and k belonging to the given values of IT or "'B, 
and thus obtain the following Table. Here, in any line of tho Table the values of 
h, le are such that 11 (/t) - 'T {k) ~ 0, viz., tho values in question belong to successive 
points of tho J?-goodesic. And to obtain the values for any other geodesic line 
jj (jij _ qr (/c) = 500 m, we have only to take each value of h from the lino in lines 
above or below the line from Avhich h is taken ; and similarly tho table gives at once 
the values belonging to a geodesic line IT (Ji) + S? (&) = 600 m. 


0. VII. 


64 
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Table III . 


II 

n 

h 

D . 

k 

B . 

ii =' p = 

k 

D , 

k 

D . 

0 

1000 


250 


13000 

650-1 


44 G -7 




1-2 


1-4 



20-6 


7-8 

600 

998‘8 


251-4 


: 14000 

629-5 


454-5 




3-4 


3-1 



18-3 


6-5 

1000 

995-4 


254*5 


15000 

611-2 


461-0 




6-5 


6-2 



15*7 


6-3 

1500 

989-9 


259-7 


16000 

596*5 


466-3 




7-8 


7-3 



13-6 


4-9 

2000 

982-1 


267-0 


17000 

681-9 


471-2 




9-5 


8-2 



11-8 


3-8 ’ 

2500 

972-6 


275-2 


18000 

570-1 


476-0 




11-5 


9-4 



10-0 


3-8 

3000 

961-1 


284-6 


19000 

560*1 


478 8 




12-8 


10-3 



8-5 


2-6 

3600 

948-3 


294-9 


20000 

651-6 


481-4 




11-5 


10-7 



7-3 


2-2 

4000 

933-8 


305-6 


21000 

644-3 


483-6 




15-6 


11*0 



6-2 


2-0 

4600 

918-2 


31 G -6 


22000 

538-1 


486-6 




16-5 


10-9 



4-9 


2-2 

5000 

001-7 


327-5 


23000 

533-2 


487-8 




17-2 


10-8 



4-6 


2-1 

6500 

884-5 


338-3 


•24000 

628-6 


489-9 




17-7 


10-4 



8-1 


2-1 

6000 

866-8 


348-7 


2 GOOO 

520-5 


492-0 




17-9 


10-1 



4*5 


2-1 

6600 

848-9 


358-8 


28000 

516-0 


494*1 




18-1 


9-5 



4-2 


1*7 

7000 

830-8 


368-3 


30000 

511-8 


495'8 




17-9 


9-2 



3*0 

j 

1-2 

7500 

812-9 


377-5 


32000 

508-8 


497-0 ' 




17-6 


8-6 



2-1 


0-8 

8000 

796-3 


386-1 


34000 

50 G -7 ! 


! 497-8 




17-3 


8-0 



2-0 


0-5 

8500 

778-0 


394-1 


36000 

504-7 ^ 


498-3 




16-8 


7-7 





0-6 

9000 

761-2 


401 -8 


38000 

603 5 I 

1 ^ 

498*8 




16-3 


7*1 






9600 

744 '9 


408-9 


39000 


1 u 

499-0 




15-6 


6-6 






10000 

729-3 


416-5 


40000 

502-5 




10500 

714-4 

14-9 

421-7 

6-2 

42000 

601-9 

0-6 





14-3 ’ 


0-9 



fi'fi 



llOOO 

700-1 


: 427-6 


44000 

601-4 

V kJ 





13-5 


5*3 






11600 

686-6 


1 432-9 


45800 

501-0 ' 

U ‘1 





12-8 


5-0 

1 





12000 

673-8 


437-9 


CO 

600 


I 500 


; 


23-7 


8-8 
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Qraphical Gonstructioii : Projection on the Umbilicar Plane. 

24. The most convenient mode of delineation of the geodesic lines is obtained 
by projecting them ortliogoually on the umbilicar plane: the contour of the figure is 

here the umbilicar section, or ellipse — + - = 1 ; and the curves of curvature of each 

11/ G 

series are projected into elliptic arcs lying within the ellipse in question, the one sot 
cutting at right angles the axes AA\ the other cutting at right angles the axes 0(7'; 
the equations of the complete ellipses being 


and 




a {a + h) c{o + h) 


•1 = 0 


T ^-1 = 0 . 

a{a^k) c(c + /i;) 


25» I constructed, by moans of the table, a drawing of this kind for the ellipsoid 
a, 6, o = 1000, 600, 260, the lengths Vtt and Vc being taken to be 12 inches and 
6 inches respectively: the process consists in taking from the table for a series of 
values n = M/' (say n — ''•P — 1000, — 2000 &c.), the values of h and k, laying down for 
such values the elliptic arcs which represent the two curves of curvature respectively, 
thus dividing the bounding ellipse into a series of curvilinear rectangles, and then 
obtaining the geodesic linos by drawing the diagonals of these rectangles, and of 
course rounding off the corners so as to form contimious curves. The Plate shows on 
a reduced scale so much of the drawing as is comprised within a quadrant of the 
bounding ellipse (viz. it is a representation of an octant of the ellipsoid). 


Ellipiio-Fiinction FormulcG. 

20. T have in all that precedes abstained from the use of elliptic functions, since 
obviously the form of the radical of an elliptic function is in nowise 

specially appropriate to the proseut (juestion. But (more particularly in the above- 
mentioned case ao — 6^— 0, whore the radical is VA(tt + A)(o + A) without any exterior 
factor h‘\'h in the denominator) the formula are expressible easily and elegantly by 
elliptic functions, and it is desirable to make the transformation. Reverting to the 
formulce which, in the caso in question (viz, when ao — 6^=0), give the values of 
n {h) and >P (Jo ) ; and writing therein /t — a + (a — c) sin^ 0, & == - a + ((it — c) sin^ also 


we have 


/ 


dh 


h) 7o 




\//t(a + /i)(c + A) Jo o)sin** ^ 


iNk{a-\-h){G + li) 


64—2 
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27. Hence 


where 


^ (1- - K )sin ^ cos ^ ^ 
y/l — sin''* (f) 


(observe, as h passes from — a to —b,(f> passes from ^ = 0 to sin^ (f> — j—~ and JI 

X fC 

from //=0 to ^=1). 


Similarly 


'P (k) = J- {j*, {JC) - F {k, ./r)| + 


1 l±K 


where 


_ (1 + fc) sin ^fr cos ‘Xjr 
Vl /c^sin^'ifr * 


and as k passes from -c to —6, -v/r passes from Jtt bo , and K from 0 to 1. 

X T" ^ 


28. The before- mentioned identical equation 


dh /__Ji 

6 + A V (co + li) (o + h) 


dh 

(a + A) (o + h) 


is by the same transformation converted into 


'hn 1 -- (1 k) siii^ <[) d<f> _ p 

0 1 — (1 -H /r') sin* Vl — sin^ p 


To prove this, I remark that the equation is 

1 - 




I , 

^ = I 

J 


1 — (1 -f k) sin® p 


viz. this is 




or, what is the same thing, 


n, (-!-«')= 


1-*' 


where II, (— 1 — «') denotes the principal value of the integral 


fi' j. 1 1 

Jo *^ 1 -( 1 +ic')sin“^ A<^' 
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Now (Leg. Fonct, Ellij}., b. i,, p. 71), we have 

where, upon oxamtnabion, it will appear that in fact represents the principal 

value of the integral, 

Writing herein sin« 0 ~ , and therefore cos’* 0 = , or tan** 0 - this is 

I fc 1 4 - 

n,(-i+«') + n, (-!-«'). 

and the formula (p^)^ p. 141, attributing therein to 0 the foregoing value, becomes 

n, (- 1 - «') + \f, E {0) - E,F{0)^ , 

But 6 is the value for the bisection of the function F^, viz., we have 

2F{0) = F„ 

2E{e) = E, + \-K', 

whence 

F,E{0)-E,F{0) = \{1-k')F„ . 

or the formula in question gives 

11 , (-! + «')= ~^E„ 

'Nvlionco 

the result -which was to be proved, 



((jbo tlio South azimuth of the J5-gcodGsic at the umbilicus). 

30. I jourposely calculated the Table by quadratures as being a method available 
whore tho equation ao — 6^— 0 is not satisfied; but in the present case, where this 
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equation, is satisfied, the table might have been calculated from Legendi'o’s Tables of 
Elliptic Integrals. Obsei-vc that t£==1000, ii = 500, c = 250, gives «= or angle of 

modulus = 60°. As an instance of the comparison (‘), suppose A = — 800, then sin^ ^ 
log sin <1) = 9-7 1298, .^ = 31° o'. 


'X/ (a-5)(6-c) 'n/ 60C 


■500 

500 . 260 ’ 


VlO 

50 


= 06326, 


„„ _ 500 . 200 . 550 _ 110 , . 

800 . 500 . 250 200 ’ ^ 87018, 


if = •741 6 


1 + // 1-74.1C 

l-if“ 2-684 


= C'7682, 


n (/i,) = -03163 if (31° 6') + -03163 h. 1. 6-7582, 
J'Sr = -66166 

163 


if 31° 6'= •50329 

h.l. 6-7582= 1-91076 
2-47404 
X by -0.3163 

•0782043 

or multiplying by 100,000 (factor introduced into niy Table) this is 7820^43. The 
value n (— 800) = *7864 given by my Table agrees sufficiently well with this, the correct 
value. 


3L I calcxilate also the angle <^p, viz, we have 

h, 1. tan 4 </)o = == i (60°). Leg. vol, ni, Table vill. 

-cJ2To651^ ‘53913, 

whence by Leg. Table iv. 

= + 29'‘G4 

= 69° 44'*82 
or 

</)o = 119° 29'’64, 

This exceeds 90°, and since at the umbilicus the tangent piano is at right angles 
to the plane of projection, the 5-geodesic should iu the drawing proceed (as it in 
fact does) from U in the sense UG, touching the bounding ellipse at the point U. 


^ III the pi-Gsent calculation, log denotes an ordinary logavithm, tho hyperbolic logarithm being dietinguishod 
as In 1. 



ooat 





Cj;^loyk Poipoi Hyn. 


JOOOO 11 






479] 


511 


479 . 


THE SECOND PAKT OE A MEMOIE ON THE DEVELOPMENT 
OF THE DISTURBING FUNCTION IN THE LUNAR AND 
PLANETARY THEORIES. 


[From tho Memoirs of the Itoijul Astronomiccil 8ooieti/, vol. xxxix. (1872), pp. oo — 74, 

Roiul Jamiaiy 12, 1872.] 


Thk pi'GHOiiL communication is a soquol to my paper, "The Fimt Part of a Memoir 
on tlio Dovolopnicnt of llio Disturbing Function in tho Lunar and Planetary Theories,” 
Memoirs vol. xxvtii. (1859), i>p. 187—215, [214], and I have therefore entitled it 

as above, but it, in fact, relates only to tho Planetary Theory, In tho First Part, I gave 
in olTcct, but not explicitly, an expression for tho general coefficient D{j, f) in terms 
of the coefficients of tho multiple co.sine3 of 0 in the expansions of the several powers 
(,.!i q. ,.'3 2/-r' cos or say («» + (i'“-2«ft'cosd)-‘-i; viz., at the foot of page 208 

I speak of tho terra involving coa(jU +fU'y as having a certain given value; the 
term in ciucslion is D (j, /) cos (j 17 +/£!') ; and consequently the exinession for 

j) y) = Sif/A/ ; 


tho omission was, however, a inatorial one, inasmuch as this expression for the general 
coefficient serves to connect ray formula) with Leverriei’’s development, Annales de I Observ, 
de Paris, t. r. (1855), pp, 276—330 and 358—383, and I resume the question for the 
purpose of applyijig it. 


Formidu for the (jeneral GoeJJicient i) (j, /). 

In tlio First Part, the reciprocal of the distance of the two planets, or function 
|,,a ,.'a _ 2rr' (cos U cos U' + sin U sin U' cos 0)}~^ 
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is taken fco be developed in multiple cosines of J7, U\ the general term being 

/) cos(jt/'+/Z70, 

where have each of them any integer value from - oo to + co (zero not excluded), but 
so that j, j' are simultaneously even or simultaneously odd. We have D (— j, = 
and -D(/, j) = i)( /) ) hence appears that the really distinct values of the 

coefficient may be taken to be those for which j is not negative, and as regards 
absolute magnitude is not less than j' ; and for such values of j' we have the above- 
mentioned expression 

< j. /) = 2 R,\ 

which I proceed to explain and develope, 

— and (x being a positive integer) denote respectively (a; — 

and in particular for aj = 0, the value of each factorial is =L 

7] denotes sin ^ 

The coefficients are those of the multiple cosines in certain developments, viz. 
we have 

^ 2rr' cos ( ^ Qosi{U-- U'), 

where, as usual, i extends from — co to co and — Writing with Leverrier 

{u^ + a'^ — cos ^ J XA^ cos iH^ 
aa' (a^ 4- — 2a<x' cos if) “ ^ J XB^ cos 

{a^ 4 a'® — 2aa* cos /J) 5 = ^ SO* cos 
(a^ 4 — 2aa' cos H) ” ^ ^ SZ)* cos iZT, 

then 2JJo^, 2iJiS 2JJ/, 2223^ are the same functions of r that B\ 0^, D* respectively 
are of cc, a\ 

The expression of il/a^ is 

— Of . 

^ + ’i,) n^(it;-j+^)ni(«+/_sy)’ 

and, finally, in the exjDressioii for D(j, j'), w has every integer value from 0 to oo, 
and, for any given value of x, S extends by steps of tAvo units from the inferior 
value “(a?—/) to the superior value a?— y. 

It is convenient to write J (y 4^) 4- 5; we have then ^ extending from 
-iO'-?0“S to “Hi-i')+s, or writing ^ = -^(j-f) + e, 0 has the s + 1 values s, 
5-2, 5-4, ...-5, vi?.. for s=2;p + l the values are +1, + 3, ... + (2j3 + 1), and for 
5=2p they are 0, ±2, ±4, ...±2p. 
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Making these clmuges wc liave 


where 




(j +/) + ^ ~ ^1 J+/+2S v,if-l<J-yi+fl p-i(;-/n-« 

nf|(>+/)~+5) ’ nj+yj+«^'^ Ju+/>+«’ 


-ia-/)+» ^ / s, n + n (j +f} -t- s\ 

JO H/>+» ^ '' rr -Hs - e) n ^ o' +/ + s + ^) n ^ (s + 0) ' 


viz. this is (— )‘ into the product of two binomial coefficients, each belonging to the 
exponent |(.?+i0 + *' 


Particular Cases, j +j' = 0, 2, 4, 6, leitiff those required in the Planetary Theory. 
Oonsidoring succossivoly tho cases j +j' = 0, 2, 4, 6, we have, first, 


ns 


which, developed as far as is 

e) -i)== 

- 5 


lir^+o 




- yo -i iP-i» + QB-l^ ' + QD-P' + i)-7-a). 

where, and in wlial immediately follows, ^*1, 7i, (7, D arc used to denote ftuiciioiis (nob 
of (a, C(f), but) of 9*, 9*'. 


Secondly, 

B ( j. ~ j +2) =1 }J |(-)’ n^(s-0) nf(s+^+'j 


n(s+i) 


n (s+i) 


which, developed to 7f, is 
(-») i)(j, -/ + 2)=i;'| 


Ti 4 (5 + 0) (s - 0) + 1 


1' 


o . 


+ V • 4 (Si)-J+^ + -P 3D-^~>)| . 


0. VII. 


66 



514 


ON THE DEVEIiOPMBNT OF THE DISTURBING 


[479 


Thirdly, 


-i+4) = 


^n,(s + f) 
^n(s +2) 


7,^S,r«(-y| 


n(s+2) 

n^(s-(9)nj^(s+0) + 2 


V n (g + 2) jQ-j'-i-joi 

n|{s+0)n|(s-^)+2 s+2 |- 

wliich, developed fco ■?}®, is 

« £>a. -j + 4) = ^^| 


1.3.6 

2.4.6 


»}’‘.4(3D-^<» + 3D--'+’) 


and, fourthly, 

D y, ~j + 8) . s V 2 ,« (-r { 


n(s + 8) 

n^(s~0)n^(sH-0)+3 


n(s+3) 


n ^ (s + 6) ri-^ (s — 

which, developed to rf, is simply 

(*) -D (j, -3 + 6) = ^» i D-i«. 




The foregoing fovmulsB, although obtained on the supposition j = 0, or i^osilivc, 
apply without alteration to the case j = negative, and the entire scries of terms of an 
order not exceeding 6 as regards 7 } may be written, 

-j) c^os(jU-^jU') 

+ 2J9 ( 3 , -J + 2) cos (jZ7 + (-3 + 2) U') 

+ 2D (y, ~j + 4) cos { j U + (— j -I- 4) U') 

+ (y, -3 + 6) cos (y 17 + (-y + 6) JJ'), 

whore j hos every integer value from — oo to +co. 


Comparison with Leverrier. 

This is in fact what Loverricr’a oxprossiou becomes on putting therein e = e' = 0. 
To verify this, observe that Leverrier having defined his A\ B\ GK D\ as above, writes 
further 

i?* = I (^i-i + 

+40« + 0'+“), 

IP = ^ (D'-f + 97)i+i + 9i)<+‘ + D«+8), 

= I ((7i^ + 0 % 

(Sf‘ = (D*-3 + 3i)<-> + i)<+i), 
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(consequently E ^==E\ G~^^G\ Z-»+= == 2^*+^ = 2>i), and that the 

terms in question, putting in the coefficients e=:e' = 0, are with him 

{{!)' + (1 ly if + (17 )‘ if H- (20 )‘ ,;«( cos {iV ~ i\), 

{(21 2)‘ + (2 1«)‘ 7)' + (221)* 1 ?“} cos \il' - (i - 2) A. - 2/], 

{(372)‘' if + (37o)‘ 7,«) cos \iV - (i _ 4) X - 4r'], 

{(449y ,,«} cos [W - (i _ 6) X - 6 t'], 

where, aubstitnling for (1)*, (ll)*, &c., their values, the coefficients are 

+ ’/■' • a O'* - i II\ 

= + S' >■>) + 1 )^ . (C"-» + 4(7‘‘ + C« <-=) -if (Z)*-’ + + 9D'+' + ; 

if . \ i?*"* - if . Tf if S\ =^if . ^ Zl* n - ■)?< ( J (7^-’ + O') + ??" . + 3X)i-i q. 2)1+1) . 

. n 0'-= - ■»;'> Z"', =•»?*. ^ 0*'-» - (0‘-» + Z)'->) ; 

and 

Writing Iioroin j in piaco of i, and for &c., the equal values A-^, &a, 

wo have procisoly Iho foregoing cooflicients i)(j, -j), - j-f-6). 


JDeveloxment in Poivers of e, e\ 

The oomplotc expression of the reciprocal of the distance is obtained from 

^H3> ~j) ooa (jU~jU') 

-I- 2i) {j> -j + 2) cos {jU + {-j + 2) U') 

'I- 20 (j, -j + 4) cos {jU + (-j + 4) U') 

+ W (j, -j -I- 6) cos {jV + (-j + 6) U'), 

by Avriting therein for r, r', U, U\ instead of the circular, the elliptic values, that is 
the values 

r = « olqr (o, 7/ - n ) , =a(l + ®), 

=a'clqr(e', /y-n') , =«'(! + «/), 

(7 = Q - Ch) + olta(e, L -U), =n -® +/, 

77' = 1 r - + olta {e', L' - H'), = H' - ©' +/' ; 

L, IT, ® the moan longiuido in orbit, longitude of perihelion in orbit, and longitude of 
node; and the like for L', fl', ®'; “ olqr ” = elliptic quotient radius, ''elta” = elliptic true 
anomaly ; or, what is tho same thing, if we writo olta (e, Z — IT) = Z - 11 + eltt (e, L - 11), 
and the like for olta(e', Z' — I!'), then 

77 =Z -® +oltt(e. Z-n), =Z-®+y, 

77' « Z' - ®' + eltt (o', Z' - 11'), = Z' - ®' + / 
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The process for doing this is explained, First Part, pp. 205 207, [214], viz., writing 

+ = +a;'), and restoring j' (instead of its value -j, ,..-j + 6, as the 

case may ho), we have a general term 


1 

Ha Ha' 



D ( j, f ) . a- cos [ j (n - 0 +/) +j' (n' - ©' +/')], 


whore now denotes the value obtained by writing a, a' in place of r, r and 

f, f' ai’e the true anomalies elta (e, i — 11) and clta (e', L'—JJ'), And the second 
factor, into the cosine, is given as a series 

SS ([cosP + [sinp) ([cos]'’ + [sin]"') cos [i (i - IT) + i' {L' - II') + j (H - 0) -f (11' - ®')] , 


whore [cos]', [sin]' are functions of e, [cos]*', [sin]*' 
the term into the cosine may be written »<• 

and the expansion then is 


functions of e'. Or, what is bettor, 
cos [ j (A - © + y) +/ (L' - ©' + y')], 


%% ([cos]' + [sin]') ([cos]*' + [sin]'') cos [i (A - 11) + i' {L' - 11') H-y (i - ®) + j' {L' ~ ®')], 

where as before [cos]', [sin]' are functions of e, [cos]'', [sin]'' are the same functions 
of s', viz. the a-functions are those given in the two “datum-tables (.^‘*’ ... aj^) co.sy'y 
find taken from Leverrier, which I have given in my “'Pables of the 

Developments of Functions in the Theory of Elliptic Motion, Msmotvs 7?.A../Sf, vol, xxix. 

(1861), pp. 191 306, [S16]. In order to better show which are the symbols referred to, 

we may, instead of [cos]', &c., write [a?« cosyy]', &c., the formula will then bo 


a!** ®'“' cos [ j (i - © - 1 - y) + j' (A' — ©' + y')] = 

([«;» cos jy]* + [«* sinyy]') (K“' cos/y']*' + [«'“' sin/y']'') 

X cos [i (i — n) -1- i' {U - n') -l-y (A — ©) -t-y ' {L' 


©')]; 


and if wo attribute to i, %' any given values, that is, attend to any particular multiple 

cos [i (A - n) -pf (A' - no H-y (A - @) + j'(A' - ©')], 
the coefficient hereof will be 


' nallct' 


- fta a'**' B (y, y 0 • ([<»“ cosyy]' -t- [«»“ sinyy]') ([«'*' coay"y']*' + [(«'“' sinyY]''), 


where a, a' each extend from zero to infinity, but to obtain the expression up to a 
given order p in e, e', we take only the values up to «-l-a's=yj. 


Partioular Giise, 

Thus, for instance, in cos [y (A - ©) -y'(A^-@')] the terms independent of e' are 

■0 (y. - j ) {[«!" cosyyp -1- [«» sinyy]»} 

H- J a B(j, -yO {[*' cos jyl' + K sin iy?) 

+ B (y, -y ) {[aP cos yy]" + [«’ sinyy]"), 

+ Sec. 
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whicli, observing that in the present case tlie .sine terms vanish, is 


1 B 

sTi 

e» 

16080 



1 -8/ 

+ 96 f 

- 1280/ 





+ 3920/ 

- 3440/ 

1 

^(i. -J) 


-48/ 

- 360/ 

1 (1 

1 '* da 

» 

+ 4 

- 96/ 

+ 1920 

^ 1330j' 

1.2" " (da) 

» 


+ M4 

- 2880/ 

1 t/dy 

1.2.3“ Uj • 

>> 


+ 144 

- 5700/ 

1 .i/dy 

1.2. 3.4“ [daj 


+ 14400 

^ ./dy 

i.2..5“wj • 

}> 

+ 14400 

oV«“'Giy • 

ft 

0 


H 


viz. the term in is 

viz. writing ?; = 0, and therefore D {j, —j) = | A~^, the term in e’ is 

e” {- j” + ^ i i 

which, conformably with Levenier's subscript notation 
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I write 

eM- i ( )i + i 2 ( )J i = eM- O'’ + 1 + i -4,-^}. 

Tho term in question is given by Lovcrrier as li=^i and 20 = A\ 

= ^ + Ai -f A./)t which agrees. 

Similarly tho term in is 

).-96i==( ),+ 144( ), + 14-l( ).} i 4“^ 

= {(96j*- 54j“) A-i ~ 48j'> 4,“' - 06j-''4r'* + 14443“-^ 4- 1444r-'), 

and tho terni iir question is given by Loverrior as (i <?)■* (4/ == eS (4), h=i and 

== c’ iV {i (- + mi*) 4 ‘ Ai - 4^' + Si,* + 34/}, 

which agrees. I have not made tho comparison of any more torins. 


Leveriuer’s Mosidts expressed in ferns of the Arguments, i' — ©', L’-U', L-®, L-H. 

Tho angles which Lovcrrier uses in hia arguments arc V, \ w, ta-', and t', viz, 

wo have, 

V «@' + (/y 
X »©' + (i; -@), 

*) =©'4.(n — ®), 

t' =©', 

whore L, U, 0 arc the mean longitude of tho planet m, its poriholion and the mutual 
node, all in tho orbit of m; and shnilai-ly Z', ll"', ®' ai-e tho moan longitude of tlio 
planet m', of its perihelion and of tho mutual node, all hi tho orbit of On 

substituting tbo foregoing values of I', \, &o., as it should do, disappears, and tho 

arguments are all of them linear functions of L' — ®', H' — 0', Z — @, n — 0 ; or, if 
wo please, of L'— ©', i' — 11', i — 0, Z — U, that is of tho distances of each planet 
Fiona its own perihelion and from tho mutual node. It is, I think, convenient to use 
these last angular distances, and accoidingly in Leverrier’s arguments, I write, 

r =@' + (L'-©'), 

X=&' . . . , +(£-©), 

w = 0' + (Z' ~ ©') - (Z' - n'), 

®=©' +(L-@)-(ii-n), 

t' = ©', 
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Redprooal of Distance — as follmos: 

Terms of order zero : temns of orders 2, 4, 6, having the same arguments. 




L'-®' 

TJ-n^ 

L-% 

x-n 

(1)‘ 

( 1 •• 

20) 


COS 

i 

0 

— i 

0 

(21)* (Ve) (JO 

(21 .. 

30) 


)J 

i 

+ 1 

— i 

- 1 

(31)‘(Jfl)^(-JO“ 

(31 .. 

31) 


1) 

i 

+ 2 

- i 

- 2 

(36y(Je)»(VO’ 

(35 . . 

35) 


}> 

i 

+ 3 

i 

-.3 

(3C)‘(Je)’*»,'^ 

(36 . , 

39) 


n 

i 

0 

- i 0- 2 

2 

(10)‘(Je)(JO’?’ 

(40 . . 

43) 



i 

- 1 

— i 'h 2 

- 1 

(4-1)*(-J0’’7“ 

(44 

47) 



i 

- 2 

— i -}- 2 

0 

(48)* (ley (JO’?’ 

(48 .. 

48) 



i 

+ 1 

-^-1- 2 

- 3 

(49)* (i«) (JO’’?’ 

(49 

49) 



i 

- 3 

- ^ ‘h 2 

-h 1 


Terms of the first order: terms of orders 3, 6, 7, having the sanie arguments. 


( 60)‘ J fi ( 50 

( 70)' I e' { 70 

( ( 90 

(100)‘ (As) (!«')= (100 

(ll0)*(-Je)»{Je')“ (110 

(lM)<(-^fl)°(l«T (111 
(n8)‘(Je)‘(|e')» (118 

(119) '(i6y(i«'V (119 

(120) ‘(-Je)r,= (120 

(130)‘(^e') 7,= (130 

(M0)‘(J«3)''7j» (140 

(lUy{ley(le')f (IM 
(1'18)'(^«)“(^')’?“ (M8 
(152)'(,U) ae'Yf (162 
(16G)< (4e')»f(166 

(160)‘(|^c77j“ (160 

(1C4)‘(|c)'‘(I«')’?M10‘1 
(166)‘ (A e )»(!<!')'’’?' (100 
(166)‘(Jc)»{|c')S“(100 

(107)* (10 {^o'yf (167 

(168) * (I <!)=■,■' (168 

(169) * (iOM^Ov^ (169 

(170) * (10 (i O’ ’70170 

(171) ' (.VO’’?' (171 


X'-®' 


. 69) . . 

COS 

i 

. 89) 


i 

. 99) 

M 

1 

. 109) 

>» 

i 

. 113) 

M 

i 

. 117) 

f) 

i 

. 118) 

ii 

i 

. 119) 

J} 

i 

. 129) 

» 

i 

. 139) 

)> 

i 

.113) 

)> 

i 

. 147) 

)» 

i 

. 151) 

)) 

i 

1—1 

» 

i 

. 169) 

» 

i 

. 163) 


i 

. 164) 


i 

. 165) 


i 

. 166) 


i 

. 167) 

» 

i 

. 168) 

n 

i 

. 169) 

)» 

i 

. 170) 

?> 

i 

. 171) 

)) 

i 


jj ^ ir 


L^n 

0 

~ i 

4- 1 

H* 1 

— i 

0 

- 1 - 1 

— 1 

-2 

i* 2 

— i 

- 1 

-f 2 

“ i 

- 3 

H- 3 

— i 

- 2 

H- 3 

- i 

-4 

+ ‘l 

— 1 

-3 

0 

- i -f 2 

- 1 

1 

-- t .[. 2 

0 

0 

- i -t- 2 

- 3 

•h 1 

- i 4 . 2 

-2 

- 1 

' 1 - 2 

- 2 

- 2 

— z 4 - 2 

- 1 

— 2 

— 24-2 

4 - 1 

-- 3 

— i 4- 2 

0 

-5' 1 

- i 4- 2 

-4 

-f 2 

- -a 4 . 2 

1 “3 


- i 4 - 2 

i 4-2 

-*1 

- i 4- 2 

1 4-1 

0 

— Z 4- 2 

-3 

^ 1 

— Z 4- 4 

^ -2 

2 

- Z + <1 

1 

^ 3 

— 2 4- '1 

0 
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Terms of second order : terms of orders 4, 6, having the same argimients. 




Z'-0' 

L'-W 

L-® 

L-U 


(172 . 

. 181) 

« • 1 

COS 

i 

0 

— i 

+ 2 

(182)' a.) (^e') 

(182 , 

. 191) 

. . i 

»l 

i 

+ 1 

- i 

+ 1 

(192)'(ie7 

(192 . 

. 201) 

. . 

9> 

i 

"h 2 

— i 

0 

(202)'(i«)Ma^<3') 

(202 , 

, 205) 

^ « 

91 

i 

+ 1 

— i 

- 3 

(200)' (^«) (ieT 

(206 . 

. 209) 

•• 1 

3> 

i 

+ 3 

^ i 

- 1 

(210)*(^e)'(-ler 

(210 . 

. 210) 

% 1 

J3 

i 

+ 2 

- i 

-4 


(211 . 

. 211) 


>J 

i 

^ 4 

— i 

- 2 

(212)' v* 

(212 . 

. 221) 


93 

i 

0 

— ^ 4* 2 

0 

(222)' (ie) {\e-)rf 

(222 

. 225) 


33 

i 

+ 1 

— 4' 2 

- 1 

(226)' (id) (id') f 

(220 . 

. 229) 


33 

i 

- 1 

- + 2 

+ 1 

(230)' (id)',* 

(230 . 

, 230) 

• « 

33 

i 

0 

— 2, 4- 2 

i - 4 

1 

(231)'(i«)*(id') 

(231 . 

. 231) 

1 « 

33 

i 

- 1 

““ '4 + 2 

-3 

(232)' (id)* (•}«')*,» 

(232 . 

. 232) 

< * 

93 

i 

-2 

— 4* 2 

1 -2 

(233)' (id) (id')*,* (233 . 

. 233) 

* t 

39 

i 

-3 

“ 4- 2 

1 

(23-1)' (id')',* 

(231 . 

. 231) 

-p « 

99 

i 

_4 

- i + 2 

1 ^ 

(236)' (id')* (id')*,* 

(236 . 

. 235) 

* « 

93 

i 

+ 2 

2 

1 - 2 

(236)' (id)* (id')*,* 

(236 . 

. 230) 

• « 

99 

i 

-2 

— ^ 4- 2 

’ +2 

(237)* (id)*,' 

(337 . 

. 237) 

« 1 

99 

i 

0 

- i 4’ 4 

-2 

(238)' (id) (id') 

(338 , 

. 238) 

1 4 

19 

i 

-1 

-- i + 4 

- 1 

(239)' (id')*,' 

(239 . 

. 239) 


99 

i 

~ 2 

~ -i + 4 

0 

i 


Terms of third order: iemis of orders 6, 7, having the same argimients. 




L‘~& 

L'-W 

0 

1 


(210)' (id)* 

(240 . 

. 249) 

COS 

i 

0 

- i 

4* 3 

(260)'(id)*(id') 

(260 . 

. 259) 

99 

i 

+ 1 

— i 

+ 2 

(200)' (id) (id')* 

(260 . 

. 269) 

99 

i 

+ 2 

- i 

+ 1 

(270)' (id')* 

(270 . 

. 279) 


i 

+ 3 

- i 

0 
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Tei’ins of third order {ooncliided) : 




L'-®' 



Z-rr 

(280y(ic/(U') (280 .. 

283) 


COS 

i 

+ 1 

- i 

„ 4 

(284y(>e) (28-1 .. 

287) 


9) 

i 

•(•4 

-i 

^ 1 

(288y(^eyQ«'? (388 .. 

289) 


» 

i 

2 

- i 

^ 5 

(290y(icy(^«'y (290 .. 

299) 


n 

i 

0 

“ i 2 

+ 1 

(300y(ie')ij'> (300 .. 

309) 



i 

+ 1 

4* 2 

0 

(3ioy(^y(ie') f (310 .. 

31,3) 


>> 

i 

^ 1 

- * + 2 

+ 2 

(3i-iy(,U) (J«')NM3i'i •. 

317) 


>> 

i 

I- 2 

~i + 2 

- 1 

(318y(iO’’?“ (318 .. 

318) 

« 1 


{ 

0 

~i+2 

- 0 

(319)- (^0’(i «')’/“ (319 •• 

319) 

» < 

>> 

i 

- 1 

- 1 + 2 

-4 

(320y(ie)=>(J2 6')“i,» (320 .. 

320) 

* ' 

M 

i 

- 2 

— t 4- 2 

^ 3 

(32iy(Je)'>(^6')N» (321 

321) 

^ ♦ 


i 

-3 

~ 4 2 

- 2 

(322y(^-c) (^fi'y,,M322 .. 

322) 


)> 

i 

- 4 

~ t 4 2 

- 1 

(323)' (1 (323 .. 

323) 

t t 


i 

^5 

- i 4 2 

0 

(324y(|«y'(^?^“ (321 .. 

324) 

« « 

»» 

i 

— 2 

-*^4 2 

4 3 

(325)- (Jc)“ (A (!')•' ijV32r) .. 

326) 

< « 


i 

3 

~ t 4 2 s 

- 2 

(32Cy(^)V (320 .. 

329) 

« * 

99 

i 

0 

- i H' 4 

^ 1 

(330y(^-«') (330 .. 

333) 

> « 

>9 

i 

- 1 

- i 4 4 

0 

(33-iy(^)»(i «')’?■’ (331 .. 

334) 

* t 

>3 

i 

+ 1 

- -i 4 4 

- 2 

(335)' (i-«) {^dfrf (330 . . 

335) 


99 

i 

- 2 

{ 4- 4 

+ 1 


Terms of fourth order : terms of order C, and of same argimient. 







L'-^lV 

L-® 

L-n 

(336y(^.)‘ 

(33C 

. . 339) 

COS 

i 

0 

- i 

4 4 

(340y(^o)»(^e') 

(340 

. . 343) 

99 

i 

4 1 

— i 

+ 3 

(344y(4«)^a«? 

(344 

, . 3-17) 

99 

i 

+ 2 

- i 

4 2 

(348y(^«) (^e'Y 

(348 

. . 351) 

99 

i 

+ 3 

— i 

4 1 

{352f(^er 

(362 

. . 366) 

99 

i 

+ 4 

- i 

0 


(366 

. . 360) 

99 

* i 

•I- 1 

- i 


(367y(^fl) (^c'Y 

(367 

. . 367) 

99 

i 

+ 6 


0 


C. VII. 


66 
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Terms of fourth order (conoluded): 




n - 0' 

L' ^ IV 

L-® 

z-n 

(368)< 

(358 . . 

358) 

COS 

i 

0 


+ 2 

(302y(ie)(-ifi')>)’ 

(362 . , 

364) 

M 

i 

+ 1 

2 

+ i 


(366 . . 

369) 

)) 

i 

+ 2 

- + 2 

0 

(370)‘(^ey(4c')^= 

(370 . . 

370) 

n 

i 


— + 2 

+ 3 


(371 . . 

371) 

» 

i 

-f 3 

- i + 2 

1 ~ ^ 

(372)' rf 

(372 . . 

373) 

yy 

i 

0 

'i •}- 4 

0 

(376)‘(^e)(^OV 

(376 . . 

376) 

yy 

i 


- i 4 

: -1 

(377)*(io)(^o')V 

(377 . , 

377) 

1 


1 t 

1 

-1 

i 

-■14-4 

+ 1 


Terms of fifth order: terms of order 7 having the same arguments. 




L'-®' 


L-® 

i-TI 

(378)' (4 0)“ 

(378 .. 

381) 

COS 

i 

0 

- i 

+ 5 

(3S2)'(,i-o)»(4<!') 

(382 , , 

386) 

1} 

i 

+ 1 

— i 

+ 4 

(38G)<(-Jo>'(^o7 

(386 . . 

389) 

>} 

i 

+ 2 

— i 

+ 3 


(390 . . 

393) 

i) 

i 

+ 3 

{ 

+ 2 

my do) a of 

(394 . . 

397) 

ii 

i 

+ 'i 

— i 

+ 1 

(308)' (ie')' 

(398 .. 

401) 

)} 

i 

+ 6 

- i 

0 

(402)‘(4o)«(^o') 

(402 . . 

402) 

)) 

i 

+ 1 

- i 

-6 

(403)'(4o)(ifi')" 

(403 . , 

403) 

» 

i 

+ 6 

~ i 

- 1 

(404)'(^a)“,» 

(404 . . 

407) 

)> 

i 

0 

- i 2 

+ 3 

(408)'(io)'(io')^“ 

(408 . . 

411) 

>> 

i 

+ 1 

“ ^ + 2 

4* 2 

(412)' (-^e) doff 

(412 . . 

416) 

)> 

i 

+ 2 

“ -f 2 

+ 1 

{mydoTv^ 

(416 . , 

419) 

i) 

i 

+ 3 

+ 2 

0 

d2oyd'^ydd)f 

(420 . . 

420) 

)) 

i 

-1 

- i ‘1- 2 

+ 4 

(421)' (4 0) doyr)^^ 

(421 . . 

421) 

i> 

1 i 

-1-4 

^ i 2 

-1 

{■myde)f 

(422 . . 

426) 

)i 

i 

0 

^ 4 * 4 

+ 1 

(myde')f 

(426 , . 

429) 

)i 

i 

-i-l 

- i + 4 

0 

(myde)^ke‘)y 

(430 . . 

430) 

)) 

i 

-1 

- i 4 

+ 2 

{mydc)de'yf 

(431 . . 

431) 

yy 

i 

+ 2 

“ i 4 4 

-1 

{mydc)ry 

(432 . . 

432) 

fi 

i 

0 

- ^ H* 6 

-1 

(433)'(^0')V 

(433 . . 

433) 

yy 

i 

-1 

- i + 6 

0 
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Terms of sixth order. 





L'-n’ 

L-® 

A-n 

(i34)'a«)« 

(‘131 _ 

434) 

COS 

i 

0 

- i 

+ 6 

(436)' (J «)«(>«') 

(436 .. 

435) 


i 

Fl 

- i 

+ 5 

(436)‘(>-e)‘{J«T 

(43G ,, 

436) 

» 

i 

•f* 2 

— i 

+ 4 

(437)'(.ic)»(i«7 

(437 , . 

437) 

» 

i 

+ 3 

- i 

+ 3 

(438)' (J «)“(’ e')‘ 

(438 . . 

438) 

)> 

i 

4* 4 

- i 

+ 2 

(430)' (J«) (J (j')« 

(439 . . 

439) 

J) 

i 

H 6 

- i 

+ 1 

(440)' (» (!')» 

(440 . . 

440) 

n 

i 

+ 6 

- i 

0 

(441)'(i.o)'^» 

(44t .. 

441) 

»» 

i 

0 

- i + 2 

+ 4 

(442)' (J.o)»(^ «'),,» 

(442 . . 

442) 

)) 

i 

+ 1 

- j + 2 

+ 3 

(443)'(.1<3)»(^ oT’?’ 

(443 . . 

443) 

i> 

i 

+ 2 

^ + 2 

+ 2 

(M4)'(.Jo) (*o7^=(444 .. 

444) 

)} 

{ 

+ 3 

-1+2 

+ 1 

(446)' (Ja')'," 

(446 . . 

446) 

u 

i 

+ 4 

-1+2 

0 

(440)' (J efri' 

(440 , , 

446) 

)) 

i 

0 

-1 + 4 

+ 2 

(447)'(J«)(.^«')V 

(447 . , 

447) 

}» 

i 

+ 1 

-1+4 

+ 1 

(44H)‘('fl')''V 

(448 . . 

448) 

n 

i 

+ 2 

-1 + 4 

0 

(44 9)' V' 

(449 . . 

449) 

)> 

i 

0 

-1+6 

0 


Terms of seventh order. 




jy-& 

L’~U‘ 

A-@ 

L-U 

(460)' (^o)^ 

(460 . 

. 460) 

COS 

i 

0 

- i 

+ 7 

(461)'(J.o)»(.Jo')“ 

(461 . 

. 461) 

1i 

i 

1 

- i 

+ 6 

(462)'(^a)«(^joT 

(462 . 

. 462) 


i 

2 

- i 

+ 6 


(463 . 

. 463) 

a 

i 

3 

— i 

+ 4 

(4a4)‘(J.«)»a'>r 

(464 . 

. 464) 

n 

i 

4 

- i 

H~ 3 

(466)'(^.o)=(.Jo')» 

(466 . 

. 466) 

tf 

i 

6 

— i 

+ 2 

(466)' (^0) (4- a')" 

(466 . 

. 466) 

V 

i 

6 

- i 

+ 1 

(467)' (.^«T 

(467 . 

. 467) . . 

n 

i , 

7 

— 1 

0 

1 

(468)'(.5.o)“i,« 

(468 . 

. 468) 


1 

0 

- i + 2 

+ 5 
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Tei^m^ of 8eve7ith ordei' (concluded) : 




L'-& 

IJ^U! 

L-® 

x-n 

(450)' (^e )*{!«') t,= (469 

. . 459) 

COS 

i 

^ \ 

2 

+ 4 

(460y(^e)3(|c7r)'^(460 

, . 460) 

n 

i 

4 2 

- 2 

+ 3 

(461)‘(|.)“(l«')N“('i61 

. . 461) 

u 

i 

+ 3 

-i-h 2 

+ 2 

(462)‘(,Je) (1 e')^ (462 

. , 462) 


i 

-h 4 

- t+ 2 

+ 1 

(463)‘(J.e')»»?= (463 

. . 463) 

»> 

i 

+ 5 

-1+2 

0 

(464)' (4 0)=)?" (464 

. . 461) 

fi 

i 

0 

~ i + + 

+ 3 

(466)' (|e)=(i «')>?' (465 

. . 465) 

>y 

i 

+ 1 

- 1 H- 4 

+ 2 

(466)' (^i-0) iioTv' (466 

. . 466) 

fi 

i 

+ 2 

■—1+4 

+ 1 

(467)'(|c')'’'?^ (407 

. . 167) 


i 

+ 3 

-1+4 

0 

(468)' (4 e))?” (468 

. . 468) 


i 

0 

-1+6 

+ 1 

(my(^e')rf (469 

. . 469) 


1 i 

•h 1 

- i Q 

0 


Here the several coefficients are ultimately given in terms of the beforG^menUonccl 
quantities A\ G\ 0^, TI\ TA, T'^ (functions of a, d), and their differential 

eoofflcioiits in regard to a 

aa follows*. — wo have Levemer, pp. 299 — 380, a list of functions (1), (2), ,,,(154) of the 
form = (2) = — + 7fa» (3) = — 2i“ + /£",* 4- &c, involving i, h, and 

/f* and its derived functions IQ, IQ, &c. The coefficients of the several cosines are 
given by means of the functions in question, thus, first coefficient, above denoted as 
(l)’(l ...20), is 

= (ly + (2)' (i e) + (3)^ (4 eO . . . + (20y>« 

whore (l)'’ = (i), (2)* = (2) . . . writing in the functions (1), (2) ...(10), /i = i, and II' = A^; 

(liy = (l), (12)‘ = (2), &c., writing /t=i and II' = ~E\ 

(20)^ = (1), writing h~i and 10 — — IP, 

and so on for the various component coefficients (1)*, (2)* ... (469)'. 

But the I’csulting expressions, for the sevoml integer values i = - 10 to + 10, are 
worlred out in the Addition II. (Numerical Tables for the Oalculation of the Ooeficients 
of the Development of the Disturbing Funetion), pp. 358 — 383. And this Addition 
contains also, indicated by the letters S and A respectively, the expressions of the 
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479] 

ternia which exporiciico an alteration in passing I’roin the develop m exit of the reciprocal 
of tlio d is tan CO to those of the disturbing functions in* upon w, and in upon m' 
respectively. 

Wo liavG 


])isturbiug Function in' upon m 



r cos II 


>'2 



Disturbing Function m upon m' 




?''cos// 1 

"''pi' 


. r QOS II , r' QOS II , , , ^ 

1 lie expressions ol ~ ^ , - and - - ^ - , developed to 

ecGOU tricities and inclination, are given, Leverrier, pp. 272 and 
lorins of tlio foregoing ai'gumcnts X' — &c., and in terms 
ami a, tliose are as ibllows; 


the third order in the 

274. Expressed in the 
of a, a' in place of a 
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?’'cosZr d . , 

i — =-jinto 

a? 


7/-®^ 

r-n' 

L-® 

L-n 

-1 + + .. 

, , 

COS 

1 

0 

- 1 

0 

- ee' , , 

* 4 

n 

+ 1 

+ 1 

-- 1 

- 1 

- 2 fi + 6 4* § + 2 e/?® 

< 4 

)> 

-h 1 

0 

- 1 

_ 1 

+ a e'-fflV -f eV. . 

‘ « 

)j 

^ 1 

+ 1 

+ 1 

0 

- ^ e' + -J «V f e'* + 1 e V 

« 1 

)» 

4* 1 

+ 1 

- 1 

0 

4* yV * ■ * * • ^ 

t « 


+ 2 

•*-1 

--2 

4* 2 


< « 

>3 

+ 1 

4l 

- 1 

^ 2 


4 » 

)3 

+ 1 

+ 2 

- 1 

- 1 

4* 1 ey 


33 

+ 1 

- 1 

+ 1 

0 

~ -g^ . . « 

1 « 

3) 

+ 1 

0 

« 1 

+ 2 


t » 

»» 

+ 1 

0 

- 1 

2 

4- 3 ee^ . * . , ^ , 

1 * 

n 

-1 

4*1 

+ 1 

4- 1 

— ^ 1 • • « t « 

» < 

n 

-1 

4- 2 

+ 1 

0 
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It is hardly necessary to observe that, to obtain the expressions of the Disturbing 
Functions, these additional terms arc to bo combined with the corresponding terms 
in the expression of tlio reciprocal of the distance: thus, in tlie Disturbing Function 
XI (}a' upon m), the entire term depending on cos [H' — 0' - (£ - 0)] is 

= m' |2 (1, . . . 20)i=, + 1 + 1 (e’ + e'») + cos [{L' - 0') -{L~ ©)], 

where, however, the supplemental term is taken to the third order only. 
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480 , 

ON THE EXPRESSION OF DELAUNAY’S I, g, h, IN TERMS OF 
HIS FINALLY ADOPTED CONSTANTS. 

[From the Monthly Notices of the Royal Astronomical Society, vol. xxxii. (ISVl — 72), 

pp. 8 — 16.] 

We have in Delaunay’s lunar bheory, 

I, the mean anomaly of the Moon, 

g, the mean distance of perigee from ascending node, 

h, the mean longitude of ascending node, 

quantities which vary directly as the time, the coefficients of t, or values of 

being given in his Theorie du Muxivement de la Lime, vol. II. pp. 237, 238. But 
these values are not expressed in terms of his constants a (or n), e, y, finally adopted 
as explained p. 800, and it seems very desirable to obtain the expressions of I, g, h, 
in terms of these finally adopted constants: I have accordingly effected this trans- 
formation (which I found less laborious than I had anticipated). It will be convenient 
to imagine the a, n, e, y of pp. 237 , 238 replaced by A, N, E, F respectively. This 

being so, and writing m for the of p. 800 we have, p. 800, 

+ (_ 2 + j - e'® - 27 = + ^ f - A - 1 eV“ 

+ (- 1 7’ ~ W e’ + y* + ¥ ^ eV») w= 

+ OT- W e’’ + W e'O 

+ (W - + 

+ ^ me 
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aiul honco calculating N fi'otn the formula N^A^=:n\i\ we find 

-I- ( I - -1 + |i e“ + 1 + Sy* - - 2/- y=e'" + ^ e* + e"e'- + e'*) m 

+ 7- H- r e'" ~ W y - y v + s# y V- — ^ e* + eV^) »P 

+ (- Vr + W 7" + HW- - ¥i\f «'") 

+ (- W- + -fff ^ 7’ + - 2i?j<a e'2) „i5 

+ (_xaL|a),„o 

+ (- 

= a (1 + Q) HUppORC, 

'Pile values of E, P are given p. 800, but for the present purpose we only require 
E\ and r“ to the fiftlr order, vis. the values of those are at once found to be 

= e* (1 + 1 i •>»- - ’«*)> 

1"^ w“). 

whence also 74’* = o' and r* = y*. 

'I'lio fornnilos of pp. 237 — 238 now give 

i 1 1 + [- U ’«’] $ + Q 

+ / (_ j + a/ y« - ^ e2 _ 41,1 c'= + y* - ^ ry^e^ + if- yV= - § e=c'» - e'*) 

' +( W7"-ll;lll ^(1 + Q)-' 

.'l■(-%77’ + ¥#e=)«^" ' 

.p /(_ -i-iijty-i _ a;., ft - «iyi e'^ - y> + iff a yV + rfe'^A ^ ^ 

+ <- W *1- O'’- W e'“)«i‘(H-Qr» 

+ (- + -^iMP 7^ - ^UW e'O (1 + 

+ (- -^aWtP )«^“(l+<3r 

(Ob.scrvo that writing herein (? = 0, and omitting the terms in m" and m" in the 
coomoicut of (1 + (p-\ and the term in m» in the coefficient of (1 + Q) ’, we have the 

original formula of p. 237) 


(j = wi5 \ 


a- 


q. ('(f-x^y*> + §eH + 16yV“=y‘y’e'“-^e^ + ?^e*e'^ + f^e^) 

+ (W7“- 

0. VIT. 
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+ ^ 7’ - W + m e* - eVO nf 

+ _ Igli* ,y"-- C^+ e'0»iMl+<3)“^ 

+ mu^ - 7’ - e") «'* (1 + Qy‘ 

+ ^W^^n>a + Q)-^ 


(1 + Qr 


(wliGi'G writing Q “ 0, and omitting tho berms in ni* and wi® in tho coefficient of 
(l + Q)”*, and the term in w® in the coefficient of (l + Q)"®, we have the original 
formula of p. 237). And 




+ j' (- J + § 7“ - f e* - 1 e'® - ¥7“e'‘+ ?7V* + M ^ 

+ 7^ — ’■ (1 d" Q) 

+ (- m 7“ + «*)’«* > 

+ / ( A - - W 7’ + M <?'“ + 7'' + W 7’e^ -ff 7^«'“'' SM ^ eV^) 

t +(--l-M7’-We®)m® 

+ ( -BS - W 7^ - W e’ + W O <1 + <3)-* 

+ ( w - w 7’ - e*- + w o (1 + Qy^ 

+ Hm'rnHi + Qr^ 


(i + Q)- 


(where writing Q = 0, and omitting the terms in in* and wt“ in the coefficient of 
(l + (3)“', and the term in m“ in the coefficient of (l + Q)-», we have the original 
formula of p. 238), We hence have 


I =nt (A -)- (1 + jS) (2 + OQ*], 
— nt {A + Q + BQ + GQ*], 
fj^nt {A' + B'Q + C'Q*], 
h=nt [A'' + B''Q+G"Q% 


where ^omitting the terms in 

A = H-(- i +^7^- f e-*- ^ 6'’*+ ^ y*- -'yi 7V+-'^7V»- | eV=“ - e'") m® 

+ (^-s^ + s^yi-^^e‘*- e'“ - 7^ + J||a ,y%a + fi|ji yig'i + gi _ e'^) m» 

+ (- W + W 7*- -W W) 

+ (- ^ rf - e® - O m® 

+(- 
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-S = (1 --¥7'+ f e=+ V e'‘)m' 

+ { W - ¥ 7" + -W e’ + W e'“) 

+ njyyi ,,2,4 

+ aj^TO", 

0 = - f m- 

- %¥ m’- 

(I - ¥ 7*“+ § e’+ f e'“- </+ 15 7'''e5 - ,yV«- ^ e* + f J ^ e'O jn" 

+ (¥ - -W 7” - W W + if£ 7< - 7V - 7V" -P ^fr e‘ - eV») m’ 

+ W - 7“ - mr- ^ + W e'O «I‘ 

+ 7 ’ - e'“) 

+ 

il' = (- § + ry»- « e'- § e'»)m'> 

+ (- ¥ + -¥ 7' + e'O 

- m* 

C" = I i)f 
+ ¥«“• 

^"= (- f i 7 ’- t e’- {ie'“-¥7’c"+ ^ 7V“ + ^} «3' - ^ cV“- M e'‘ )m“ 

+ ( A“!-JF“W-e^ + F<^“ + ?47^ +W-7V-?t7V='-me' -^eV0m» 

+ ( M 7““ m e’+ m 

+ aw - W 7” - ^ W + w- e'*') 

+ ¥iW(f 

B"=> + ( J ~ 4} 7»+ f e“+ g 

+ (-T'’ir + ¥F + We’"Fe'“)w'’ 

- Mi 

c?" = - J TO= 

+ M 

67—2 
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And ill terms BQ, B'Q, B"Q, we have 


- W 


and in the terms GQ\ C’'Q\ G"Q^, simply = m\ Hence finally the required values of 
I, g, k, are 


I = nt 


+ (- f + 67® + § e’ - ^ e'* + 7^ - £•# 7*c'’ + 97V“ + cH -i*5i cV” - ^ e'') m“ 

+ + i|il ,y2 + <^ e* _ e'l _ yi _ + AJ « eV") m» 

+ (- W- + W 7“+ W W 


+ (- 


+(- 


m", 


g = nt 


+ (^-¥ 7’+ ^ 5 e''*- -y V + U7V-4/^7V»-He' + iH[eV“+f^c'^)m“ 

+ (^ ~ ^ 7' - ^ e V - - ■4?P- 7V' + SM e’ - ^SF m» 

+ ( W “ 7“- W* e»- 

+ ( W - 7’ - e'«) m« 

+ 

+ 


/i = nf| 

+ (“! + § 7’“ I e’- ^e'*-J^7V+ ^ 7V“ + §i -§eV“- e'* )m? 
+ ( 3fif-!^7’-W6’ + Me'“ + fSy +W7’e’-fS7V“-MSe'-^y^c’07n" 

+( m-m f~ m e’+ w 
+ 



480 ] 


IN 'I’EIIMS 01'’ Ills PINALLY ADDICTED CONSTANTS. 


533 


whicli values satisl'y, lus they should do, the oi[uation I (j + h nt. I recall that the 
precise signilicatiou of the constants is as follows: n is the coefficient of t in the 
expression of the Moon’s longitude in terms of the time, a the corresponding elliptic 
value of the mean distance («“«•’ = sum of masses), e the eccentricity, such that in tlie 
expression of the longitude tho coefficient of the leading term of the equation of the 
centre has its elliptic value 

= 2e--l e-’ + 5'iie’ 

and 7 the aine of the half-inclination, such that in the expression of the latitude the 
cocflficiciit of tlic loading term has its elliptic value 


== 27 - 270^ “ i 7® + 7^’ -f 1 7®6^ ^ ifi 7^*^ 

7 i/, iC arc the mean motion and moan distance of the Sun, = a^nd e' is the 

eecon tricity of the Sun's orbit, considored as constant. 
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481 . 

ON THE EXPRESSION OE M. DELAUNAY'S h + g IN TERMS OP 
HIS FINALLY ADOPTED CONSTANTS. 

[From tho Monthly Notices of the Royal Astronomical Society, vol. xxxii. (1871 — 72), 

p. 74,] 

I HAD the pleasure of receiving from M, Delaunay a letter dated Paris, I7th Dec. 
1871, in which he informs me that, on roferring to his papers, he had found there 
expressions for I, g, A, identical with those given by me in the November Number of 
the Monthly NoiiceSt — ^ivith only a single typographical error, instead of 

[ante p. 532, corrected] in my expression of L 

M, Delaunay mentions also that he had obtained four additional terms iu the 
expression for h-^g (longitude of the Moon’s perigee), and that tlio complete expression 
in terms of tho finally adopted constants is 

I (I - 67 * - g e= + § e'“ - ^ y + fjfi '^V - SyV'' - 5 #^ e< - -ft eV» + e'*) 

+ iW + W e'" + 7‘ + M 7’e’ - aja 7=0'^ - 0V') w* 

+ ( W - ^ 7’ - W + W 

+ 7 ‘ - 0'^) VI? 

+ «’) 

[Observe that li^-g is —nt — l, and compare with the expression for I, ante p, 532.] 



482] 


535 


482. 

NOTE ON A PAIR OP DIFFERENTIAL EQUATIONS IN THE 

LUNAR THEORY. 

[From the Monthly Notices of the Royal Astrotwmioal Hociety, vol. xxxri. (1871 — 72), 

pp, .31—32.] 


The oqimt/ions 

it t “ p {ml + ^ 

~ ~ =jviy { - 1 sill (2v - %}d)], 


taking thorcin j^h^l in effect present thomsolves in the Lunar Theory, and 
particular integrals in scries have been obtained, the dovolopmonb being carried to a 
great extent; but I give the results only as far as viz., writing 

t - mi = I), 

\YG have 

i (Jgt 4. ^ ni^) sin 2D 

sin 4i), 

r 

-f* ( 771 ^ “h 

4* ^ cos 4j5. 

In the Lunar Theory j and lo arc properly each = — (IS the mass of the 

1 + — . 

771 

Earth, m' that of the Bun), but they are taken to bo = 1 ; tlie numerical cliflPorence 
is inappreciable; but there would be a considerable theoretical advantage in retaining 
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ill the equations the coefficients j, k [regarded as each of them =i]; in fact, the 
dovelojimeiits could then be arranged according to the powers of k, that is according to 
the powers of the disturbing force ; whereas, when k is taken = 1, wo liave only a 
development in powers of and since m also presents itself through the coefficient 
2 — 2?n of ^ in 2y — terms which are really of different orders in regard to the 
disturbing force, are united together into a single term : so that, instead of a term 
of the form {Ak + Bk" + &c.) where A, B, are numerical, wc have the term 
(A 'h B +» where of course A^B,, is given as a single numerical coefficient. 
There is no equal advantage in retaining the two coefficients k, j, as this only servos 
to show how a term arises from the central and tangential forces respectively; thus 
retaining these coefficients, the integrals as far as are 

V — t + q- Ij) m- sin 2 JJ, 
i — 1 + ^ mVc -f (^/r -p ^j) cos 27J, 

agreeing with the former result when k=j^l\ but there is, nevertheless, some interest 
ill rotaiiiiug the two coefficients. I hope to dcvolope the results somewhat further, 
and to communicate them to the Society. 
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483 . 

ON A PAIR OF DIFFERENTIAL EQUATIONS IN THE LUNAR 

THEORY. 

[From tho Mmthly Notices of the lioyal Astrimondcal Society, vol. xxxii. (1871 — 72), 

pp. 201 — 206 .] 

I CONSiDEtt tho dilToi’ontinl equations 

~ 

ft }u) ^ ^ 

whioli whony = /j = l givo iho following equations in the lunar theory {JD^t-mt): 

J « 1 + - 45)i m* - !,'X Hi" - IJl Hi" - 

+ cos 2D [Hi" + J,'! Hi» -I- ■‘/‘fit Hi'' + ‘W- -I- 

+ cos 4D [ J Hi" -t- Hi" + mo + »»'] 

+ cos eD [ fsn Hi" + 

+ cos 8D [liX-?! Hi" -I- mWr 
or as far as in’, 

p = 1 - -4 Hi" + DiS Hi" + ?;}Hi" + W Hi" + W m" 

-hco3 2D[-- Hi"— Hi"— m"— Hi'- 
+ cos 4D [- ij Hi" - ■iiVo’'- W“ - -V^w ”*■'] 

+ cos 6D [- : 2 % ?ft" - •!„!*, Vrt';il Hi"], 

0. VII. 
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^ is given by M. Delaunay only as far as m®, the additional terras of i and expression 

for p were kindly communicated to me by Prof. Adams^ j and 

v—t 

+ sin 2 i) m“ + ft w* + •/«“ + 

+ - mVTO 

+ Bin 4i) (Mi m + W + "HW w' + 

+ sin 6D (§iiJ wi® + ""O 

(Delaunay, t. ir, pp. 815, 836, 845). 

To integi’ate the original equations W'ritc 

p = 1 + pl + P3+ ..., 

v-i +0, + 1I3 + ..., 

where the suffixes indicate the degrees in the coefficients k, j conjointly : the equations 
for p„, Vn take the form 

where F„, ?7„, P^, (^n Jo not contain p^^ ov Vn* From the soconcl equation wo have 

^J-+ 2 p„+j/„ = a„+J>,.di, 

where D„ is a constant of integration, the integral jl\dt containing only periodic 
terms; and then adding twice this to the first equation we have 

i + 2 tf„ = 2n„ + Q„ + 2 1 P„ ( 


yCU 


■which determines p„; and substituting its value in the other equation we Imvo 


dtV 

and thence r„; the constant n,^ is doterminod so that may contain no constant 
term. We have 
P. = 0. 

fdv.Y 


dVn 
dt ’ 


Tr q dVi dVs dV3 fdvA- 


“2p3^ + Cpip3-4p,», 


&c. 


c^, = 0, 

0'.= 2p.^’ + (2p. + ft>)'j’' + 2(..p., 


&c. 
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Qj = (i + 1 cos 2D), 

Q.^ = km’^ {SDi sin 2D H- /^i (1+ 1 cos 2D)}, 
Q:, = km^ {— 3% sin 2D — Sn,’ cos 2D 
+ piVi . 3 sin 2D 
+ Pa (i 4" 2 2/))), 

&C. 


P,=j„ia(_9sin 2D), 

-Pa =jni^ (- 3«, cos D ~ 3p, sin 2D), 
■Pa =i«i“ {— Svj cos 2D + 3i/j“ sin 2D 
— cos 2D 
+ (2p3-}-pi0.-fsin 2D], 


In pavLiculoi’ attonding to the values of P,, Q, the equations for p„ v, are in their 
original form 

(It ^ dt " ^ 


-|8m2P), 


wlioucc in the t»ransfonno(l form Lhoy arc 




^ ul P\ “ -h f cos 2D) + - cos 2D, 

Oa) 

Thus the constant term of pi is 2X2, q- \km\ giving in ^ a constant term - SOi - kn- 
this must vanish, or wo have 12, = '-^- to”; and the equations thus become 

+2p,=-,Vi».’ + j^,„,OM2Z), 


p ^■ Pi=- i •>■ (s f 


and then completing the integration 


pi = -i}m'‘-vL 




3 — 8}a -I- 4??!.” ''' (i — m) (3 — 8wi + 4?»”) 


cos 2D, 


I j»i” (7 — 8m + 4m”) 


sin 2P, 


' " 1(1 - m) (3 - '8m -i-to”) (T- w)” (3 - 8 ?b -h 4m”)J 

which arc the acenrato values of pi and Vi, 

Expanding as far as m" wo have 

p, = * (- ^ m=) + cos 2D I k (- m” - ^ ni‘) 

+ J (_ ^ _ J„L m” - - W " W w“)}, 


which for j ==s A is 


= k (~ 2»“ - Jj/- JH» - > 

68—2 
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and 

W] = sin 2D { ^ m* + -y- m’ + ^ m“) 

+ j{ i M -I- W ^ 

which for j=^h is == i - 1 - ^ m* + »?i' + • 


I have, nob in geneml, but for the value j = k, calculated and Vj as far aa «i“ : 
I have not made the calculation for p^ and Vsi but their values may be deduced from 
the foregoing values ot p, v; the final expressions (when j~k) of p, =1 + p^+ p^ + pg + ... 
and V, =i + «)i + tij + Va ... are 


and 


p = l 


+ k (-^m° 


) 


v~t 


+ ihH 


+ ^'’( 

- m 

+• cos 2D { k (— 

lyif 7 a' - ?n“) 

+ k?{ 

^ m* + ^ to' + to') 

+ /c’( 

- ^ m*)} 

+ cos 4 pD { ( 

- 1 Wwi”) 

+ /«’( 

+ A m')} 

+ cos (ID { 

- * ’«“)}. 

+ sin 2D { Ic 

7>i' + ^ »«.' + in* + to') 

+ 

— ^ m'— })i'— 4ji ?n') 

+ k^( 

“ ™°)) 

+ sin 4D { k^( 

MiTO'+ to' + »TO«) 

+ ;.■»( 

- U «*•“)! 

+ sin 6D I /j’ ( 

+ tflf 'w")) ; 


which for fc=l agree with the foregoing formulm (verifying them as far as ni'); the 
present formulce exhibit the manner in which the expressions depend on the several 
powers of the disturbing force. 
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ON THE VARIATIONS OP THE POSITION OF THE ORBIT IN 

THE PLANETARY THEORY. 


[From tlio Monthly Notices of the Royal Astronomical Society, vol. xxxn. (1871 — 72), 

pp. 206—211.] 

It hfts always appoavcd to mo that ia the Planetary Theory, more especially when 
the mothoU of the variation of the elements is made use of, there is a difficulty as 
to tlio proper mode of dealing with the inclinations and longitudes of the nodes, 
hindering the ulterior dovolopmont of the theory. Oonsidei’ing the ease of two planets 
m, m', and referring thoir orbits to any fixed plane and fixed origin of longitudes 
thcroiu, lot 0, O' bo the longitudes of tho nodes, the incliuations (p = tan <;t sin 0, 

q = tan qt cos 0, &c,, a.s iisual) ; then the disturbing functions for »i, m' respectively are 
developed, not explicitly in terms of 0, </>', 0, 6', but in terms of d), the mutual 
inclination of tho two orbits, and of 8' the longitudes in the two orbits respectively 
of tho mutual node of tho two orbits; <f> and 0, 0' being functions (and complicated 
ones) of <j>, (f), 0, O'. Moroovor, although in tho general theory of the secular variations 
of the orbits of tho planetary system, 0, <jy> ^ above, referind to one fixed 

plane (tho ecliptic of a certain date), yet in the theory of each particular [ilanet it 

is the practice, and obviously tho convenient one, to refer for such planet the 6, ^ 

to its own fixed plane (tho orbit of tho planet at a certain date), the effect of course 

being that and consocpiontly 2^> Q> instead of being of the order of the inclinations 
to tho ecliptic, are only of tho order of the disturbing forces. It has occurred to me 
that the last-mentioned plan should bo adhered to throughout; viz., that for each 
planet m, tho position of its variable orbit should be determined by 6, the longitude 
of its node, and qt, tho inclination in reference to the appropriate fixed plane (oibit 
of tho planet at a certain date) and origin of longitude therein. The distuibing 
functions for tho planets m and m' will of course depend not only on 0, 6 , <j), 0 , 
but on tho (quantities ‘h, which determine tho mutual positions of the two fixed 
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l^laiics of reference and origins of longitude therein, these last being however absolute 
constants not afected by any vamition of the elements; so that as regards the variation 
of the elements the disturbing llinctions are in fact given as ea>pUcit functions of the 
variable elements S, 8\ <)> ; and where and therefore also p, q, 2y\ f only 

of the order of the disturbing forces. 

I proceed to work out this idea, for the present considering the development of 
the Disturbing Function only as far as the first powers of p^ 5, &o. For comparison 
with the ordinary theory, observe that in this theory the disturbing function contains 
only the second powers of the &c,, made use of therein; these arc in fact of a 

form such as P 4- ^5, Q + 2, . where P, Q arc absolute constants and p, 5, . . . are the 
2?, 5, of the present theory; the ordinary theory gives therefore in the disturbing 
function a series of terms involving (P^pf, + 5-^) (Q + g)> which I now take 
account of only as far as the first powers of viz., they are in effect reduced 

to + + Sec. ... The present theory is thus not now developed to 

the extent of giving the p, **> of the ordinary theory in the more comjplcto form 
as the solutions of a system of simultaneous linear differential equations, but only to 
tile extent of obtaining for these ... respectively the terms which arc proportional 
to the time, 


I commence with the following subsidiary problem. Consider a spherical triangle 
ABG (sides a, h, 0, angles A, B, G, as usual), and taking the aide c as constant, but 
the angles A and B as variable, let it be required to find the variations of 0, a, h 
ill terms of variations dA^ dB and the variable elements (7, a, b themselves. Although 
the geometrical proof would be more simple, I give the analytical one, as it may be 
useful. 


We have 
and thence 


cos 0 == — cos ri cos iJ + sin A sin B cos c, 

— sin CdO = (sin ri cos B 4- cos A m\ B cos c) dA 


4- (sin B cos A 4" sin A cos B cos c) dB 



== 

sm B sm c , . sin A sm o , ,, 

,-j clA + — (W, 

Ian 0 ban a 

that is 

sin G 

dU = 

sm 0 

sin Bdoab , , , sin ^4 cos a , ,, 
Sin b sin a 

or finally 


cos idA 4- cos adB, 

Next 

sin a — 

. sin A 
sm 0 -i — , 
sm G 

or, differentiating, 




cos a da = G cos Ad A - cos (7 sin AdO) 
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sine 
siu-^ G 

.sin 0 
sm= 0 


that is 


j dA (sin 6 cos A -j- cos G sin A cos 6) dS cos G siii A cos ct 

i«|, 


( j . shi A sin b cos a , 

cos 0 sin A cos ( 

[ SlU tt 


or, on tho right-hand writing instead of , this is 

’ ” ° Hin a sill (j ' 


and similarly 


<kt ~ g] {dA sin b + dB cos G sin «) ; 
db = “jj J ^ {dl^ sill a H- dA cos G sin b). 


Now let the continuous lines represent tho orbits of in, m' at certain dates, 
0, Q the origins of longitude tliei’cin; and tho dotted lines the variable orbits of the 
planets rospcctivoly. 



Writo 

06' = GA^0, zOAG = 4>, 

Qo = w, an = e', z obg = cj>', 
z 6 = d). 

Thou, ausworing to the notation of the lomma, wo have 

ar=0', b^O, 6 = <T), dA^<l>, dB 

or say =tan^, 



G'B = a + du, 

~ sin^> ^ ^ ~ 

L ^_^/cosd>), 

HIU <I> ^ 


whence 
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G'A=b-i-db, 

= 0 + (■” + tan ^ cos sin 0), 

= G ‘h dG — — cos 0 tan (p + cos 9' tan =<[5 — 54 ' 


Suppose V, v' are the longitudes of the planets in their two orbits respectively, 
that is 

V = OA -f Am = 0 + 0 + Am , 

QjB 4 * =04-^4* 

whence 

1 

O'm =0'A-^Am, =ti — Q — cos<I>), 

sm <D ^ ^ 

O'm' = G’B + Bm, = ii' - 0' + -4-f- (ji - j/ cos <t), 

Sin Q 

z O' = O “ !7 + 5' ; 

say these values are + — + Then if II is the angular distance 

mm! of the two planets, 

cos II = cos (t; “ 0 4 x) cos {v' — 4 - cl) + sin (v ^ @ 4 - x) (sin v'--& + x') cos (<& 4 - y\ 

“ cos {v — 0) cos {v' — &) 4 sin (v - @) sin (v' - ©') cos O 

4 a? [- sin (v — 0) cos (V — ©') 4 cos (tj — @) sin {v^ — 0') cos 4^] 

4 [- cos {v — ©) sin — ©') 4 sin {v — 0) cos (v^ - 0') cos <&] 

4 2/ [— sin (^; -- 0) sin (v* — ©') sin 4>], 

— cos /f 4 ^ suppose. 


The disturbing function for the planet m disturbed by w' is 


n = m' 


IV. 


4 — 2 rr' cos H 


r cos 11] 


if E is the disturbing function of tho Mdeanique Celeste)] and the term 
hereof which involves V is 

. v_^ 

d . cos II 


where after the differentiation cos II is replaced by cos 



r/ 

4 *” 2 n'' cos 11)^ 



V, 
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viz., this ia a linear function of w, sg\ y, that is of p, (p p\ q\ with coofRcicnts which of 
course involve the other variable elements and the time ; but it will be rcmeinberccl 
that 0 , are not variable elements, but arc absolute constants, The variations 

of jj depend upon and those of q on and the ciuantities p, p\ 

disappear from these differential coefficients ; that is, disregarding periodic 

terms, and the variations of the elements, we obtain ^ ^ absolute constants, or 


reckoning the time from the epoch belonging to the fixed orbit of ??i, we have p), q 
as more multiples of the time — q^Bt, whore A and B are constants); agreeing 
with the statement preceding the investigation. 


Observe that iho q, as used above, have reforonoo not only to the fixed orbit of 
w, but also to the node tlieroon of the fixed orbit of wo may, if wo please, write 
p = tan (j) sin (0 + q ~ tan cos (@ + 9), that is, p = J sin 0 -h cos ©, Q = g cos 0 — sin 0 
(or = p cos 0 — q sin 0 , 5 ^=:^ sin 0 -hq cos 0 ), and in place of q introduce into the 
formula) p and q, wliich have refer once only to the fixed orbit of ?n, and similarly 
writing p' — l-an (/>' sin ( 0 ' 4* 0'), q' tan cos (© -{- 0 ''), instead of qA q' introduce q' 
which have rcforonco only to the fixed orbit of ni\ 


1 remark tint I a table for the relative positions of the orbits of the eight Planets 
for the Epoch 1 st January, bSSO, is given in Levorrior’s A7i7}cUeii de VOhserv. de Baris^ 
t. a (1850), pp, 04—00. 


0. VII, 


69 
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PEOBLEMS AND SOLUTIONS. 


[From the Mathematical Questions with their Solutions from the JUducational Times, 

vols. V. to XII. (1866— 1869>] 

[Vol. V., January to July, 1866, p. 17.] 

1791. (PnorosED by Professor Cayley.) — Given a (juartic curve 17= 0, to find three 
cubic curves P= 0, Q = 0, Ji = 0, each meeting the quartic in tho same six points 
1 , 2 , 3, 4, 0 , 6 , and such that P = 0 , P = 0 may besides meet the quartic in the same 
three points a, h, c, and that Q = 0 , P =0 may besides meet tho quartic in the same 
thi’ee points a, /S, 7 . 


[Vol. V. pp. 26, 20.] 

J^ote on the Problems in regard to u Gonio defined by five Gonditions of Intersection. 

I use the word “ intersection " rather than “ contact ” because it extends to the 
case of a 1 -pointic intersection, which cannot he termed a contact. Tho conditions 
referred to are that tho conic shall have with a given curve, at a point given or 
not given, a 1 -pointic intersection, a 2 -poiutic intersection (= ordinary contact), a 
3-pointio intersection, &;c., as the case may be. It may bo noticed that wlion tho 
point on the curve is a given point, the condition of a /i;-pointic intersection is really 
only tho condition that the conic shall pass through h given points; though from the 
ciionnistance that these are consecutive points on a conic, the formulae for a conic 
passing through h discrete points require material alteration ; for instance, in tho two 
questions to find the equation of a conic passing through five given points, and to 
find the equation of a conic having at a given point of a given curve 6 -pomtic inter- 
section with tho curve, the forms of tho solutions are very different from each other. 

The foregoing remark shows, however, that it is proper to detach the conditions 
which relate to intersections at given points; and consequently attending only to tho 
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conditions which relate to intersection at an uuasccrfcamcd point (of course the inter* 
sections referred to must be at least 2-pointic, for otherwise there is no condition at 
all) we may consider the conics wliich pass through four points and satisfy one con- 
dition ; or which jiass through tlirce points and satisfy two conditions ; or which pass 
through two points and satisfy throe conditions ; or which pass through one point aud 
satisfy four conditions ; or which satisfy five conditions. Considering in particular the 
last case, let 1 denote that the conic has 2‘pointic iniorsoctionj 2 that it has 3-pointic 
intersection^ ,,, 5 that it has G-pointic intersecUou with a given curve at an unascertained 
point. 

Then the problems are in the first instance 

6; 4,1; 3,2; 3,1,1; 2,2,1; 2, 1, 1, 1 ; 1, 1, 1, 1, 1. 

But the intersections may be intersections with the same given curve or with different 
given curves; and wo have thus in all 27 problems, viz, these are as given in the 
following table, where the colons (i) separate those conditions which refer to different 
curves : 


No. of 
Piob. 

Oonilitionfl, 

No. of 
Pi’ob. 

OomUtioiiB, 

No. of 
Pi’ob. 

Conditions. 

1 

f) 




10 

3, 

1 

1 



19 

3; 

1 

1 



2 

- 1 . 

1 



11 

3 

!l, 

1 



20 

3; 

2 

1 



3 

3, 

2 



12 

Q 

2 

1 



31 

3, 

1 

1 

1 


4 

3, 

1, 

1 


13 

2, 

1 

2 



23 

8 : 

1, 

1 

1 


5 , 

2. 

0 

1 


14 

2, 

1, 

1 : 

1 


33 


1, 

1 

1 : 

1 

6 

.j, 

i, 

1, 

1 

15 

2. 

1 

1. 

1 


34 

1. 

1 

1, 

1 ! 

1 

7 

1. 

1. 

1. 

1, 1 

16 

2 

: 1 , 

1 . 

1 


35 

3; 

1 

1 

1 


8 

4 

; 1 



17 

1 

, 1, 

1, 

1 : 

1 

2G 

1, 

1 

1 

1 ; 

1 

9 ^ 

i 

3 

. 2 



18 

1. 

1 . 

1 : 

:1, 

1 

37 

1 ! 

1 

1 

1: 

1 


Thus Problem 1 is to find a conic having 6-poiiitic intersection with a given curve: 
Problem 2 a conic having 6-poinLio intersection and also 2-pointio intersectiou with a 
given curve,.. Problem 7 is to find a conic having fivo 2-pointic intersections with 
(touching at fivo distinct points) a given curve.,. .Problem 27 is to find a conic having 
2-pointic intersection with (touching) each of five given curves. Or wo may in each 
case take the problem to be merely to find the number of the conics which satisfy 
the required conditions. This number is known in Prob, 1, for the case of a curve 
of the order m without singularities, viz, the number is :=7?^(12m — 27). It is also 
known in Problems 25 mid 26 in the ease whero tho first curve (that to which the 
symbol 2, or 1, 1 relates) is a curve without singularities ; and it is known in Prob, 27, 
viz. if m, n, 2h ?» orders and JIf, iV, P, Q, It the classes of tho five curves 

69—2 



548 


PKOBLEMS AND 3OLUTI0NH. 


[485 

respectively, then the nuinhor is =(il/, m){N, n)(P, p)iQ, </) (^i {1 -j 2, 4, 4, 2, Ij, that 

is, lJl/jVPQ2i + 2Sj¥iVPQr + &c. The number is not, I believe, known in any other 
of the problems. In particular, (Prob. 7) wo do not as yet know the numboi’ of the 
conics which touch a given curve at live points. It would bo interesting to obtain this 
nunibor ; but (judging from the analogous question of finding the double tangents of a 
curve) the problem is probably a very difficult one. 


[Vol. V. 13. 37.] 


18 B7. (Proposed by Professor Cayley.) — If for shortness we put 
p = fc* + 2/^ + £:*, Q = + y°.s 4* 4* ^‘^y> ~ 

P„ = a® + 6’ + c=, Qo = 4- h"‘c + ca‘-* + chu + ah^ + a?h . K - aho ; 


then (a, /3, 7) being arbitrary, show that the cubic curves 


a , 7 

P, Q> P 


s= 0 pass all 


I Poi (Jo) Po I 

of them through the same nine pouibs, lying six of them upon a conic and three of 
them upon a lino ; and find the equations of tbo conic and line, and the coordinates 
of the nine points of intersection; find also the values of (a ■ /3 : 7) in order that 
the cubic curve may break up into the conic and lino. 


[Vol. V. p. 37.] 


1730. (Proposed by Professor Oayley.) — Show that (I) the condition in order that 
the roots /r,, h, ka of the equation 


7 /^" 4- (-y - + ^/3 4- f 7 ) *“4- (~ y - fa - -1/3 4- ^ 7 ) /^ - a = 0 

may bo connected by a relation of the form 

^9 — ^'9) ”* (^•'9 “* ^‘■*3) “ 

and (II) the result of the elimination of a, b, c from the equations 

a®(& + e) = — 2a, 
b^ (0 + a) = 2/0, 
c» (a + b)~— 27, 

(b - c) (0 - a) (a — (>) = — 4(7, 

are each 

4 {/3 - 7 ) (7 ~ «) (a — /0) < 7 * 4- 4 (— 2a*/0 + 42a“j0'“ — 22 a^/ 07 ) g- 

4- (/3 - 7 ) (7 - «) (« - y3) f/ 4- 2 (y0 - 7 )'= (7 - «)» (a - 73)’ = 0. 


(A) 


( 1 ) 


( 2 ) 

(3) 

(4) 
( 6 ) 


(B) 
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[Vol. V, p}D. 38, 39.] 

1834. (Proposed by Professor Cayley.)—!. It is required to find on si given cubic 
curve throe point-s A, B, G, such that, writing w = 0, y = 0, z — O for the cquation-s of 
the linos BG, GA, AB respectively, the cubic curve may be transforniabie into itself by 
the inverse substitution 7^“') in place of ®, y, z re.spoctivcly, a, /3, 7 being 

disposable constants. 

ii. In the cubic curve ax{if z^)-\-hy {z^ aP) cz {a? y'^)-\-^lxyz — Q the inverse 
points {co, y, z) and ?/“*, «“') are corresponding points (that is, the tangents at 

those two points meet on the curve). 


Solution by the Pitoi’OSEU, S. Roheuts, hi, A., and others. 


Since the points A, B, G aio on the curve, the equation is of the form 

fy-z+ ffz-iv+ hio‘y+ iyz‘-i- hay-~\-^livyz =0’, 

hence this equation innsl. bo ci)itivaicnt to 

/y3“7 g7^ /(^ jya- ^^0] 2lo0y _ ^ 

y-z z-x ii?y yz^ za? xy^ xyz 

or, 

/■s 2/”^ -I- + * - <'y + +/^ 

/j y cc y cc P 


which will be the case if 


/=j 


0’ 


9 


-u0 
~ A/ — , 

7 


h — i~, 
a 


■ ; “ 

Z — ll-y 

7 


■ 



This implies fgh==ijk-, and if this condition bo satisfied, then a : : 7 can be deter- 
mined, viz. wo have a 0 : ■ y} hf, which satisfy the remaining equations, so 

that the only condition is fyh-ijk. 


Writing in the equation of the curve « = 0, wo find jYz + iysi^ - 0, that is, the lino 
.'c = 0 meets the curve in the points («! = 0, y = 0), (« = <), z = 0), and (w-O, fy + iz = 0). 
Wo have thus on the curve the throe points 


(x ^0,fy + iz=- 0), {y = 0, cjz -by® = 0), (i^ = 0, /t® + ky = 0), 

and in virtue of the assumed relation fgh=ijk, these tliree points lie in a line. 
Hence the points A, B, G must bo such that BO, GA, AB respectively moot the curve 
in points A\ B\ G’, which throe points lie in a line; that is, wc have a quadrilateral 
whereof the 'six angles A, B, G, A', B\ O' all lie on the curve. It is well known 
that the opposite angles A and A', B and B', C and G' must be corresponding points, 
that is, points the tangents at which meet on tho curve. And conversely taking A, C 
any two points on the curve. A' a corresponding point to A (any one of the ibur 
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carrcHponding points), lliou AGy A'O Avill meet the curve in the corresponding points 
li', and AJi, A'B* 'will meet on the curve in a point O' corresponding to G, giving 
the inscrilbod quadrilateral {A, 7i, (7, ^1', O') ; tho triangle ABO is therefore constructed 

It is to be remarked that the equation fgh — ijh being satisfied, we may without 
any real loss of gonorality write Ar, A — and therefore a — /3— 7; hence 

changing the constants we have tho thooroin : the inverse points (a\ y, z)y 
arc corresponding points on the curve 

iifc (j/^ + ;s^) -P hy (z^ + w^) 4- ox -H 4* ^Ixyz = 0. 


[Vol Y. P2L 57, 58.] 

Addition to the JS^oie on the Problems in regard to a Gonie defined hy five Gondiiions of 

IntersGotionn 

Since writing the Note in question, I have found that a solution of Problem 7 
has been given by M. De Jonquihres in the paper Contact cles Courbes Planes, 
&c./’ Nomelles Annales de Maih^maiiqiieSy vol. ni. (1804), pp. 218 — 222: viz. the number 
of conics whicli touch a curve of the order n in five distinct points is stated to be 

n (n - 1) ^ ^ 


There are given also the following results; tho number of conics which pass 
through two given points and touch a curve of the order n in threo distinct points is 


71 (?? — 1)(?^ — 2) 


(#4-6ji^“-19^1"12), 


and tho number of conics which pass through a given point and touch a curve of 
the order n in four distinct points is 

~ -- 3 ) ^ 282 ), 


These formulae are given without demonstration, and with au expression of doubt as 
regards their exactness— elles sont oxacics, jo crois*'); they apply, of course, to a 
curve of the order ?i without singularities; but assuming them to be accurate, the 
means exist for adapting them to the case of a curve with singularities. 

[There is also a paper on the same subject in the Annales for January, 1866 
(pp. 17 — 20), from the Editor’s JSfote to which wo have introduced a correction (4- 15 
instead of — 35) m the formula given above,] 
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[Vol. V. pp. 58, .59.] 

1876 . (Propusod by E. Ball, M.A.)_If thvee of the roots of the 
(ft, 0, c, (i, e'^x, t)' — 0 be in arithmotical progression, show that 

,55296 W - 2304 aE‘P - 1 6632 aEIIJ + 625 - 9261 = 0, 

where 

II ^ CIO / = ae “*• 46fZ + 3c-, •/ — ace 4- 2bcd ad^ — b^e — 


equation 


Solution by Puofessou Cayley, 

Wvilu (cl by Oy dy e'^eVy — then putting for a moment 

/i -H 7 -h S = /37 4- /38 + 7S = 5f, /37S = r, and forming the equation 


thi« in oanily roducod to 
But wo have 
and lienco 


-H 7 - 2S)(^4- S- 27) (7 + S - 2/9) =: 0, 
-l-<%-27r=*=0, 

C6 ((ip 4- (p - r) («; - a) = (cc, by c, d, e'^x, 1)^, 


^ ^ j I •> 4b ^ . 

(I ^ — « 4- ^’ = a — 

a a a a a 

BubHli luting thoao values of p, y, ?•, tho foregoing equation becomes, after all reductions, 


(20 cc^ 20 ^ 1 (i ab^ +30 a^o, 128 6« - 216 a&o + 108 1)^ = 0, 

and li’oin this and tho equation (a, b, 0, cZ, cjft, 1)^ = 0, eliminating a, we should find 
tho Gomlition for threo roots iji arithmetical progression. But it appears from the theory 
of invarianiH that tho result of tho elimination may be obtained by writing 6 = 0, and 
expressing thc^ result so obtained in terms of a, By 7, J, Hence, writing in the two 
oquatioiiH 6—0, tho first equation contains tho factor and Ihrowing this out, the 
e(|uations become 

+ 27ca + 27cZ = 0, cca'* + 6ca^ + -icZa + e = 0 ; 


or multiplying tho first by a and reducing by moans of tho second, tho two equations 
bocomo 

+ 27ca + 27fZ = 0, 3ca^ - 7cZ« + oe = 0. 


The result is of tho degree 5 in the coGfiicionts, but in order to avoid fractions in 
Iho final result it is proper to multiply it by cd; it then becomes 

62 5 aV - 4050 ccW + 6661 ede'e - 1890 aW + 13122 + 9261 = 0. 


But writing as above 6 = 0, wc have 

H 


a = Cty 


c = - 


a a* ’ 


_J HI 

fi ti“ a‘ ’ 
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and substituting these values, the result is found to contain the terms , — with 
eoofficionts which vanish; viz, the coefficient of the first of these terms is 

+ 16875 + 24300 + 6561+ 7660 + 18792 - 74088, = 0 ; 
and the coefficient of the second of the two terms is 

- 16875 - 36450 - 19683 - 75168 + 148176, = 0, 


The remaining terms give 
+ 625 

- 5625 - 4050 - 1S90 + 9261 
+ 1890 - 18522 

- 18792 + 74088 
+ 9261 


= + 625 a*/* ^ 

= - nuui-pp 


= - 16632 u?HIJ 


= 0 , 


= + 56296 IPJ 


= + 9261 


which is the required result; a more convenient form of writing it is 


(55296 J, - 768 I-, - 5544 IJ, 625 P + 9261 af = 0 . 


Remark. If I and J denote as above the two invariants of the form U=(a, b, c, d, ej®, 1)'', 
and if we now use H to denote the Hessian of the form, viz. 

H == (ac - i {ad — 6 c), ^ (ae + 2bd — 3c’), ^ (be — cd), ce — d^][/v, 1 )', 

then it appears by the theory of invariants that the equation of tho twelfth order 

(66296/, -768/’. -6544// 625 /’ + 9261 /»$//, 17)’ = 0, 

is such that each of its roots forms with some three of the roots of the equation 
17= 0 a hamionic progression ; viz. if the three roots arc / 3 , 7 , S, then wo have 

+ or ^ = 

— <y it? — /3 ii? — ‘ /S-f-S — 2fy ’ 

so that the roots of the equation of the twelfth order are the twelve values of the 
last-mentioned function of three roots, 


[Vol, V. pp, G5, 66 .] 

Ofi the Prohlems in regard to a Oonie defined by five Oonditions of Intersection, 

There has been recently published in the Gomptes Rendiis (t. LXIL pp. 177 — 183, 
January, 1866) an extract of a memoir Additions to tho Theory of Conics/' by 
M, H. G, Zeuthen (of Copenhagen). The extract gives the solutions of fourteen pro- 
blems, with a brief indication of the method employed fox* obtaining them. Of these 
problems, four relate to interseotlons at given points, the remaining ten are included 
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among the twenty-seven problems enumerated in my Note on this subject in the 
January Number of the Ed/itcaiional Times {RepHnt^ vol v., p, 25) ; but two of these 
ten arc the problems 25 and 26 which are in iny Note stated to have been solved ; 
there arc, consequently, of the twenty-seven problems, in all twelve which are solved : 
viz. these are where it is to be observed that Zeutheii’s solutions apply to the case 


No, of Prol>. 

1, 8. 10, 12, 14, 17, 19, 21, 23, 25, 2G, 27 

Zeutheifs No. 

-, 14, 13, 11, 8, 3, 12, 7, 2, 6, 1, — 


of a curve of a given order with given numbers of double points and cusps. The 
problems 25 and 26 had been previously solved only in the case of a curve without 
singularities. As to Prob, 27, the solution mentioned in my former Note is in fact 
applicable to the general case. The solution for Prob. 1 may also be extended to this 
general case, viz, for a curve of the order m with S double points and k cusps the 
required number is =m (12?h — 27)-248-“27«; or, if n be the class, then this number 
is — 12/^ — 80 that all the twelve problems are solved in the general case. 

The results obtained by M. de Jonquieres, as stated in my Note in the March 
Number {lleprinU vol. V., p. 67), seem to be all of them erroneous. In fact, for the 
number of conics passing througli two given points and touching a curve of the order 
m in throe distinct points (which is a particular case of Prob. 23), Zeuthen’s formula 
applied to a curve without singularities gives this 

— m (m — 2) {m^ + — 17 — 49 vi + 108) 

instead of the value 

^ 7?i (m — 1) (m - 2) — 12) 

which is 

= ^ m {vi — 2) (m^ + — 25 + 7m ^ 12) ; 

and I have by my own investigation verified Zeutheu's Number. So for the number 
of conics through a given point and touching a curve of the order vi in four distinct 
points (which is a particular case of Prob. 17), Zeuthen's formula applied to a curve 
without singularities gives this 

= (m — 2) (m — 3) (m^ + 9??i^ — 15 — 226 + 140 m 4- 1050) 

instead of the value 

('fn - 1) (w - 2) (m 3) {m* + 10 ^37 ~ 118 m + 282) 

which is 

= ^ m (m - 2) (w — 3) + 9m^ — 47 « 81 + 400 m — 282), 

and it may I think be inferred that the expression obtained for the number of conics 
which touch a given curve in five distinct points (Prob. 7), containing as it does the 
factor (m— 1), is also erroneous. 

C. VII. 


70 
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I have obtained for Prob. 2 a solution Avhich I believe to be accurate ; viz. the 
number of the conics (4, 1), (that is, the conics which have with a given curve a 
6-pointic intersection and also a 2**pointic intersection^ or ordinary contact), is 

= 10 + 10 nm — 20 130 n 4 - 140 m -h 10 «: (m + 9 ) — 4 [{n — 3 ) at 4 - (m — 3) i] 

whore i (the niiniber of inflexions) is == 'in — 3m -f ic, but I prefer to retain the fore- 
going form, without effecting the substitution. 


[Vol. V. pp, 88, 89,] 

1890, (Proposed by Professor Cayley.) — Find the equation of a couic passing 
through three given points and having double contact with a given conic. 


Sohition hy the PRorosEU, 

Lot the given points be the angles of the triangle (f>; = 0, y—0, z — Q), and let 
the equation of the given conic be ?7=:(a, h, c, f, y, 2?)^ = 0; then the equation 

of the required conic is 

U — {oo i/a Hh y ^ \/c)® = 0, 

for this is a conic having double contact with the conic i7=0, and, since the terms 
in each vanish, it is also a couic passing through the given points. 

It is clear that there are four conics satisfying the conditions of the Problem, 
viz. putting for shortness 

P ^oo^Ja^y Pi = — a; 4- ^ 

Pu sjh + z sje^ Pa a? + y ^ Vo, 

the four conies are 

It may bo romarlcod that tho conics P, Pi have a fourth intersection lying on the 
lino + — 0, and tho conies Pa, Pg a fourth intersection lying on the line 

y sjh -- z hjc\ which two lines are harinonics in regard to the lines y = 0, z — 

Similarly the conics P,, Pg have a fourth intorsoction on the line — 

and the conics P, Pg a fourth intersection on the lino s> ^Ja-- z — which two linos 
are harmonics in regard to the lines ^^^==0, co^O. And iho conics P„ Pg have a fourth 
intersection on the line a? \/a4 y ?= 0, and tho conics P, P^ a fourth intersection on 
the line (G^a-~y ^ which two linoa are harmonics in regard to the lines 

iT — 0, y— 0, It may further bo remarked that the equations of any two of the four 
conics may be taken, to bo 

ctyz 4 ^z(G 4 == 0, a'yz 4- 4 7'^y — 0. 
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Tho general equation of a conic having double contact with each of these conics then is 

91=2“ - 2?9 (ya! + y'a) yz - 291 {y^' + y'^) zss — As^iyy'xy + [(/37' - ^'y) x - {ya' ~ y'a) yf = 0, 

whore n is arbitrary : and, having double contact with this conic, we have (besides 
the above-mentioned two conics) two new conics each passing through the angles of 
tho triangle ; viz. writing for greater convenience 

= Wngo;) (7f -7«) K=^yy'^. W “ 

K-yy " n ’ 

then the equations of the two new conics are 

y'oL yz + 7/3' zx + Kxy = 0, 7a' yz + y'^ zx + Kxy = 0. 

In fact, writing the equation under the form 

[xz + (J 3 y' ~ /3'7) ® + (70' - 7'a) 3/]= 

— 4 (/ 3 y — ^'y) {ya' — 7'a) xy — ^lyy'xy 

— 299 {^y — j9'7) xz ~ 2 n (/St' + / 3 'y) xz 

— 2n {ya' — 7'a) yz — 2ft (7a' + 7'a) yz = 0, 

wo at once see that this is a conic having double contact with the conic y'ayz+y^zx-\-Kxy=Q, 
tho equation of tho chord of contact being nz + {^y - /S't) x + (70' - 7'a) y = 0 1 and similarly 
it has double contact with the conic 7a' 9/2 + 7 '/ 32 «+ /fa!!/ = 0, the equation of the chord 
of contact being m - { 0 y' - fi'y) x - (7a' - 7'a) y- 0 . 


[Vol. V. pp. 99 , 100 .] 

1664. (Proposed by Professor Cayley.)— ’Show that, in the ellipse and its circle.^ 
of maximum and minimum curvature respectively, the semi-ordinates through the focus 
of tho ellipse are 

For tho circle of maximum curvatiue y, = a (1 - e) ( 1 -1- 2 e)l, 
for the ellipse ya = » (1 — e’.li 

a((l-e=+e')i-c=} 

for tho circle of immmura curvature ys=“ — (1-^^i ’ 

and that bhese values arc in the order of increasing magnitude. 


[Vol. VI., July to December, 1866 , pp. 18 , 19 .] 

1931 . (Proposed by Professor Cayley.)— Find tho stationary tangents (or tangents 
at tho inflexions) of the nodal cubic 

» (y - 2)= + y {z-xy + z{x - y)= = 0. 


70—2 
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Solution hj the Proposer. 

The equation may be tvansfonued into the foi’m 

(_8.'»+y + 5)^+ (a’-8y + ^)^+ (a; + j/ - 8i;)^ =; 0, 

and it thence follows immediately that the stationary tangents are the lines 
— 8a)+y + 2 = 0, « — 8y + ^ = 0, (e-\-y~Sz =0, 

respectively, and that the three points of contact, or inflexions, arc the intersections of 
these lines with the line + 

In (iiQt, writing 

we have identically 
{X-^Y ^Zy-21XYZ 

= (fc + 2)' (a- + y + 2 ^ - 27 (Aw + y + 2 ) (® + Ay + 2 ) (a> + y + A 2 ), 

« (a:3 + y' + 2=){(A + 2y-27A} 

+ 3 (y 2 '' + y '2 + zi>?+ + xy'‘-\-a?)j) ((A* + 2)^ — 9 (A’ + A + 1)) 

+ 3 xyz {2 (A+ 2)» - 9 (A» + 3A + 2)} 

= (A - 1 f (A+ SX®* + y’ + 2»)+ 3 (A - 1)’ {yz? + \fz f z(^ + i^x + xtf + o?tj) -8 (A - 1 )’ (7 A + 2) myz. 
Hence, writing A = -8, Ave have 

(X + 7+ Zy - 21X7Z = - 2187 {yz'^+y^z + 2 ®“ -|- z^x + /sy^ + aPy - 6xyz], 

= - 2187 {w (y - 2 )’ + y (2 - xf + z(x~ y)’). 

The equation of the given curve is therefore 

{X + Y+Zy^21XYZ = 0, or x4 7^ + 
where of course X, Y, 2 have the values 

X = — Sjj + y 4* -sr, F = iz? — 8y -h - 2 f, Z = cG-\'ti — 8z, 


[Vol VI. 35—39.] 

1990. (Proposed by Professor Sylvester.)— ‘Provo that the throe points in which 
a circular cubic is cut by any transversal are the foci of a Cartesian oval passing 
through the four foci of the cubic. 


Solution by Professor Cayley, 

Some preliniinary explanations are required in regard to this remarkablo theorem, 

1. I call to mind that a circular cubic (or cubic through tho two circular points 
at infinity) has IG foci, which lie 4 together on 4 different circles; and that the 
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property of 4 concyclic foci is that taking any three of them A, B, G, the distances 
of a point P of the curve from these throe foci are connected by a linear relation 
X.vIPh- ^ . BP + V * OP 0, where \ ± /i + y :=:0, or if as is more convenient the distances 
are considered as ±, then where X + + A circular cubic may be determined 

so as to satisfy 7 conditions; having a focus at a given point is 2 conditions; hence 
a circular cubic may bo determined so as to pass through three given points, and to 
liave as foci two given points. 

2. A Cartesian, or bicircular cuspidal quartic (that is a qiiavtic having a cusp 

at each of the circular points at infinity) has nine foci, but of these there arc three 
which lie in a line with the centre of the Cartesian (or intersection of the cuspidal 
tangents), and which arc preeminently the foci of the Cartesian. We may, therefore, 

say that the Cartesian has three foci, which foci lie in a lino, the axis of the 

Cartesian. A Cartesian may be determined to satisfy 6 conditions; having a focus at 
a given point is 2 conditions ; but having for foci three given points on a line is 

5 conditions ; and hence a Cartesian may be found having for foci three given points 
on a line, and passing through a given point; there are in fact two such Cartesians, 
intersecting at right angles at the given point, 

3. The theorem at first sight appears impossible; for take any three points 

Fy Cr, II in a lino and any other point A ; then, as just remarked, there are, having 
Fy Cr, II for foci and passing through A, two Cartesians, And wc may draw through 
Fy (j, Ily and with A for focus, a circular cubic depending upon two arbitrary 

parameters ; the position of a second focus of the circular cubic is (on account of 
the two arbitrary parameters) p'imA facie mdeterminate ; and this is confirmed by the 
remark that the circular cubic can actually be so determined as to have for focus an 
arbitrary point B\ and yet the theorem in effect assorts that the foci concyclic with A, 
of the circular cubic, lie on one or other of the two Cartesians. 

To explain this, it is to be remarked that the arbitrary point 5 is a focus 

which is cither concyclic with A or else not concyclic with A. In the latter case, 

although B is arbitrary, yot the foci concyclic witli A may and in fact do lio on 
one of the Cartesians; the difficulty is in the former case if it arises; vis^., if wo 
can describe a cubic through the points Fy Gy II in a lino, and with A and B as 

Goncyolic foci ; that is, if we can find a third focus f7, such that the distances from 

A, 5, (7 of a point P on the curve are connected by a relation X , AP -f /^ . BP + y . (7P == 0, 
whero \ + It may be shown that this is in a sense possible, but that the 

resulting cubic is not a proj)cr circular cubic, but is the cubic made up of the line 


FQII taken twice, and of the line infinity. To 
passes through the points P, ff, H we have 

show 

this, 

since 

the 

required cubic 

X , AP + . BF ’{■V ,GF =0 and thence 

AF, 

AG, 

AH, 

1 

= 0, 

X . ACr + /X' ♦ BQ -p V , GQ = 0 

BF, 

BG, 

BE, 

1 


X.AII^fi,BH^v,GII^O 

OF, 

OG, 

GH, 

1 



X + ^ + z/ = 0 
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boing two conditions for the determination of the i^OBitiou of the point G\ these give 
CG^ GIl as linear functions of OF\ the distances GF^ GH of the point G from 

the points F^ 0^ H in the line FQH are connected by a quadratic equation, and hence 
substituting for Off, GH their values in terms of OF^ we have a quadratic equation 
for GF\ as the given conditions are satisfied when 0 coincides with A or with B, 
the roots of this equation are GF = AF and GF — BF, But if OF — AF, then the 

linear relations give 0ff = 4ff and OII^AH^ that is, G is a point opposite to A in 
regard to the lino FGIL And similarly if OF = BF, then 0 is a point opposite to 
B in regard to the lino FQH, But 0 being opposite to A or B, tlie fourth concyclic 

focus 1) will be opposite to B or ; that is, the pairs A, B and ff, B of concyclic 

foci lie aymniebrically on opposite sides of the line FQH ; this of course implies that 
the four points lie on a circle. 

6, Taking P" = 0 as the equation of the lino FQH^ + = 0 as the equation 

of the circle through the four points A, B, B, then those lie on a proper cubic 

4* y* H" 1 ) “h JVjF ™ 0 

(not passing through the points F^ ff, //) and tho four foci are given as the inter- 
sections with the circle — 1 = 0 of the pair of linos 

= 0 , 


But if wc attempt to describe with the same four foci a cubic 

H- 1) y 4- Vor^ + + n'yp = 0, 

then the foci are given as tho intei’sections with tho circle of the conic 

'if + — %'y + ~ 0 , 

In order that these may coincide with the points {Ay J?, ff, B) wo must have 

— nl) + {y^ -h — ^Uy -f — n^t') = — 1 ; 

that is 

if = I' == 0, — nl + = - 1. 

The last equation is — which, assuming that nl is not equal to + 

[in this ease the cubic (a?’* 4- + 1) ft? + 4- mf = 0 would reduce itself to the line 

and conic (fl;4^0 =0}, since = gives = oo , and tlieroforo the cubic 

4 f 4* 1) y + 4- 2Wft?y 4- = 0, 

reduces itself to y^=0j that is, the cubic in question reduces itself to tho line 
FGH twice repeated, and the line infinity* 

6, The conclusion is that F, ff, H being given points on a lino, and A and B 
being any other given points, there is not any proper oubic passing through Fy ff, II 
and having Ay B for concyclic foci : and the fade objection to the truth of 

the theorem is thus removed. 
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7, Oonsiclcring iiha points Gy H on a line and the point A as given, it has 

been seen that there ai'e two Cartesians through A with the foci -P, (?, H ; and the 

theorem asserts that in the circular cubics through Fy (?, H with the focus the 

foci concyclic with A lie on one or other of the two Cartesians; there are conseqneirbly 
through Fy (?, li with the focus A two systems of circular cubics corresponding to 
the two Cartesians respectively, each system depending upon two arbitrary parameters. 
But if we attend only to one of the two Cartesians and to the corresponding system 
of cubics, then the Cartesian passes through the four foci of each cubic, and if 

(instead of taking as given the points Fy ©, FI and the focus ud) wo take as given 
the four concyclic foci Ay By Gy i) of a cubic, the theorem asserts that we have 
through Ay By Oy D Vi Cartesian depending on two arbitrary parameters (or having for 
its axis an arbitrary line), and such that the foci of the Cartesian arc the points of 
intersection Fy ff, H of its axis with the cubic, And I proceed to the proof of the 
theorem in this form. 

8, The equation of a circular cubic having four foci on the circle 1 = 0 is 

(a?^ + 1) (Pi<^’ + Qy) + l(G^ + 4- mf-0 ; 

and this being so, the four foci are the interaeebions of the circle with the conic 
{Qx — Py)^ + 2 (— nP + 'inQ) a; -f 2 {mP — lQ)y^‘ — nl = 0. 

9, The general equation of a Cartesian is 

(a‘^ 4- 2^^ 4- 2-dft/ 4" ^By *h Gy 4* 4* 27?^/ 4^ P 0, 

and by assuming for A, JJ, 0, P, P, Fy the following values which contain the two 
arbitrary parameters a and 0, viz. by writing 

2A^0Qy 2B=-0P, I) ^ nO^P ^ {md^ ^ ctB) Qy 

Ji = P — P = " _ ^^2), 

we have the equation of a system (the selected one out of two systems) of Cartesians 
through the four foci; in fact, substituting the foregoing values, the equation of the 
Cartesian is 

[x^j^f + 6{qx-Py)^‘a-^\Y-2ae{Qx-Py) 

4- 26^ (— nP 4* '??i-Q) X + 26^ {mP — lQ)y — c0-\r 0^ {m^ — nl) — 0, 

and writing herein 4- 1 == 0, the equation reduces itself to 

[(Qx - PyY + 2 (-^ nP + mQ ) «? + 2 (mP -lQ)y^ -nl\^Oy 
verifying that the Cartesian passes through the four foci. 

The coordinates of the centre of the Cartesian are «; = — ‘A, j/ = — and the 
equation of its axis is E A)^ D^y B) ^ 0\ wc have therefore to show that the 

points of intersection of this line with the cubic are the foci of the Cartesian. 
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10. To find where the line in question meets the cubic 

(ft’’ + 2/^ 4* 1) 4 Qy) 4 lev- 4 2ma)y 4 — 0, 

writing in this equation 

fl? = — j 4 4 -Dn, j/ ~ £ 4 ECi, 
we have for the determination of fl the equation 

{A" 4 £**4 1 - 2 (AD 4 BE) a 4 (i)"* 4 E^) H^} x 

■[ — -d.jp — .fiQ 4 (DD 4 EQ) Oj 4 (^j — ■ A 4 DDf *^-5 4 Eny = 0, 

or observing that we have ji'iP 4 BQ = 0, tliis equation becomes 
(I)-4i?^)(PP4J5(3) 

4 {- 2 (AD 4 PP) (DP 4 Pf?) 4 4 ^mDE 4 nE'^} 

4 { (^3 4 4 1) (PP 4 EQ) ^ 21AD - 2w (AE 4 PP) - 2nPP) fi 

4 { 4 27}iAB 4 — 0. 

11. Substituting for A^ P, P, P tlieir values in terms of (P, Q, ot, 0), we find 

PP 4 PQ - (nP^ - 2mPQ 4 IQ^), 

lA ^ 4 4 »P- - - 27?iPQ 4 IQ% 

lAD 4 on (AE 4 PP) 4 nBE = — (oiP^ — 2mPQ 4 

4 2??tPP 4 nE^ — {(nl — 9^ 4 orB^) (oiP^ - 2mPQ + ^Q0> 

and substituting these values in the equation for H, the whole equation divides by 
0^ (nP^ — 2?/iPQ 4 IQ% and it then becomes 

4(P^4P') n^44{-2 (^P4PP)-(«i-m2) 0^44 {/l^ 4 P-4 1 ~ a) XI- 1 = 0, 

or, putting for shortness 

G'^C^A^-^B^ « a 1 - ^ ^ P^ 

F == P ^ 2 (AD 4 BE), = ^ - 2 (^P 4 BE), 

bho equation in 0 ia 

4 (P^ 4 E^) 4 4P'X1^ - 40^X1 - 1 = 0, 

so that, XI satisfying this equation^ the intersections of the axis with the cubic are given 
by ftj = -- -4 4 PXl, y = — P 4 ED., 

12» The equation of the Cartesian, writing therein a-hA=^ii and 2 / 4 P — 1 ^, and 
attending to the values of O' and F', is 

(it^ 4 4 Gy 4 2Du 4 2Py 4 P' = 0. 

And to find the foci, writing in this equation %i-\~p, V'^ip in place of w, v, we find 

4 4 O'' 4 2 4 vt) pp 4 2 (D 4 -if?*?') p 4 2Ph 4 2 Ptf 4 P — 0, 
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that is 

( !{= + + GJ + 2Z)« + 2 + F' + {2 (it + vi ) («“ + + O') + 1) + Ei} 2p + i (ii+ vif = 0. 

ISxpressiiig that this equation in p has two equal roots, we find 

4 (w + vif {(«“ + + O')’ + Wii + 2Ev + J*') - (2 (u + vi) (to- + v^ + G') + I} + Eij^ = 0, 
that is 

4 (2Eu + 2Ev + F') (« + viy - i (ii’ + + G') (u + n) (E + Ei) - (D - Ei)- = 0, 

which equation is in fact the equation of the throe tangents from one of the circular 
points at infinity. Writing it under the form G + Vt = 0, the nine foci of the 
Cartesian are given as the intersections of the two cuhics (7 = 0, V= 0. But of these 
nine points, three, the foci that we are concerned with, lie on the axis, or line 
Eu — Dv — 0; in fact, we have 

(7 = 4 (m3 _ (2Dii, + 2Ev + F) F= 8uv {2Da + 2Ev + F') 

- 4 (nD - vE) (it® + li® -t- C) — 4 {uE + vD) (it® + d® + O') 

-(i)®-J?®), -2DE] 

and hence 

2I)EU - {]> - /i"®) V={Eii - Ev) {8 (Du + Ev) (2Du + 2Ev + F')-i (X>® + E^) (m® + it® + G')\ = 0, 

which shows that the nine points lio three of thorn on the line Eu — 7)ii = 0, and the 
remaining six on the conic 

2 (Du + Ev) (2Du + 2Ev + F') — (D® + E^) (m® + it® + O') = 0, 

13, Wo have thus the three foci given as the intersections of the axis Eu- Dv = 0, 
with the cubic 

U — 4i (it® ~ It®) (27i!t + 2Ev + F')-i (uD — vE) (it® + it® + G') — ( D® - J?®) = 0 ; 

or, writing in this last equation u = Dfl, v = ED, that is m — DD, y =-B + ED, 

we have 

It® - r® = (Z>® - i?®) 11®, uD -vE = (D® - ,0®) 12. 

The whole equation divides by (D'‘ — E’‘), and omitting this factor, it is 
4n® {2 (i)® + J?®) 11 + F'] - 411 {(X>® + E'^) n® + C'l - 1 = 0, 

that is 

4 (B® + B®) n® + 4J"11® - 40'n -1=0, 

the same equation as the equation in 11 before obtained; that is the intersections of 
the cubic with the axis are the three foci of the Cartesian. 

[Vol. VI. pp. 67—59.] 

1949. (Proposed by Professor Cayley.) — F ind the conic of five-pointic intersection 
at any point of the cuspidal cubic y® = rt;®^. 


O. VIT. 


71 



562 


PROBLEMS AND SOLUTIONS. 


[485 


Solutioji btf the Proposer. 

The equation = oj-Zt is satisfied hy the values cs i y : z = l : 0 : 0 ^; and con- 

Tersely, to any given vahie of the parametor 0 there corresponds a point on the cubic 

Consider the five points corresponding to the values 9 ^ 6 ^) respec- 

tively; the equation of the conic through these five points is 

A ft 

1. 0l^ e^^ 6 i\ 9 ^\ 6 . 

Tvhere the remaining four liiiea of the determinant are obtained from the second lino 
by writing therein ^3, 9 ^^ 9 ^ successively in place of 9 ^, Writing for shortness 

(^i> ^3t Os) to denote the product of the differences of the quantities 

0^2, ^3, 64, the equation contains the factor 9 ^, 9 ^, 04, Sj), and we may 

therefore write it in the simplified form 

1 A yz, zxy xy == 0 . 

^3, ^3, 04 , ^b) 1, (9,«, 0,^ 6»A 0, 

Hence putting in this equation Qi^ Q^ = 6 g = 6 i — 6 s — </>, we have the equation of the 
conic of five-pointic interaection at the point (qE)), The result in its reduced form 

may be obtained directly without much difficulty, but it is obtained most easily as 
follows: let the function on the left hand of tho foregoing equation he represented by 

(ft, h, 0 , f, g, li$x^ y, z)\ 

then writing as y 2 = \ : 0 : 0®, wc have 

(«, K c, /, g, /i$l, 0, 

^ I 1 , 0\ 0‘, 0s 0S 0 , 

^^(01, 0a, 03, 04, 06) 2, 0,!1, 0,0, 0,0, 0,0, 0, 

_ (0 - 0,) (0 - 0^) (0 - 0^) (0 _■ 0^) (0 _ 0^) 1^ 03^ 0B^ 04^ 03^ 0 ^ 

?^(0, 0„ 03, 03, 04, 0,) 0^2_ 0^0^ 0^4_ 0^3^ 0^ 

= (0 - 0 .) (0 - 03 ) (0 _ 03 ) (0 _ 0 ,) (0 _ 0 ^) (0 + 0 , + 03 + 03 + 03 + 03 ) ; 

for the determinant, which is a function of the order 16 in the quantities (0, 0i, 0 ,, 0g, 0,, 0^) 
conjointly, divides by ^^(0, 0„ 0,, 0,, 0^, 0^), which is a function of tho order 15; and 
as the quotient is a symmetrical function of 0, 0„ 0 ,, 0 „ 0 „ 0 „ it must bo equal, 
save to a munerieal factor which may be disregarded, to 0 + 0] + 0a + 03+ 04 + 0j. 
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Honco if </> be the imramcter of the given point, writing = ^3 = 04 = 0, = (^, 

WO have 

(a, b, c.f, ff, i>\i, e, 6^y-^{0-^y(e+D<i,) 

= (1, 0, -16, +40, -4.5, +24, -516, </>)», 

where liho left-hand side is 

rt + &(0-*+c0“+/0‘ + f/0“ + A0, ={c, 0,/, (j, h, h, a\{9, I)", 
that is WG have 

0 = 1, / == — 15(jb^ r/ s= ‘hO<f>\ 6 = — 4i5^\ h — a = — 50®, 

and the oqualtion of the conic of fivo-pointic intersection therefore is 

-^450^ 1, -«^60^ 400^ 240'^3j;«?, j/, 
or, what is the same thing, 

— — 460*?/^ + z’^ 150^y^ + 4O0^^a; + 240®rt;y = 0, 

which is the re(\iurcd resnlU 

NoTK. ^.fhc condition in order that any six points (^i, 0^, 03, 0^, 0 b, 0^) of the 
cubic may lie on a conic, is 

01 4- 0a + 03 + 04 + 05 4“ 0(J ~ ill 


[Vol, VL p* 66.] 

1872. (Proposed by Professor CayIjEY.)— S how that the surfaces 
*(cyz =: 1, 4 4 /i? 4 y + ^ 4 3 - 0, 

intersect in two distinct cubic curves; and find the equations of the cubic cones 
which have their vortices at the origin and pass through these curves respectively. 


[Vol, VI, pp, 67—69.] 

1969. (Proposed by Professor Sylvester,)— In two given great circles of a sphere 
iiitorsccting at 0 arc taken respectively two points P and Q, the arc joining which 
is of given length i prove that jS, U two fixed points, and M a fixed line, in a plane 
may be found such that, for all positions of the arc PQ, a point il/ in the fixed 
lino may bo found satisfying the equations 

SM ± EM - sin OP, HM T EM - sin OQ, 
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Solution bij Pkofessor Cayley. 

1. Ill the spherical triangle OFQ, whereof tho sides OP, OQ, PQ are 6, cf), /3 and 

the anfflc 0 is —a, the relation between these uuantifcios is cos a = : 

° sin 6 sm </) 

hence treating a, 0 as constants, and 0, </) as variable angles connected by the fore* 

going equation, it is required to show that we can find two fixed points S, II and 

a fixed line, such that taking M a variable point in this line and writing SM=^r, 

HM = s^ the relation between r and s (or equation of tlic fixed line in terms of 

r, s as coordinates of a point thereof) is obtained by substituting in the foregoing 

equation for 6 and (p the values given by the two equations 

sin = (?• H- s), sin (/) = (?’— 5), 

or as, for the sake of homogeneity, it will be more convenient to write these equations, 

jn sin 0 = (?• 4- s), m sin ^ “ s). 


2. Suppose that the perpendicular distances of Sj H from the fixed line are 
a and 5, and that tho distance between the feet of the two perpendiculars is 2o, then 
if 0 ) denote the distance of the point M from the midway point between the feet of 
the two perpendiculavs, wc have 

r = v {{ 0 + (vy 4- s - v{(o “ 4 

and (a, 5, c) being properly detemiined, the elimination of .v from these equations 
should give between (r, s) a relation equivalent to that obtained by the elimination 
of (^, c^) from the before-mentioned equations. Or, what is the same thing, the 
elimination of (r, s, w) from the equations 

m sin 0 == r 4 s, m sin <i> = r-s, + (vf 4 5 = \/{(o - cof 4 

should give between (0, cj}) the relation 

cos /3 — cos 0 cos d> 

cos a =: . . , — ^ ; 

sin 6 sin ^ 

that is, the last-mentioned equation should be obtained by the elimination of o> from 
the equations 

7)1 (sin 0 4 sin (f)) = 2^J ((0 4 4 ct ?] , m (sin 0 - sin = 2V((c - ixiy 4 b% 

3. The equation in (0, c^) may be written 

cos /3 ” cos a sin 0 sin — cos 0 cos (p, 

or, squaring and reducing, 


that is 


sin® 0 4 sin® cp =: sin^ /3 + 2 cos a cos jS sin 0 sin (p 4 sin^ a sin^ 0 sin^ 0 , 

I 1 -- cos^ « — cos^ /3 . / . , ^ cosot cos j0\^ 

siir & 4 sim (p — 1- sin oc sin 0 sin (A 4 — ^ ) 

sm^ot \ mi a J 
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But. from the two equations in .r, wc have 

m- (sin“ d + sin- </>) = 40=* -I- 2a^ + 26- -f m? sin ^ sin <^ = icai + - b\ 


whence 


therefore 


— (t? -I- »i“ sin 9 sin 
“ 2c ’ 


sin* 6 + sin* <6 = + / 6^ - -t sin g sin .^. V 

\ 2c?/i ) * 


Honce, comparing the two results, wc have 


1 — cos- a — cos^ /3 _ + 26^ -f cos a cob 0 _ b'^ — ^ m 

Ilf ’ sill a ^Gin ' 


snr a 


or, as these may also be written, 

, ^2 ^j2 7j2 ^,3 

siua = — , co.s*« + cos*/9-=: — , 2 cos « cos ;Q = - 2 ^ i 

whence 

cf ~~ lilt 

(cos « + cos fff - , (cos a — cos /3)^ ~ , sin ^ ^ j 


so that m being put equal to unity, or otherwise assumed at pleasure, a, i, c are 
given functions of /3, Or conversely, if a, 6, c are assumed at pleasure, then a, /3, m 
arc given functions of those quantities, 


5, It is to bo remarked that (a, /3) being real, a and b will bo imaginary, and 
consequently the points fif, II of Professor Sylvester’s theorem are imaginary (^); if, how- 
ever, wo write —cf, —6^ in place of cf, 6^ respectively, then the radicals \/{(o + a;y- a’^}, 
V{(o — have a real geometrical interpretation, The sj’^stem of relations between 

(«, /9, a, bj c, m) becomes 

cf b^ 1)1^ 

(cosa-hcos/S)* = -j, (cos a — cos /9)* = , sin a = 5-; 

C** iiC 


and considering (a, 6, o) as given, wc may write 
cos a - , cos ^ 

viz, we have either this system or the similar system obtained by writing - b in 
place of b, 

6, Consider two circles with the radii a, h and having the distance of their 
centres —2c, and to iix the ideaxS assume that 2c>aH-&, that is, that the circles are 


1 Prof, Sylvester remarks that according as /5 is less or greater tlian a, wo may find real values of 
d, <p equal to ono anothor in the ono case and supplementary in the other, Hcuco we must in any case 
he able to mako r=:=0 and s-0 indifferently, which shows h prion that the line being supposed real, each 
point *9, 11 must be imaginary, hut so that the squared distance of either from the line must be a real 
negative quantity ^ conformably to Prof, Oayley*s important observation in the text. W. J, M. 
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exterior to each other. The foregoing equations signify that 90'" — a, 90'' — ^ arc the 
inclinations to the line of centres of the inverse ami the direct common tangents 
respectively, and that m is the length of the inverse common tangent. And the 
thenrom is, that considering two circles as above, and taking M a variable point in 



the line of centres, if r, s denote the tangential distances of M from the tAvo circles 
respectively, and if in be the length of the inverse common tangent of the two 
circles, then the angles 8, ^ determined by the equations 

m siti 0 ==:?’ + 5, m sin 0 ~ r — s, 

are connected by the relation 

cos ^ — cos 0 cos + sin 0 sin (j) cos a, 

(a, fi) being constant angles, determined as above. 

7, It is to be remarked that, assuming 

^ sill - (a - by] * 

that is, /ij — inverse common tangent ~ direct common tangent, then we have 

cos a == a /(1 - /3) = A/3, 

or the equation in 0, ^ becomes 

cos /3 == cos 0 cos (f> + sin 0 sin ^ A/3, 

which IS the algebraical equation connecting the amplitude, s of the elliptic functions 
in the relation F (6) -j-F {6) ~ F(i^). 

8. It is very noticeable that the above figure leads to another relation in elliptic 
functions, viz. it is tho veiy figure employed for that purpose by Jacobi; in fact, 
considering therein YM as a variable tangent meeting tho circle A in the two points 
X and X\ thou if 2\|^, denote the angles QAX, GAX' respectively, it is easy to 
see geometrically that Ave have dyjr : d\lr' =i YX : YX ' ; Avherc 

( YX Y = {BX f — Ir, — + 4ac cos 2^/^ - h\ = (2c + af — Sao sin^ yjr, 

and similarly (YX'Y — (2c + &*■* — 8ac siii^ that is, Avriting — y , the 

(zO + Ciy “ (r 

differential equation is 

= n 

sm“ yjf) V(1 - sin“ f') ’ 
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corresponding to an integral equation 

the modulus of the elliptic functions being 

, _ V Sac 

^V}(2^+ f0^-6r 

In tlio problem above considered the modulus is 

and it is not very easy to sec the connexion between the two results. 


[Vol, VL p. 81,] 

Theorem: by Fropessor Cayley. 

If (yl, A')^ {B, F) are four points (two real and tlie other two imaginary) related 
to each othcT ns foci and antifoci (that is, if the lines AA\ BB^ intersect at right 
angles in a point 0 in such wise that OA ^ OA' = i , OB — i ,0B^\ then the product 
of the distancoB of any point P from the points .^1, A^ is eciual to the product of 
tlm distances of the same point P from the points B, B\ 

In fact, the coordinates of A, A' may bo taken to be (a, 0), (— a, 0), and those 

of P, B' to bo (0, ai), (0, — (xi ) ; whence, if (ej, y) arc the coordinates of P, wo have 

(A P y = {(G if a iy) (^y - a - iy\ 

(A'py ^ (co + ay + if r=i{(v + a iy) -f « - iy), 

{BP )“ — + (y — ioLy = {x -h iy a) {x-iy-- a), 

{BPy = 4- (y H- iay = (x -hiy-a) {x - iy + a), 

from wliich the theorem is at once seen to bo true* 

An important application of the theorem consists in the moans which it affords 
of passing from the foci (A, B, G, P) of a bicircular ipiartic, to the antifoci (A, B) and 
(G, P); vix. if those arc {A\ B\ 0\ then the equation l\J{A)'\-m \/{B)^ii s/{G)^{) 
must be transformablo into ?V(^0 + wV(P0 + ^ Writing those respectively 
under the forms 

l^A + -- n^G 4- 2lm ^/{AB) - 0, P^A' + m'^B' ^ n'V' 4- 2ZW ^ 0, 

the two radicals \/(AP), '^(A'B') arc identical; and the remaining terms in the two 
equations respectively are rational functions, which when the ratios P i m' : n' are 
properly determined will be to each other in the ratio loi : IW \ the two equations 
being thus identical 



568 


PROBLEMS AND SOI.UTION8. 


[485 


[Vol. VI. p. 99.] 

1970. (Proposed by Profiissor Cayley.) — Find the conditions in order that the 
conics 

U=(a, b, c, /, g, hj(c, y, U'^(a\ b\ c\ f\ g\ y, 


may have double contact. 


Solution by the Proposeu. 

The coefficients of the two conics must be so related that for a properly doter- 
miiiecl value of 6 we shall have identically V -- 6U' ^ fj,y + vz)^ \ but when this 
is so, the inverse coefficients of the quadric function are each ==0; that is, 

writing 

{A, B, G , F , (?, H) = {ho-f\ Ga-g\ ab-h\ gh -uf, hf-hg, fg-ch) 

{A\ B\ O', F\ G\ //') = (6V . g'h^ ^ a'f , . .) 

(21, 9J, e, 5, SI, gh' 

then we have the six equations A — 021 6A' = 0, &c. 

Or, eliminating 0, the rGqiured conditions are 


A, 


G. 

F. 

G, 

H 

.= 0 

A', 

K 

G'. 

r, 

G\ 

ir 


SI, 


e, 






equivalent to three relations between the two sets of coefficients. 


[Vol VII,, January to July, 1SC7, pp. 17 — 19.] 

2110, (Proposed by Professor Cayley.)— Prove that the locus of tlio foci of the 
parabolas which pass through three given points is a uniciu'sal quintic curve passing 
through the two circular points at infinity. 


Sohiiion by the Proposer, 

More generally it may be shown that for the conics which pass through three given 
points and touch a given line, the locus of the intersection of the tangents drawn 
from two fixed points Q, Q' on this line to each conic of the series is a uniciirsal 
quintic passing through the two points Q and Q'. 

Taking the three given points to be the angles of the triangle ((k = 0, y = 0, 2 : = 0), 
and the ])omts Q, Q' to be the points (a, y) and (a\ y) respectively, the equation 
of a conic through the three points is 

fyz-{-g2;(v+h{oy—0, 
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which conic will touoli the line through the points (a, 0, y)(a', y'), if 

V{/(/37' — /^V)} + Vis' (7“' - 7'«)) + Vf/i- (a/3' - a'jS)} = 0. 
The equation of tlie pair of tangents from (a, /3, 7) to the conic is 

ff\ h\ —(jh, -hf, ~h(j\y}j-^z, az-yx, px-ayf^O, 

that is 

ia'i + W + f {ha ■i’/yY + 2 “ (//3 + yaf 

+ - (/«« +fy ) (//5 + </“ )} 

+ 20X - {0 + ga ) {gy + A/3)} 

4 - 2xy [2fgy‘‘ - {gy + h^) {ha +fy )} = 0 , 

l)ut one of the tmigonts through (a, 7) being 

X {/3y' - /3 7 ) + y ( 7 a' - 7 'a) + if (a/3' - «'/3) = 0 , 


it follows that tlio other tangent is 

(gy +ji^y {ha +/7)° j/^+g«y ^ Q 

0y' — 0y ya' - y'a a/3' — a'/3 


rionco, writing for shortness 

A =gy 4/(/3, B =Aa 4/7, G =//9 +ga, 
A'^gy' + h^', i3' = /ia'4/7', O' =//3' 4</a', 
the equations of the tangents from Q, Q' respectively are 


A- 


^ I m V 4, Qi 

— /S'y 7a' — ya a/3' — a'^ 


.'O ~ 


and for the coordinates of tho intcr-seclion of those tangents, wo have 


. y . ! ^B>G'<‘-B'^0^ : C^A'"--G'oA^ : A’‘B'^~A'^B\ 

^y' — /9'7 ‘ 'ya' — 7'a ’ «;£}' - «'/3 

Z? O" - J5'(7 ■= / [-/{^y - /3'7) + S' (7«' - 7'«) + (“Z^' “ «'/3)} 

£f(?' 4 - B'G^ 2ghaa!+f{ /(/37' + /3'7) + £f(7«' + '/'“) + /i (a^' + a'^)}. 

To vsatisfy the equation 

V {/(/^y - ^7)} + V {// (7«' - y'«)) + V (A (a^' ” “'/3)). 

write _ ^ „ 

^ <A‘ _ ^ 7, c 

f-^y'-j3'y‘ y ya'-ya‘ "a/S'-a'^’ 

and therefore « 4- & 4- 0 = 0 ; wc then have 

-A/3y' ~ /3'y) 4 g {ya' - 7 'a) 4 h (a/S' - a'/3), = - «» 4 5’ 4 c\ = - 2io ; 


0. VII. 


72 
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and theace 

/{-/ W ~ 0i) + 9 (7«' - 7'«) + («i8' - “'/3)) = 

and the equations become 

X \ y \ z — a {BC + B^G) : h {GA' 4- G'A) : c {AR -f AB\ 

where jSC' + iJX', GiV-^rG'A^ AB*-]rA^B, substituting therein for /, //, h the values 
Ja 

^ y a' - ya ' a/ 3 ' - a'fS ’ respectively functions of the fourth degree in a, h, o ; 

hence (a, b, c) being connected by the relation a +6 + c= 0 , x, y, z are proportional 
to quiiitic functions of (a, J, c), or what is the same thing, writing a, b, c=l, 0,-1 — ^, 
then X, y, z are proportional to quintic functions of ff, that is, the locus is a unicursal 
cjuintic curve. 


That the curve passes through tho points (a', /3\ y) and (a, /3, y) appears by con- 
sidering the conks fyz^yzx^hxy^O, which pass through these points respectively. 

For the first, of those conics we have / :y : h = a{/3y- ^'y) : ^{yoL-ya) : a{Sy-'^^y)\ 
the equation 


V 


Py ya —ya 


7-4 - a^- 


r-4, = 0. 


«/3' — a'^ ' 

reduces itself to « (/ 37 ' — ^'*y) + y (lya' — ly'a) + ^ (a/3' — a'/3) = 0, and as the other equation 


A'^ 




y 


+ C"^ 


/ o7 r ^ / f — r ^ — j T" 

Py —py ya —y a 7 a - 7 ct 


: = 0 , 


is that of a line through (a', /3', 7 ') the two lines meet of course in the point 
(«', 0', 7 '), And the like for the conic 


f ■ g : h=a' (0y — 0'ty) : 0' ( 7 a' - y'a) : 7 ' (a/S' - a'0). 

If the triangle is equilateral, and («, y, z) are respectively fu’oportional to tho 
perpendicular distances from the three sides, then wo have for the circular points at 
infinity 

A 7) = (1> «i ®“)i (a', 0', 7') = (1. <»). 

where <» is an imaginary cuhe root of unity. These values give 

0y — Ay == 7a' — 7'a = «A - a'/S = w’ - Cl) 

««' = /3A == 77' = 1, /37' 4- /3'7 = 7a' + 7'a = a/3' + a'/8 = — 1 ; 
and the expressions for (cu, y, z) take the form 

X : y I 0 = a {26’c'’~ft*(aH b’‘ + c^)} 

: h (2c='a“-i’(a’' + i)’ + c’)) 

; c{2rt»6»-c’(a“ + 5’' + c=)}, 

or, what is the same thing, reducing by means of the relation ct + 6 + 0 = 0, 

X : y ; z~a{a^- 2ctPl>c - 2h’c*) : b(b*~ 2b^ca ~ 2 cW) : 0 (o'* - 2cVih - 2u?¥), 
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and the equation of the curve is obtained by eliminating (a, b, c) from tliese equations 
and the before mentioned equation a 4- 6 + 0—0. 

N.B. The above is a particular case of the following general iheorom of M. Chasles: 
If the conics of a system v) all of them touch the line QQ\ the locus of the 
intersection of the tangents through Q, Q* to each conic of the aeries is a curve of 
the order having a (^A^Huplo point at the points Q, Q' respectively. 


[Vol, VII. pp, 26, 27.] 

2260. (Proposed by Professor Cayley.) — From the focal equation (c^ = {lx + «)* 

of a conic, deduce tlio remaining three focal equations. 


Sohition by the Proposeii. 

Wc arc to find a, Z, My N such that tho equation 


{x - ay + (y - /3y ^ (Lx + My + Ny 


may bo identical with tlie given equation. It is at once seen that we must have 
ilf = 0 or else Z = 0 ; tho first supposition gives two solutions, ouo of which is the 
given equation itself, tho other is 





lx — 9? 


1 + ^2 


The second supposition, Z — 0, gives two solutions, which only differ by the sign of 
i (= a/ — 1), Yiz, these are 



Ini Y _ — (ly ± niy 
I^TV 


There is, of course, no difficulty in mnfying the identity of each of tho three forms 
with the given form — {Ix-^ny, 


[Vol. vn. pp. 33, 34.] 

1991. (Proposed by Professor Cayley.) — Given a point and three lines ; it is 
required to draw through tho point a plane meeting tho throe linos in throe points 
equidistant from the 'given point. 


Sohitwn by the Proposer. 

Let 0 bo the given point, OA'^cty OZ' = &, 0G*=^c the perpeiidiculars let fall 
from 0 on the given lines respectively. Take 0 an arbitrary line, and from the points 

72—2 
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B\ G' measure off on the three lines respective^ the distances jVA — ± 

B^JB = ± ^{6^ — 0'(? = ± c^); oVy considering each radical as containing implicitly 

the sign ±, what is the same thing, the distances A'A=^/{6'^~-’a^), B'B=^ 

0 'C' = then we have OA=^OB=iOG{—0)\ and consequently the prohlom is 

to determine & in such Avise that the plane ABO may pass through the given point 
0 : for wo shall then have through 0 a plane meeting the three given lines in the 
points Ay 0 equidistant from 0. 

The coordinates of Ay By G are linear functions of the radicals ^J(6^ — a% ^{6^ - 
s/(^“C^) respectively* Taking 0 as origin, the condition in order that the plane ABG 
may pass through 0 is 

^ 1 , Vu 1 = 0 , 

a?a, 2^3, 1 

i/si 1 

and substituting for the coordinates their values in terms of this is an equation 
linear in each of the three radicals, or say, an equation of the form 

1) l)-0. 

But we may represent any one of the three radicals, say — o^) by a single letter s ; 
and this being so, wo have *” - a^) = VP suppose, and V *“ 

= \f{s^ + = suppose; and it is to bo observed that there is no loss of gouerality 

in assuming that the distance (/'c = s is measured off from G' in a determinate senso, 
for as s passes from -x to wc thus obtain for o every position whatever on the 
line in question ; whereas the other two distances A' Ay B'B, reprosentod by the radicals 
VP and VQ respectively, remain each of them with the double sense ±. The equation 
in s 5s of the form 

{Sy 1)(VP, 1)(VQ, i)-0, 

or, what is the same thing, it is of the form 

V(P0 4-^VP + 7VQ‘hS=:0, 

where (a, jS, 7 , S) are respectively linear functions of s. 

Proceeding to rationalise the equation, we have first 

a^PQ ^ M V(PQ) 4- - I3^P + f Q + 2^y V(PQ), 

and then finally 

(a^PQ ^ ^P ^ VQ + SJ - 4 (^87 ^ aSy PQ, 

which, observing that P, Q ai'e each of them of the second order in s, is an equation 
of the twelfth order in $; that is, the number of solutions is =; 12 * 

The solution of the problem is greatly simplified when a^b^Oy that is, when 
the three given linos are tangents to a sphere having its centre at the given point. 
AVo have in this case VP==i«, VQ = ± 5 , or the equation in s is 

(Sy l)(±Sy l)(±Sy l)-0; 
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that is, the equation of the twelfth order breaks up into four equations each of the 
third order, The geometrical theory may also be further developed In fact, assuming 
on each of the three lines I'espectivcly a certain sense as positive (and thus isolating 
a set of three solutions) the construction is, on the three lines, from tho points A\ G* 
respectively, measure off the distances A'A^EB^G'G=s, Then the points A, B, G 
form on the three lines respectively three hoinographic scries; that is, tlic lines 
JSC/, OA, AB arc respectively generating lines of three hyperboloids, viz. hyperboloids 
which }3asa respectively through the second and third lines, the third and first lines, 
and the first and second lines, Taking the given point 0 as tho centre of projection, 
and projecting the whole figure on any plane whatever, the projections of the lines 
BG are the tangents of a conic v/hich is tho projection of the visible contour of the 
hyperboloid generated by tho lines BG ; and tlio like for the lines GA and AB. 
Ken CO in the projection, or piano figure, wo have a triangle whereof the sides B\ G* 
are the projections of tho three given linos respectively ; inscribed in this triangle we 
have a variable triangle ABG^ such that the side 

BG envelopes a conic, say (A), which ioiichoa J3' and G\ 

GA envelopes a conic, say (B), which touches G* and A\ 

AB envelopes a conic, say (0), which touches A* and B\ 

The conics {A){B){0) have three common tangents, say Z, il/, iV; the conics 

{B) and {G) having besides the common tangent ^r, 

{G) and (^1) having besides the common tangent B\ 

(^i) and {B) having besides the common tangent G\ 

so that tlie common tangents of the conics (Ji) and (C), {G) and (^1), (^i) and (J?) arc 
the lines A\ B\ G' each once, and tho lines Z, M, iV each three times. In the entire 
series of triangles ABO there are throe triangles which degenerate into tho linos Z, ilf, N' 
respectively, those being in fact tho projections of the triangles ABG of tho solid 
figure which lie in a plane with 0. Or, what is the same thing, tho planes of the 
required triangles ABO of the solid figure arc tho planes through 0 and tho three 
lines Z, il/, and JV', respectively. 


[Vol. Yii. pp. 34— 36,J 

1993. (Proposed by T, Cotterill, M.A.) — If P is a point on a circle, in which 
A and B are fixed points on a diameter at equal distances from its centre, the curve 
envelope of lines cutting harmonically the two cii’clea whoso centres arc A and B and 
radii AP, BP respectively, is independent of tho position of P on tho circle. 

Bohttion by Professor Cayley. 

1. More generally, the problem may be thus stated: If two conics touch at /, J 
the lines OZ, OJ respectively ; if P be a variable point on tho first conic, and OAB 
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a fixed line through 0 meeting the second conic in the points A and B\ then con- 
sidering the conic Avhich passes through P and touches at /, J the lines X/, AJ 

respectively, and also the conic which passes through P and touches at /, J the lines 
P/, BJ respectively; the envelope of the linos which cut harmonically the last-mentioned 
two conics is a conic independent of the position of P, 

2. Taking ^=0, y = z—O for the equations of the lines 01, JI, and OJ 
respectively, the equations of the two given conics arc 

xz — 2 /^ — 0, kxz - — 0 ; 

hence the coordinates of P may be taken to be 

X \ y \ z = l \ 6 \ &\ 

and the coordinates of the points A and B may be taken to be 

X \ y : z — 1 \ hot. \ Jea-, and x : y \ z = l \ —ku \ ka\ 

The equations of the lines AI, AJ are 


hoLx — y=0, -2?-'ay=0; 

hence the equation of the conic touching these lines at the points /, J respectively, 
and also passing through the point P, is 

(lcax^l[){z^y) _f 

\ica-e)(e~l) 

and similarly the equations of the lines BI, BJ being 

Icax + t/ = 0, z + ay -0, 

the equation of the conic touching these lines at the points J, J respectively, and 
also passing through the jcoiut P, is 

(ka + e)(d + a) 6' 

or multiplying out and reducing, if the equations of the two conics ai'c roprosentod by 
(«> t), 0 , f, g, y, zf = 0, (a', h\ d, /', (J, y, zf = 0, 
respectively, then the values of the coefficients are 


a = 0 , 

/j — 2 ijia "h 0~ — ka0')j 
0 = 0 , 
f—e, 

g = 0ka, 
h--dka\ ■ 


a'=0, 

h' = 2 hi?- d^-Jca$), 
d —0, 

f'-e. 

g' = 6k(t, 

h' = eica\ 
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Now the_ tangential ciiuatiou of the envelope of the line which cuts harmonically the 
last-meutionocl two conics^ is 


(bo' + b'c - 2ff ’, , , . (jh' + (Jh - af - a'f , . , ; 

or substilxiting for a &c. a' &c., their values, it is found that the coefKcieuts of this 
equation have all of them the common factor 20-, and that omitting this factor the 
equation ig independent of 0, viii. the tangential equation of the envelope in question is 

(1, fc=a‘, 0, k{2k-l)a\ 0$?, 7,, t)- = 0, 

which joroves the theorem, 


3. J}i particidaVy if that is if the points A, B lie on the conic coz — y'^ — Qy 

iheii tho tangential equation of the envelope is 

(l> — a*y 0, CC^, = 0, 

Luat is 

or, what is the same thing, the equation is 

(1^ - «?/ + (f + a?; + a-f ) = 0, 
and thuB tho envelope breaks up into the two points 

= 0, f = 0 ; 

that is, the points (1, - a, a^) and (1, a, a^\ which are tho points A and B respectively. 
That is, ill tho problem in its original form, if the points A and B are the 
extremities of a diamotor of a given circle, then the two constructed circles are a 
liair of ortho tomic circles with the centres A and B respectively; and the theorem is 
the very obvious one, that any line through the centre of either circle cuts the two 
circles harmonically, 


[Vol, vn. pp, 52, 53.] 

2270. (Proposed by Professor CAYLEy.) — To reduce the equation of a bicircular 
quartic into the form S8' — h^L=^0y where ^ = 0, S'^0 are the equations of two circles, 
i = 0 the equation of a line, (See Salmon’s Higher Plane GuvveSy p, 128.) 


Bolidion hij the Proposer. 

The equation of a bicircular quartic may be taken to be 

{iP + y'J + {ill T »o) + ^2 + % + ^^o - 0, 

where, and in what follows, the subscript numbers denote the degrees in the coordinates 
(cVy y) of the several functions to which they are attached. 
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Introducing an arbitrary coiistanlj and putting the equation under the form 
(«" -H + («i -- ^o) + 2/") + ^0 + 2/“) -h ^3 + + Vo = 0, 

this may be identified with 

-^ 2 ^+ 1 ^) (J?" + + 5o) + v, + Vo = 0 ; 

viz. the conditions in order to this identity are 


that is 


Hence 


2 h+ 2 h + ?i + ffo = H- Wo “ ^0, 

+i^o) (?i + ?o) + n H- ^’o == ^0 G'v' + y') + vg + q- Vo, 
ih + ?i = ^h. ^?o-h2o = 'Wo -^0, 

= iMo+i^(?i + Va= Vu i}o?o + n==Vo. 

(;^i “ 2i)' ^ ““ ^^3 - 4^0 + y'), 


where the right-hand side is a quadric function (a?, y)^, which, when the discriminant 
thereof is put =0, (that is, when is determined as the root of a quadric equation,) 
is a perfect square, — g^i is then a known linear function, and Pi + qi being equal to 
the linear function Wi, we have pi and g-j as linear functions of y). Wo may take 
for the constants go values satisfying the equation ^o) wo 

then have 

r, = Vi -2h Qo - 2Mi . = Vo - , 


which completes the determination ; the form 

(oj^q- y' +2^, q-po) +y" -i- + ?a) +n q- = o 

is of course the same as the proposed form SS' — Ic^L — Q. 


Cor. a somewhat more convenient form is UU' — -0, where Z7=0, 

are the equations of two evanescent circles (pairs of imaginary linos), F==0 the equation 
of a circle ; in fact the original form — k^L - 0 may be written (S - a) (iS' — a') 
q-(a£[^+a';S— aa' — fc3Z) = 0, which, when a, a' are so determined that >Sf — « = 0, S' — a! =0 
may be evanescent circles, is of the required form UU' — k^V=^0, The equation UU'^Q 
is that of the two pairs of tangents to the curve at the circular points at infinity 
respectively ; in fact, writing U =pg, U' each of the lines = 0, g - 0, p/ — 0, g' = 0 
meets the circle 7=0 in one or other of the circular points at infinity, and therefore 
only in a single point not at infinity; hence each of these lines meets the curve 
UU' three times in one of the circular points at infinity, that is, the line 

ill question is a tangent to one of the two branches through the circular point at 
infinity. 


[Yol. VII. pp. 87, 88.] 

2309, (Proposed by Professor Cayley,) — Show that for n things 

1 - (no. of partitions into 2 parts) q- 1 , 2 (no, of partitions into 3 parts) .... 

± 1 . 2 . 3 , . (n — 1) (no. of partitions into ii parts) = 0. 
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For instance, n — partitions of (a» ft, c, d) into two parts are (a, bed), (&, eda), 
(c, dat), (rf, abc), (ab, cd), (ac, dh), (ad, be) ; no. is = 7, Partitions into three parts are 
(ab, c, d), {aOy b, d), {ad, h, c\ {bo, a, d), ( 6 , d, ao\ {cd, a, b) ; no. is = G. Partition into 
4 parts is (a, h, c, d) ; no. is = 1 , And we have 

1--I.7«h2.6^ 6.1== 13^13 =0, 


Solution by the Proposer, 

Write = + + , where «, /3, 7 .,, are positive integers all of them 

different, and a, 7 .,. are positive integers; and consider the partitions wherein we 
have a parts each of a things, h parts each of /3 things, &e, 'Writing* as usual 
n (?i) = I . 2 . 3 ... the number of partitions of the form in question is 

Tin 

■^na,n6...(na}«(n^y 

whence, putting for shortness a 4 -^+,,,=:p, the theoroin may be written 




ri{p-l)Tln 


lla. 116 ... (Ilcit)^ (11/3)^. 


= 0 , 


the summation extending to all the partitions ?i = aa 4- i/3 -h , as explained above. 

Now if the ii quantities w, y, are the 7 ith roots of unity, wo have + y + 5 ? ... =0, 
and therefore also (a? + y + and the general term of the left-hand is 


(nSpTn^TTr: 




where [a"/ 3 ^ . , denotes the symmetrical function Xiv^y ^ . . . (tt factors) . (i factors). . . 
of the roots cc, y, z, u, y. ..of the equation — 1 = 0 ; where, as above, n = aa-l-i /3 + ... . 
Now by a formula not, I believe, generally known, but which is given on p. I 7 e 0 of 
the translation of Hirsch’s Algebra (Hirsch’s Oolleotion of JEcoamples ctv, on the Literal 
Galculus and Algebra, translated by the Kev. J. A, Ross, London, 1827), the value of 

the sum in question is — whore ^i = a-h 6 +..., (the sign ±, given 


in the formula as quoted, is at once seen to be ; whence, 

omitting the factor n, we have 




IT (2J 1 ) n-?! 

n^rti 7. 7(hcc)^ . " 


0 , 


which is the required theorem, 


substituting and 


Observation, In Oauchy’s Exeroices d^Analyse cC-o,, t, iii,, p. 173, is given ca 
formula relating to the same mode of partition of the number n, viz, this is 


2 


ITa, 116 ... a^/3* ... 


Un, 


C. VII. 


73 



578 


PROBLEMS AND SOLUTIONS. 


[485 

I have aomewhei-e rnaclo the rein.ai’k that, on the left-hand side, the terms which 
belong to the odd and the even values of ... (=p) are equal, and that we have 

therefore 

V ( \i>— I n 

’ Ila.Ub...a«/3>'..r ‘ 

which is a theorem having a curious analogy with that demonstrated above. 


[Vol, VII. pp. 99 — 102.] 


2286. (Proposed by W. II. Laveutv.) — If wo have (n - 2) sets of n quantities 
each, (cr,, C 3 (A, /Sa ... /3„), ... (A,, A, ... X,i), connected with the n quantities 

(j’j, Jj...?’,,) by equations of which the type form is 


then show that 


i^k - «j)’ + (/3fc - A)' + . . . {Xk - Xi)’ = n? - 1 - ; 


1 1 



0 


and 



whore P is any one of the quantities a, y 3 , 7 ... A 


Solution by Propes.sor Cayley. 

Consider the case » = 4; we have between («„ a,, «„ a,), (0i, A),... (r„ r^, iu) 

six equations, such as the equation 


and it is in effect required to show that these equations give 


( 12 ) 


where 


^. = ( 234 ) : -im ■ ( 412 ) : -( 123 ), 


(123) = 


fti, A. 1 I. &c., 

®3) A) 1 

« 3 . A. 1 

viz. considering (bj, Si), (as. A), (“a. A), (a^. A) as the rectangular coordinates of four 
points in a plane, then (123) is the area (taken with a praper sign) of the triangle 
formed by the points 1 , 2 , 3; and the like for (234) &e. 

Combining the equations as follows, 

(12) -t- (34) ~ (13) -(24), 

the r's disappear, and we have an equation 

(«! - a^ («a - <h) + (A — A) (A - A) = 0. 
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which shows that the lines 14 and 23 intersect at right angles; similarly the lines 12 
and 34, and also the linos 13 and 24, intersect at right angles; or starting from the 
given points 1, 2, 3, the point 4 is the intersection of the perpendiculars let fall from 
the angles 1 , 2 , 3 of tlio triangle 123 on the opposite sides respectively. 


Again combining the equations as follows, 


wo obtain 


(12) + (13) -(23), 

r,» == («, - a,) («, - Os) + (/3, - /Ss) (/3, - fit,). 


The entire system of equations will remain unaltered if we pass from the original axes 
to any other system of rectangular axes; hence taking the axes of w in the sense 
from 1 to 2 along the lino 12 , fi, - fi„ becomes = 0 , and we have 

Kj — otj = 12, ctg — c£i = 1 (12, 34) ; 


viz. is the distance 12 of the points 1 and 2, aj-ft, is the distance 1(12, 34) 

of bho point I from the point (12, 34) which is the intemection of the lines 12 and 
34; we have therefore 

12. 1(12, 34). 


But similarly 


r,» = 21.2(12, 34), = 12 .( 12 , 34)2, 


(since 21 = -12 and 2(12, 34 ) = -(12, 34)2). And we have therefore 

1 1 


Write 


1 '^ ! t's® = 1 (12, 34) : (12, 34)2, or — ^ ; "75 — (12, 34)2 ; 1(12, 34). 
(12, 34)2 


X = 


12 


1(12, 34) 
^ 12 ^ 


where 1 (12, 34) and (12, 34) 2 are as above the distances from 1 to (12, 34) and from 
( 12 , 34 ) to 2 ; and, in the denominators, 12 is the distance from 1 to 2 ; we have 
\ -f- ^ =s I ; the coordinate.s of (12, 34) are AOj+^aa, \fi, + ftfia, and the values of n 
are obtained by writing Xa^ + ixa^, Xfii + iifi,,, A. + M for «, y, 1 in the equations 


y , 

® 3 > fisi 
a*, fix, 


I 

1 

1 


= 0 


of the line 34. Making this substitution, we find 


where as above 


\ (134) + ^ (234) = 0, 


(134) = 


«!. fix, ^ 

0-t, fii, 1 

« 1 , fix, 1 


, &e.. 


73—2 
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^ve have therefore 

X ; /i-(234) : ^(134)-(234) : ^(341), 
or^ what is the same thing, 

(12, 34)2 : 1(12, 34)=- (234) : ^(341); 


and consequently 



-(234) : -(341); 


or completing the system by symmetry 

1 






ro^ 


-(234) : 

^3 *'4 

which is the required result 

In the case ?i=5, we have between 


•(341) : (412) : -(123), 


(^1) ^2» ^3) ^ 4 ) (A» J09) ft) ft) ft)> ( 71 ) 73) VS) 74) 76)) 0’l> ^3) ^4) ^s) 

ten ec|uations such as the equation 

(«! - 4- (ft — ft)- -h (7 jl — 72 )^ = ? 'f + ( 1 2 ) 

We obtain as before the equation 

(cti — (a^ — a,) + (ft — ft) (ft — ft) -j- (71 “* 7*) (73 73) ^ 

which, considering («i, ft, 71 ) &c. as the rectangular coordinates of five points 1, 2, 3, 4, 5 
in space, signifies that the line 14 is at right angles to the line 23; the five points 
are therefore such that the line joining any two of them is at right angles to the 
line joining any other two of them, whence also the lino joining any two is at right 
angles to the plane through the remaining three points. (The points 1, 2 , 3, 4 form 

a tetrahedron such that that 12 and 34, also 13 and 42, also 14 and 23 are at right 

angles to each other, two of these conditions imply the third; and this being so, if 

a further condition bo satisfied, the perpendiculars from 1 , 2 , 3 , and 4 on the opposite 
faces respectively, will meet iu a point 5, and we shall have the system of points 
1, 2, 3, 4, 5 related as above,) 

We further obtain as before 

- (tti - Cfg) («j - as) 4* (ft - ft) (ft, - fta) -h (7, - 72) (71 - 73), 

or taking the axis of cd in the sense from 1 to 2 along the line 12 , we have 

fti-ftg— 0 , 71-73 = 0 , and the equation becomes 


and similarly 
whence 


ri2-12.1 (12, 345), 
7V-12,(12, 345)2; 

i : ^, = (12, 345)2 : (12, 346)1. 
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Writing them X = ^ (and therefore X + /i = l) we find {X, n) 

by substituting Xai4-/4«o, X/3, + X7i + /t<y 3 i ^ + fo‘' <r, y, z, 1 in the equation 


X , 

y . 

z 

® 3 » 


7 j : 

« 4 , 

04, 

74 . 

^ 5 ) 

01, 

76 : 


1 

1 

1 


of the plane 345 ; wo have thus 


\ (1345) + /i (2345) = 0, 

that is 

X : /i4 = (2345) : - (1345) = (2345) : (3451), 

•whence 

(12, 346)2 : 1(12, 345) = (2345) : (3451), 

that is 


•?*,“ ■ j'./ 

or completing by symmetry 


==(2345) : (3451), 


L 




j. 

r,® 


J. 


(2345) : (3451) : (4512) : (6123) : (1234), 


which is the theorem for the case n-o. Tho general case depends, it is clear, upon 
similar reasoning in a (n — 2)dimensional geometry; loading to the conception in this 
geometry of a figure of (a— 1) points such that the line joining auy two of them is 
at right angles to tho lino joining any other two of them. 


[Vol. VII, p. 106.] 

2331. (IProposcd by Professor Cayley.) — Show that it is possible to find (Z, Y, Z) 
linear functions of the trilincar coordinates {oo,y,z) such that the equations xX = yY=zZ 
may doteriiiine four given points. 


[Vol. viii., July to December, 1867, p. 26.] 

2321. (Proposed by Professor Cayley.)— G iven a conic, to find four points such 
that all the conics tlu’ough the four points may have their centres in the given conic. 


[Vol. VIII. p. 36.] 

2371, (Proposed by Professor Cayley.)— (4). If P, Q be two points taken at 
random within the triangle ABG, what is the chance that the points A, B, P, Q may 
form a conve-v quadrangle? 
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[Vol. VIII, pp. 51, 52] 

Note on Question 1990, By Professor Cayley, 

The theorem of paragraph 4 {Reprint, vol, Vi, p. 88), (ascribed by Professor 
Sylvester to Mr Orofton), that ^Mf a circle and a straight line be cut by any transversal 
in three points, these wilt he the foci of a system of Cartesian ovals having double 
contact with one another at two fixed points/* may be enunciated under a more 
Gomplcto form, as follows : 

If in a given circle the chords PPi, BG meet in A, then each of the two 
Cartesians, foci A, B, G, which pass through P, will also pass through P^; and more- 
over, if «, a! be the diametrals of the chord PPi (that is, the extremities of the 
diameter at right angles to PPi) then the tangents at P, Pj to one of the Cartesians 
will be aP> aP, respectively, and to the other of them a'P, a'Pi respectively, these 
tangents being thus iiidopendenfc of the position of the chord BG\ and thence also thus; 

Given the points J., jB, 0 in lined, and the point P; 

through P, B, G draw a circle (j 1) and let PA meet this in Pi, 

. -P, G, A (B) „ PB „ P„ 

. P. A, B „ {G) „ PG „ Pa, 

then each of the Cartesians, foci A, P, 0, which pass through P will also pass through 
Pu Paj P^'y and if 

a, a! are the diametrals of PPx in circle (^1), 

/3' *> -P-Pjj » {B)y 

y> y « PPi yy {G)y 

then (the points of the several pairs being properly selected) the points (a, /9, 7) and 
the points («', jS', 7") will each lie in a line through P, viz. tlie lines Pa^y and 
Pa^^7' will be the tangents at P to the two Cartesians respectively. 

The two Cartesians meet lu the points P, Pi, P^, Pg, and in the symmetrically 
situated points in regard to the axis ABC; the theorem contains as part of itself 
the well-known property that the t^va Cartesians cut at right angles at each of bhoir 
points of intersection; it gives moreover the construction of the following problem: — 
given the foci A, B, 0, and one in tor, section P of a pair of tricon focal Cartesians, to 
find the remaining intersections, and the tangents at each of the intersections. 


[Vol, viiL pp, 70—72.] 

1911. (Proposed by Professor Cayley*) — Given four points, and also the "conic of 
centres^’ — viz. the conic which is the locus of the centres of the several conics which 
pass through the four given points; then if a conic through the four given points 
has for its centre a given point on the conic of centres, it is required to find a 
construction for the asymptotes of this conic. 
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Solution hy the Proposer, 

1. Consider four given points, and in connection therewith a given line IJ ; the 

locus of the polos of IJ, in regard to the several conics which pass through the four 

points, is a conic, the ‘'conic of poles.” Consider a particular conic 0, through the 

four points ; the polo of IJ in regard to the conic © is a point G on the conic of 
poles, and the tangents from G to the conic 0 meet the conic of poles in two points 
H, K\ the chord of iiilersoction HK passes through the point n which is the pole 
of IJ in regard to the conic of poles. Moreover, the polars of a point C\ in regard 
to the several conics through the four points, meet in a point the "common 
pole” of C\ and in particular if (?' be the point G on the conic of poles, then the 

common pole is a point Xi on tlie lino IJ ; this hoiiig so, the line IIK passes (as 

already mentioned) througli IT, and the lines IIK and nil are harmonics in regard 
to the conic of poles, 

2. Assuming the foregoing properties, then, given the four points, the line /*/, 
the conic of poles, and the iDoinl G on this conic ; we may construct 11 the pole of 
IJ in regard to the conic of polos; and also Xi the comniou pole of (7; the line IIK 
is thou given as a line passing tlirough H, and harmonic to Ilfl in legard to the 
conic of polos; this line meets the conic of poles in the points II, K\ and then 
GH, OK are the tangents from (7 to a conic © which passes through the four points, 

3* In particular if IJ be tho line infinity, then tho conic of poles is the conic 
of centres; H is the centre of this conic; Xi is as before the common pole of 0\ 
HK is given as tho diameter of the conic of centres, conjugate to IlXt; H, K are 
the oxtromitios of this diameter ; and then GIJ GK are the asymptotes of tlic conic 
through the four points, which has the point G for its centre; and the asymptotes 
arc therefore constructed as required. If the points II, K arc imaginary, tho asymptotes 
will bo also imaginary; the conic 0 is in this case an ellipse, 

4. It is hardly necossaiy to remark, in regard to the construction of the point Xi, 
that we have among tho conics through the four points, threo pairs of lines meeting 
in points P, Q, R respectively (it is clear that the conic of poles posses thi'ough these 
three points); the harmonics of OP, QQ, GR in regard to the throe pairs of lines 
respectively moot in a point, which is the required point XI, In tho particular case 
where the point G is on the conic of centres, the three harmonics are parallel; it 
is therefore sufficient to construct one of them ; and tho lino BK is then the diameter 
of the conic of poles, conjugate to tho harmonic so constructed. 

5. It remains to prove the properties assumed in (1), Wo may take z = 0 for 

the equation of the line IJy ^ = 0, y — 0 for the equations of the tangents to the 
conic 0 at its intersections with the lino IJ, so that we have {x = 0, y = 0) for the 
coordinates of the point G\ the equation of the conic © will be of the form — A’y = 0, 
and the four points may then be taken to be tho intersections of the conic — — 

and the arbitrary conic 

(a, h, c, /, (j, hjo), y, zf == 0. 

The equation of the conic of centres is found to be 

(G{ax -f hy gz) — y {hx -t- &y + fz) = 0, or — hyf^ 4 * ffzx^-hxy == 0 ; 
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ov, as it may also be written, 

(2a, ~ 2b, 0, -/, ff, Oja-, y, = 0 ; 

and it is convenient to remark that the equation in line coordinates (or condition that 
this conic may be touched by the line frt; H- = 0) is 

{-A 2a/, 

The line meets the conic of poles in the point a; = 0, 0, and the line 

^ = 0 meets the same conic in the point y — 0, a[^-^gz^0\ hence the lino IlK, which 
is the line joining those two points, has for its equation 

afo)^bcjy‘]rfyz^i^^, 

and it only remains to be shown that this line passes through the point IT, and is 
the harmonic of the line Ilfl in regard to the conic of centres. The point 11 is 
the polo of the line in regard to the conic of centres, its coordinates are at 

onco found to bo 

o) \ y \ z = hg \ c(f \ 2ai ; 

and we thence soo that FT is a point on the line UK, I'he point fl is given as the inter- 
section of the polars of G in regard to the conics z-’-ccy ^ 0, and (a, i, c,/, </, y, zf = 0 
respectively; that is, as tho intersection of the lines . 2 ^ = 0, and //a? -f/y ; its 

coordinates therefore are 

X X y \ z=-f \ g \ 

Hoiico the equation of the line TIfl is 

9.ahg X d- 2al / y -h {af^ + h(f) z = 

Now, in general, if wo have a conic the line-equation whereof is (A, B, (7, (?, t), = 0, 

then tho condition in order that, in regard thereto, the linos jj^y vz — 0 and 
= 0 may be harmonies, is 

(^1, B, G, F, 0, 7/$\, v'$X* 

that is 

jd -f* BfifA 4* Opp* 4* F {fzv* 4* 4“ G (y)\f 4“ 4- IT 4* fl) “ 

Hence, in order that tho two Hues IIK and Tlfi may be harmonics in regard to tho 
conic of centres, we should have 

-ff\ - ‘tub, 2af,2.bff, -fg^af, hg, fg^2abg, 2ahf, ft/“ + V)==0- 

But developing, and omitting the common factor abfg, which enters into all the 
terms, this equation is 

- (2ap) - (26£f2) - 4 (a/^ + hg^) + {4a/^ + 2 (af- + bg'^)] + [4!bg^ + 2 (a/“ + bg'^)} ~ 2 («/= + bg’^) = 0, 

which is identically true ; and the lines HK and 1111 are therefore harmonics in 
regard to the conic of centres. 
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[Vol viiJ. p. 74] 

2371. (Proposed by Professor Cayley.) — If P, Q be two points taken at random 
within the triangle ABG, what is the chance that the points A, B, P, Q may form 
a convex quadrangle ^ 


[Vol VIII, pp. 86, 87.] 

2466, (Proposed by H, MuBPHY.) — ^If four points A, B, G, I> he either in the 
same j^lane or not, and if the three rectangles AB , GI), AG.BB, AB , BQ be taken; 
the sum of any two of thorn is greater than the third, except when the points Ho on 
the circumference of a circle. 


Solution hj Propessou Cayley. 

Write for shortness BG^f\ CA—g, AB = h; AD^a, BD — b, OJ)^c; then, Lemma^ 
if r be the radius of the sphere circumscribed about the tetrahedron ABGD, we have 




- 4 2oVfVi"/'' 4- 2a^b^^fY -- - by 


f ^ ~ hy - 

4-(5y-f (A^ V -g^) 

where the left-hand side is = 576 if V be the volume of the tetrahedron. 


Suppose first that the points are not iu the same lolane, tlien the left-hand side 
(=576 F'^r2) is positive; therefore the right-hand side is also positive, or putting for 
shortness af^a, bg=^0, ch^y, we have 

4* 27V 4- 2a2/3^ — — 7“* = 4'> that is, 4;S-7''^ («^ — — rysj'j =- q. ^ 

and thence a < ^ 4- 7 ; for if « were equal to or greater than /3 + 7, say « — /3 + 7 4 co, 

the left-hand side would be 4/9y *- {2/3y 4* 2 (y3 -h 7) -P which vauishea if to-0, 

and is negative for positive. Similarly /3<y4-a, 7 <a 4 -/?; and the theorem is thus 
proved for the case where the four points are not in a plane. 

Starting from this general case, if we imagine the point L continually to approach 

and ultimately to coincide with the plane ABG, but so as not to be in the circle 

ABCf then the expression 4- 27V 4- 2a^/8^ — — /3^ — 7^, which does nob vanish iu the 

limit, is throughout equal to the positive quantity 576 F^^r- (in the limit F is = 0 
and r =00 , but Vr is finite, and of course is positive), that is, the expression in 

question is =s-f, and the theorem follows as before. Of course when the four points 
are in a circle, then the expression is 0, and consequently one of the quantities 
a, Bi 7 is equal to the sum of tlio other two. 

C. YIL 


74 



586 


PROBLEJIS AND SOLUTIONS. 


[485 


The Icnima is at onco proved by means of my theorem for the roiation between 
the distances of five points in space, [Cambridge Matkematiml Journal^ voL ii, (1841), 
p. 269, [1],} viz. if the point 1 is the centre of the circumscribed sphere, and the points 
2, 3, 4, 5 are the points Ay By 0, D respectively, then the relation in question, viz. 


0 , 

(12)=, 

(13)=. 

(14)=, 

(15)=, 

1 

(2in 

0 , 

(23)=, 

(24)=, 

(25)=, 

1 

(31)=, 

(32)=, 

0 , 

(34)=, 

(35)=, 

1 

(41)=, 

(42)=, 

(43)=, 

0 , 

(45)=, 

1 

(51)=, 

(52)=, 

(53)=, 

(54)=, 

0 , 

1 

1 . 

1 , 

1 , 

1 , 

1 , 

0 


-0 


becomes 



0, 

?•=, 

r=. 

r=. 

)•=, 

1 

= 0. 


»•=, 

0. 

k\ 


«=, 

1 



)•=, 


0, 

f\ 

5=, 

1 



r=, 


A 

0, 

c=. 

1 



r\ 

«=, 

b\ 

c=, 

0, 

1 



1, 

1, 

1, 

1. 

1, 

<1 


"Multiplying the last line by ■ 

and adding 

ifc tc 

1 tho 

first line, this i 


- r\ 

0. 

0, 

0. 

0, 

1 

= 0. 


r\ 

0, 

k\ 

9\ 

a\ 

1 




h% 

0. 

/^ 

h\ 

1 





A, 

0, 

o=, 

1 



A 

«=, 

5=. 

c=, 

0, 

1 



1, 

1, 

1, 

1, 

1 , 

0 


and then proceeding in the same way with I 

iho first and 

last columns 


- 2r=, 

0, 

0, 

0, 

0, 

1 

= 0. 


0 , 

0, 



«■=. 

1 



0 , 

A= 

0, 

A. 

&=, 

1 



0 , 

f. 

A> 

0. 

6=, 

1 



0 , 

«=, 

h\ 

c=. 

0, 

1 



1 . 

1. 

1. 

1. 

1, 

0 



which is in fact the equation of the Lemma, See my papers in the Quarterly 
Journal of MathematieSy vol, ill, (1859), pp, 275 — 277, [286], and voL Y, (1861), 
pp. 381—384, [297], 
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Cor, — It appears by the deinoiistration that for any four points not in the same 
plane, the expression 

- «•*/“ ~ 5y- - -/y/t- 

+ {a?p + 6V0 y + -/») + {h-(f + c'rtO +/■ - (f) + (/“ + </-- /‘O 

is always positive. 


[Vol. viir. pp. 105, 106.] 

2472. (Proposed by Professor Cayley.) — Through four points on a cii’cle to draw 
a conic such that an axis may pass through the centre of the circle. 


Solution by the I’koposer. 

Let the equation of the conic be {a, b, c, f, g, h^ce, y, 1)’ = 0, thou if as usual 
the inverse coefficients are represented by {A, B, 0, F, 0, H), the equation of the two 
a.xes is 

(a - h) (Ca- - (?) iCy - F) + h [{G^o - (?)= - {Vy - Ff] = 0, 

Avhonce if an axis pass through the origin 

(a-b)FG + hiQ‘-F^) = 0. 

Consider now the circle + j/'’ — 1 = 0 and on it the four points in which it is inter- 
sected by the conic («, b, c, /, y, hi^ce, y, 1)“ = 0 ; then for any conics through the four 
points we have 

(a, b, c, /, y, /tja-, y, 'lY + \{af^ + y^-l)-0’, 
so that, taking this for the equation of the required conic, and representing it by 
« b’. o',/', r/, h'fw, y, 1)^ = 0, 

the values of the coefficients are 

a' = a + \, b' = b + X, o' = 0 + 7^, f'-f, h' = li, 

and we thence have 

F' = F-\f, G' = G-\g, a'-b'^a-b, h'^h. 

The required relation is 

(ft' _ b') F'G' + h' {G'- - F'-) = 0 , 

that is 

{a-b){F~\f){G~\g) + h\{G~ \gr - (F - Xff\ = 0, 

a quadric equation in X; and substituting for X each of its two values, we have the 
two required conies 

(a, b, c,f, g, y, l)'> + X(a;=-}-y''- 1)==0, 

for each of which an axis passes through the centre of the circle. 


74—2 
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[Vol, IX., January to J'une, 1868, pp. 20, 21,] 

Note on Question 2471. Bi/ Professor Caylev^. 

In the singularly beautiful solution which Mr Woolhoufic has given of this 
question (see Reprint^ vol Viii. p, 100), it is important to note what is the analytical 
problem solved, and how the solution is obtained. Considering a plane area bounded 
by any closed convex curve, and in it three points P, P\ P", Mr Woolhouse investi- 
gates the average area of the triangle PFP'\ viz, this depends on the sextuple integral 

J ± Ky' ' - + cep' - /y y] da: dy dev* dy* dev*' dy'\ 

where the sign + has to be taken so that ± { ) shall be positive, and where the 

integration in respect to each set of coordinates extends over the entire closed area ; 
the difificulty is as to the mode of dealing with the discontinuous sign, It is remarked 
that the integral is 

= 6 J± {^'y'^ “* ^"y* + ^ ^y'' + “* tVy} dov dy d^* dy' dco” dy " ; 

the variables in this last expression being restricted in such wise that a*, a;", x* are in 
the order of increasing magnitude; the term f { } is of the form ±{x' ->x){y'* jS), 
where /? is independent of y, and where (as is easily seen) if xi" be the upper 

and lower ordinate corresponding to the abscissa ct)'\ then /9 lies between the values 

li!* and v". But x* -x is positive, hence the sign ± must be so taken that ±{y" — ^) 

shall be jjositive, that is, from y"-u" to y" = ^ the sign is — , and from y" — /3 to 

y'^i=z>\)*' the sign is 

Hence for the integration in regard of y*' we have 

/ ± {y" - /3) df = £' + (f ~ /3) ihf + £ - (/ - /3) chf, = i {v" - I (/9 _ u'J ; 

and the discontinuous sign ± is thus got rid of. The remaining integrations arc then 
effected in the order x'\ y', y, x', x, the limits being for a-" from x to x', for y' from 
u' to v', and for y from v to v (if the upper and lower ordinates corresponding to 
the abscissa x and x' are v, ii and v', u' respectively) and finally for x' from x to the 
maximum abscissa, and for x from the minimum to the maximum abscissa. The final 
result involves only single definite integmls between the extreme values of ca, the 
functions under the integi-al sign containing indefinite integrations from the .same 
arbitrary inferior limit, say .■tf=0; the form of the result (previous to its simplification 
by taking the axes to be principal axes through the centre of gravity of the area) is 
however somewhat complicated; and it would not be easy to show a 'posteriori, that 
the value is invariantive, that is, independent of the position of the axes: that this 
is so is of course apparent from the original form of the integral. 
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[Vol. IX. pp. 38, 39.J 

2630. (Proposed by Professor Cayley.) — Trace the curve 

=0 

^]z — 

where the coordiuatos x, \j, z are the perpendicnlar distatiees of the curroiit point P 
from the sides of an equilateral trinnglo, the coordinates being positive for a point 
within the triangle. 

Solution, hy the PiiOPOsKii. 

The form of the equation shows that the curve is a tiicuspidal quartic, having a 
real cusp at the point (a?= 0, jf = 0), and two imaginary cusps at the points (^ — 0, H-fj/ == 0) 
and (^ = 0, x-'iy—Q), The rationalised form of the equation is 

{o'? q- \fy — *lzic + y'^) — — 0. 

a,' = 0 gives — 4.2?^) = 0, the point Q twice, and two other real points a, a! on 
the line BG. 

y = 0 gives x? {x — 4^) = 0, the j^oint G three times, and a real point /3 on the 
line GA, 



It is easy to find that there is a double tangent ^+2.t; = 0, vis:. ^*f2fu = 0 gives 
= 0, two points r, r (each twice) on the line in question. 

Laying down those points, it appears tliat the curve must have two real asymptotes, 
and that the form is as shown in the figure, 

[Vol. IX, pp. 65, 50.] 

2663. (Proposed by Professor Cayley.) — Show that the surface y^z^-^zW-^o?y'^^ixyz = 0 
meets the sphere + in four circles; and explain in a general manner the 
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form of the curve of intersection of the surface by any other sphere having the same 
centre, and thence the form of the surface itself (being a particular case of Steiner’s 
surface, and which by the homographic transformations for a\ y, z 

gives j/V + 4- = Oj the general equation of Steiner’s surface). 


Solution hy the PiiOPOSEU, 


Take Z, X\ T, Y\ Z, Z' the intersections of the sphere = l by the 

three axes respectively; then we have 4^^- Ij i»4y4^~-“l, the equations of 

the circle through the points X\ Y\ Z' \ and from these two equations wc deduce 
yz 4- zic 4 ajy = 0, and thence 

yiz'^ 4 4 a-y 4 "^(oyz (a? 4 J/ 4 ^) = 0, 

that is 

y'^z^ 4 4 = 0 ; 


so that the circle lies on the quartic surface; and by changing successively the signs 
of each two of the three coordinates, wo have three other circles lying on the siihere 
and also on the quartic surface; viz, we have in all foui* circles, the above-mentioned 
circle through {X\ Y\ Z'), and three other circles through {X\ 7, Z\ (X, Y\ Z), 
(Z, 7, Z*) respectively, making together a curve of the order 8, the complete inter- 
section of the quartic surface by the sphere 


The quartic surface lies entirely in the four octants of space xyz, wy*z\ icyz\ x'yz ; 
and as to the portion of the surface which lies iu the octant xyz^ this meets the 
sphere 4 4 -2^=1 in portions of the three circles {X\ 7, (Z, 7', Z){X, 7, Z‘) 
constituting a tricuspidal form lying within the octant XYZ as shown iu the figure. 
The intersection by a sphere, radius <1, projected on the octant Z7Z, is a trinodal 
form, lying outside the tricuspidal one, as shown by a dotted line in the figme; the 
intersection by a sphere radius > 1, projected in the same way, is a trigonoid form 
lyingr inside the tricuspidal one, as also shown by a dotted line iu the figure ; as the 


radius approaches to and ultimately 


becomes = — , 

Y O 


this diminishes, and becomes 


ultimately a mere point, and when the radius is greater than this value the intersection 
is imaginary, 


Z 



Imagine on the solid sphere, radius = 1, the four tricuspidal forms ■ lying in 
alternate octants as above ; cut away down to the centre the portions lying without 
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these tricuspidal forms; and build up on the tricuspidal fonnSj until the greatest 

2 

distance from the centre becomes ; wo have a solid figure with four promuiences 


situate as the summits of a tetrahedron, the bounding surface whereof is the surface 
in question : it is to be added that the axes are nodal lines on the surface, viz. the 
portions which lie withiji the solid figure are the intersections of two real sheets of 
the surface, the portions whicli lie without tlie solid figure arc isolated, or acnoclal, lines 
on the surface, 


[VoK IX, pp, 73, 74,] 

2673. (Proposed by Professor CAYi^uy.) — Tlie envelope of a variable circle having 
for its diameter the double ordinate of a rectangular cubic is a Cartesian. 

(Definition. The expression "a rectangular cubic” is used to expres'J a cubic with 
three real asymptotes, having a diameter at right angles to one of the oaymjDtotes and 
at an angle of 45'' to each of the other two asymptotes, viz, the equation of such a 
cubic is xy' = o)^ hx^ -f- cx 4 d.) 


Solution by the PnopoftEii. 

The equation of the variable ciicle may be taken to be 

{x - 6y 2me + ^ » 


viz, 6 being the abscissa of the j-cctangular cubic, the squared ordinate 
be — a^4 2X)> or> what is the same thing, the equation of 

circle is 


4 - a — 2 - w) ^ 


2/1 


is taken to 
the variable 


Hence, taking the derived equation in regard to 0, we have 


and thence 

therefore 


{x^ 4 f - oif = r. IQ A (x ^ m) ; 


that is, the equation of the envelope is 

4 7/^ — ot)^ — 1 6/1 in) = 0, 

which is a known form of the equation of a Cartesian. 
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[Vol. IX. pp. 82, 83,] 

2493. (Proposed by Professor Cayley.)—!. Given the conic U = 0 (but observe 
thfit the fiinctioji U contains implicitly an arbitrary constant factor which is not given) 
and also the conic + to construct the conic where I is a given 

constant. 

% Given the conics ?7=0, f/+l = 0, P-0, P + i = 0, and the constants 6, h, to 
construct the conic ^{7+ 0^‘P-P 2 /j=:0. 


Solution by the PnorosBR, 

1. The conics C7=:0, Lr + ! = 0, {7+/ = 0 are obviously concentric similar and 
similarly situated conics, and if drawing a line in any direction from the centre, the 
radius-vectors for the three conics respectively are r, 7’', R, then it is easy to sec that 
we have 

r\ 

There is no difficulty in constructing geometrically the radius ii, and then the conic 
is given as the concentric similar and similarly situated conic passing through 
the extreniity of this radius, 

2. To construct the conic ^1/“+ ^?-*P+2A* = 0, By what precedes, wc may con- 

struct the two conics 0[7-h/i? = O, 0-*P-|-/i;r=O ; the four points of intersection of these 
lie on the required conic P-H 2/i; - 0, and also on the conic 6U —6~^V=0\ 

which last conic is consequently given as a conic passing through the four points in 
question, and also through the four points of intersection of the given conics J7=0, l'*=(), 
But the conic 6X1 — being constructed, the conic can also be 

constructed ; viz, the tangents of these two conics and of the conics {7=0, P = 0, at 
each of the four intersections ?7 = 0, P 0, foim a harmonic pencil; and we have thus 
tlie conic a conic passing through four given points, and having at each 

of these a given tangent. And then finally the required conic 0(7+ P+ 27' = 0 is 
given as a conic concentric similar and similarly situated with the conic 0i7+0'^^P=O, 
and passing through the four given points 

0i7 + 7=O, 0-M^+7 = O, 

3. Treating k as an absolute constant but 0 as a variable parameter, the envelope 
of the conic 0t/+ 0“M'^ + 27— 0 is the quartic curve (7P-/i;^=0, This is a curve 
used by Plilcker (in the Theorie der algehmisohen Giivven) for the purpose of showing 
that the 28 double tangents of a quartic curve may be all of them real. In fact, if 
(7=0, P= 0 be ellipses intersecting in four real points ; and if, moreover, the implicit 
constants be such that U is positive for points luithout the first ellipse, P positive 
for points within the second ellipse, then since (7P, =7-, i.s positive for all points of the 
curve in question, the curve must be wholly situate in the four closed spaces which 
lie outside the one and inside the other of the two ellipses; consisting therefore of 
four detached portions, And when 7 is sufficiently small, then the figure of each 
portion is that of a concavo-convex lens with its angles imuidod off: viz, each such 
portion has a real double tangent of its own. Any two portions have obviously four real 
double tangents, and hence the total number of real double tangents is 4 + 6x4, =28. 
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4, A constmction has been given by Aronhold {Berh Monatsber., July, 1864) 
which, taking any 7 given lines as double tangents of a qiiarbic curve, the remaining 
21 double tangents can be constructed, and which, when the seven given lines are real, 
leads to a system of 28 real double tangents ; but wishing to construct the figure of 
the 28 real double tangents, it occurred to mo that the easier manner might be to 
construct Plllckcr^s curve 0, as the envelope of the conic K+ 2/r = 0, 

and then to draw the tangents of this curve: the construction is, however, practically 
one of considerable difficulty, and I have not yet accomplished it. 


[VoL IX. p, 87.] 

2451. (Proposed by Professor Cayley.) — If A, (7, L are the intersections of a 
conic by a circle, then the antipoiuts oi B, and the antipoints of C, D, lie on a 
confocal conic. 

N.B. If ABy A'B* intersect at right angles in a point 0 in such wi.se that 
OA' ^i.OA=i.OB {where i — V(“l) usual}, thou A', E are the antipoints of 
A, By and conversely. 


[Vol. IX. pp. 101—103.] 

2590. (Proposed by Professor Cayley.) — It is required to verify Professor Kummer*s 
theorem that ^*if a quartic surface is such that every section hy a plane through a 
certain fixed point is a pair of conics, the surface is a pair of cjuadric surfaces (except 
only in the case where it is a quartic cone having its vertex at the fixed point)/’ 


Sohition by the PuorosEn. 

The theorem may bo more generally staled as follows; if a surface is such that 
every section through a certain fixed point (is or) includes a proper conic, thou the 
surface (is or) includes a proper quadric surface, In order to the demonstration, I 
jDromisc the following Lemma: If a surface is .such that every section through a 
certain fixed line includes a conic, then the line moots each of these conics in the same 
two points. 

In fact, if the line meet the surface in any n points, then it is clear that each 
of the conics will meet the line in some two of these ?? points; and as the plane of 
the section passes continuously from any one to any other po.sition, the two points of 
intersection with the conic cannot pass abruptly from being some two to being some 
other t^vo of the n points, that is, they are always the same two points. 

Consider now a surface ^yhich is such that every section through a fixed point 
0 includes a conic; and consider three lines ooa/, yy\ zz* meeting in the point 0, Let 
the conics in the planes yZy zXy soy be A, By C respectively ; then since the conics 
0. VII, 75 
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through the line all pass through the same two points, and since JS, G are two 
of these conics, B and G meet in the same two points X, X'; similarly G and 
A meet yy' in the same two points F, and Aj B meet zz' in the same two 
points Zf Z ; that is, we have the conics - 4 , 5 , C intersecting 

5 , 0 in the two points X, A^', 

4 „ „ F, r, 

Af B „ „ Z * ; 

hence taking on the conics Ay By G the points cc, )9, 7 respectively, and drawing a 
quadric surface S through the nine points X, X', F, Y\ Zy Z\ a, j3y 7 , this meets the 
conic A in the five points F, F', Z, Z\ a ; that is, it passes tlirough the conic Ay 
and aimilmdy it passes through the conic J3, and through the conic (7, 

Consider how any plane whatever through 0 intersecting the conics Ay By G in the 
points L and i', M and M\ N and iV' respectively; the section of the quadric surface 
2 by the plane in question is a conic through the six points Ly L\ ilf, ilf, X, N\ 
But the section of the surface includes a conic through these same six points, and which 
is consequently the same conic; in fact, the section of the surface by the plane in 
question includes a conic, and since every section through the line LL' inclurlca a 
conic through the same two points, and one of these conics is the conic A which 
passes through the points L and L\ the conic in question passes through the points 
L and X; and similarly it passes through the points M and JF, and through the 
points X and X'. That is, for any plane whatever through 0, the section of tlic 
surface includes the conic which is the section of the quadric surface 2 , and the 
surface thus includes as part of itself the quartic surface 2 . 

The foregoing demonstration ceases, however, to be applicable if 0 is a point on 
the surface, and the conic included in the section through 0 is always a conic passing 

through the point 0. In the case where 0 is a non-singular point of the surface 

(that is, where there is at 0 a unique tangent plane) a like demonstration applies. 
Take through 0 a section, and let this include the conic A \ on il take any point 
O' and through 00' a section including the conic B ; we have thus the conics Ay B 
intcisectmg in the points 0, 0\ Take through 0 any plane meeting the conics Ay B 
in the points X, F respectively—the section by this plane includes a conic 0 passing 
through the points 0, X, F; and each of the conics Ay By G touches at 0 the same 

plane, viz 5 . the tangent plane of the surface. Hence, taking on the conic A the point a, 

consecutive to 0, and any other point a'; on the conic B the point / 3 , consecutive 
to Oy and any other point and on the conic G a point 7 '; wo may, through the 
nme points 0, a, 0\ a', X, F, 7 ' describe a quadric surface 2; this will toucli 
at 0 the tangent plane of the surface, that is, it will touch the conic 0 , or (what 
is the same thing) pass through a point 7 of this conic consecutive to 0, Hence the 
quadric surface meets the conic A in the five points 0, O', a, X, that is, it entirely 
contains the conic A ; similarly it meets the conic B in five points 0, O', JS, JB\ F, 
that is, it entirely contains the conic B; and it meets the conic G in the five points 
0, 7 , A, Yy 7 ', that is, it entirely contains this conic. And it may then be shown as 
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before that the surface will include the quadric surface S. But there still remains 
for consideration the case where 0 is a conical point on the surface, and I do not 

at present see how this is to be treated. 

I remark that, taking three lines xx , yy\ zz which meet in a point 0 , then if 

a surface be such that every section through xx' includes a conic, every section through 
yy includes a conic, and every section through zz includes a conic; and if besides 
the two points, say Z, X\ on the conics through the line xx are ordinary points on 
the surface, thou the surface will include a quadric surface, In fact, if the surface 
has at each of the points Z, X* an ordinary tangent plane, then the conics through 

and (as conics of the series) the two conics JS, G all of them touch the two 

tangent planes ; hence, constructing as before the quadric surface S, this also touches 

the two tangent planes: and taking through xx' a plane mooting the conic A in the 
points L, the section of the surface includes a conic which touches the section of 
the quadric surface S at the points X, X\ and besides meets it in the points \ 

such conic coincides therefore with the section of the quadric surface %; that is, every 
section of the surface through the line includes tlic conic which is the section of 
the quadric surface 2 ; and the surface thus includes as part of itself the quadric sur- 
face 2 . 


[Vol. X., July to Lecombor, 1868, pp, 17 — 19.] 

2609, (Proposed by Professor Cayley,) — Given three conics passing through the 
same four points; and on the first a point A, on the second a point B, and on the 
third a point C7, It is required to find, on tho first a point A\ on the second a 
point and on tho third a point G\ such that the intersections of the lines 

A'B' and AG, A'G' and AB, lie on the first conic; 

B'O' and BA, BA' and BG, lie on the second conic; 

GA* and GBy G*F and GA, lie on the third conic. 

Solution hy the PliOPOSEii, 

Lot the six intersections in question be called a, a'; /3, /9'; 7 , 7 , respectively; 
then BG intersects second conic in third conic in 7 ; GA intersects third conic in 7 ', 
first conic in a; AB intersects first conic in a', second conic in /3; and we have 

A' the intersection of a/3', 7 a', 

B' the intersection of ^ 7 ', aS\ 

0^ tho intersection of 7 a', \ 

and it has to be shown that tho points A, F, 0* so determined lie — A on the first 
conic, B' on the second conic, O' on the third conic. 
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Taking aj=0, ^==0, 2 = 0 for the equations of the sides of the triangle ABO, the 
equations of the three conics may be taken to he U = 0 , F=0, TK= 0 , where the 
functions U, V, W are such that identically U+V+W = Q-, and then observing that 


C 



the conics pass through the points (y=0, 2 — 0), (2 — 0, » — 0), (.'b= 0, ^ — 0), respectively, 
we see that the equations may be taken to be 

( 0, — 6, c, /i, (/j, y, 2)° = 0, 

( a, 0, -0, fi, y, 

(-a, b, 0, /a, (/s, 2/, = 

where 

fy 4/2 +/3 ~ f/i + + (h ~ 9i ^*'1 "h 

The coordinates of the points a, /S, 7, a', / 3 ', 7' are at once found to ho 


a, 

( 

c , 

0, 

- 2/7,); 


( h , 

2/i„ 

0) 

A 

(- 

2/^2, 

a , 

0 ); 

/S', 

( 0, 

0 , 

2/2) 

7^ 

( 

0, 

-2/3, 

h ); 

7'> 

(2^(3 » 

0, 

a); 


and henco the equations of /S7', 7a', are 

; dec + 2 h^ - 2 g.jZ = 0 , 

7«' ; - 2 /£i.'» + by + = 0, 

a/3' ; 2y,a) - ^f^y + C2 = 0 . 

Hence for the point A', which is the intersection of ya, a/3', coordinates are 

be 4 4 /q^j ‘h 26 (/i , 

and A' will be on the first conic if only 

( 0 , - h, c, fu (ju Ih^bo + 4/5/3, 4 /,J 7 i + 2 c/ti, 4 /i,/, - = 0 , 

viz. this equation is 

— 6 ( + 16 /a//ifhC + 4 /q®c^) 

+ o( Uby/y -IGfiyJiib + 4 igi-b^) 

"h ?/i ( ^^9T}hftf»~ 

+ 2 (/, ( 4 - Whfifi ~ Sgifjib + - 2(/,b^c ) 

+ 2/ii (+ lOt/Za/a® + S/ij/j/sC + 4/7, /j&c + 2]hb(^ ) = 0, 
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viz, this is easily found to be 

^ cAj) (SAi/g — hg^ (/i +ya H’/j) = 0 , 

which 18 Ratisficcl in virtue of /^ +/, 4/3 == 0 ; that is, A' is on the first conic; and 
similarly, in virtue of +^^3 + 5^3 — 0 , 5' is on the second conic; and lu virtue of 
Ai + A 2 + /i 3 = 0 > G' is on tho third conic. But the same thing appears at once by the 
remark that tho ocjuations of the three conics are 

bij^y\z)’^z{ 2 (j,(d -- ^ gz)^0, 

— z { -h c^) -f ir ( ax + — ^g^z) = 0 , 

- X ( cue + %luj - %g^z) + y (- ih^x + iy + 2/3^) = 0 . 

It may bo added that, taking {x,, y,, z,\ {x,, y,, z,l (xs, z^\ (x,, z,) as the 

coordinates of tlie four points of intersection of the three conics, the first conic is 
given by means of these four points and the fifth point (y= 0 , -^= 0 ); and similarly 
for the other two conics; whence, denoting the determinants formed with any four 
columns out of tho matrix 



2/1'. 


ViZu 

ZjXu 


a-/, 


zh 

y^z^ii 

Z^^y 


a'/, 


Z^y 


Z^X^y 


X?, 

yi^ 

zh 

y^zA, 

ZxX^y 



by 1234, 1235, &c., we easily find the equations of the throe conics, viz. these may 
bo written 

, y^ , y yz y zx y xy 

1466 ( 0 , + 3456, •-• 2456, + 2356, + 2364, + 2345) - 0, 

2356 (- 3466, 0 , + 1456, + 3166, + 3164, + 8145) = 0, 

3456 ( 2466, - 1456, 0 , + 1256, + 1264, + 1245) =x 0, 

tho exterior factors 1456, 2356, 3456 being introducod in order to bring tho equations 
into the above-mentioned form, wherein tho sum of the quadric functions is = 0 . 


[Yol. X. pp. 88 , 89.] 

2743. (Proposed by M. Jenkins, M.A.) — Show that if bo a prime number and 

m and n any positive integers, the highest power of ^ contained in 

be obtained by expressing in-\-n and cither m or n in the scale of p\ the number of 
times that it would bo necessary to borrow in subtracting the latter number from the 
former being tho index of the power oi p required. 
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Solution by Professor Cayley. 

1, In adding any two numbers, wc carry a certain number of times; and it is 
easy to see that the sum of the digits of the two components, less the sum of the 
digits of the sum, is equal to nine times the number of carryings; moreover, that the 
number of carryings is equal to the number of borrowings, if either of the components 
be subtracted from the sum. 


2. The same thing is true in any scale of notation, only, instead of nine, we 
have the radix of the scale, less imity: say the theorem is 

S (m) -f S (n) - S (m -H - 1) 

3. If p be a prime number, the luimbor of times that the factor occurs in 
n (w) is 

where ^ denotes the integer part of and similarly ^ the integer part 

of &c. ; the series is, of course, finite. 

V 

Hence the number of times that the factor p ocours in is 

^ n (?/i) n (?i) 


•i. Hence, expressing in, n, m + n in the scale to the radix p, suppose 

m = « + hp + op^ + dp\ n = a' + b'p + o'pi^ + d'ffi, m + « = a + ySp + yp^ + hjf, 

we have 

+ E + &c. = 6 + c/} + rfp- + 0 + + (Z = d (j;’ + 2) + 1 ) + c (p + 1 ) + ; 

and similarly for E + &c., E ; 

whence 

{p-l)N= 8 (;/ - 1) + Y - 1) -f /3 (p - 1) 

-d {i}^-l)-o{p'‘~l)~h (j)-l) 
-d'{f-l)-d{p’^~l)-h'{p~l) 

= {m + ji - /Sf (to + n)j - {m — S (?>!)} - {ji - S (?i)) 

= S {in) + S (li) — fi (to + n), = (p - 1) x, 
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if ic bo the numbor of limes of carrying for the sum m + n, or of borrowing for the 
difference (m + n)—m or that is, N—iV, the required theorem. I remark 

that although the foregoing expression of the number iV is a very elegant and 
ingenious one, yet the original form of as given at the end of (3), is the natural 
and projoer expression of the number of times that the factor p occurs in the 

binomial coefficient ^ 

n (lii) n (n) 


[Vol. X, p. 98.] 

2766. (Proposed by J. Griffiths, M.A.) — Show that an infinite numbor of triangles 
can be described such that each has the same circumscribing, nine-point, and self- 
conjugate circles as a given triangle. 


Solution by Professor Cayley. 

It is a known theorem that if two triads of points, say ^ 1 , B, 0 and A\ B\ 0\ 

aro self- conjugate in regard to a conic Sy they lie in a conic S. 'J'ake the conic S 

and the points A, By G as given; then S will bo a conic passing through A, By C\ 
and if on tliis conic wo take any point A\ and then take F to be either of the 
intersections of the conic S by the polar of A in regard to Sy and finally construct 
C' as the polo of A'F in regard to Sy thou, by what precedes, G' will be on a conic 
througli Ay By Oy A\ B\ that is, on the conic S. Or given the conic By the triangle 
ABGy and the conic t through Ay By Gy wo obtain an infinity of triangles A'FG\ 
self- conjugate in regard to S and inscribed iu S. That is, if Sy S are circlOaS, we 
have an infinity of triangles self-conjugate in I’ogard to the circle S and Inscribed iu 
the circle ^ ; and inasmuch as the nine-points circle can be constructed by means ol 

tlic two circles S^ S alone, the triangles have all of them the same nine-points circle, 


[Vol, X. p, 108.] 

2737, (Proposed by Professor Cayley.)— Find in solido the locus of a point P, 
such that from it two given points yL, (?, and two given points By i), subtend equal 
angles, 
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[Vol. XI., January to June. 1869, pp. 33 — 38.] 

2718. (Proposed by Professor Cayley.) — Find in piano the locus of a point P, 
such that from it two given points A, G, and two given points P, J), subtend equal 
angles. 


2767. (Proposed by Professor CAYLEY.) — If 

‘V + l/o = 1. "‘RI 

+ J/i’ = 1, 

show that each of the equations 


a^jx-xgy-i-b^ij-yof 
(.'OT» + yi/g - I)"" 

n- (cG - a'p)- + h-(ij- ygf 


X, y, ] 1 = P; 

^■'ui Vo} 1 
«i. yi. 1 


»~'‘(a;-a;i)°4-6-(y-yi)" 

(awj+yyj-i)“ 

a?{x~xiy-^y^{y-y;y 


(•«y„ - Xgyf - (® - Jo)'’ - (y - y^y {xxji - x^yy - (a- - a-,)' - (y - yi)' ’ 
represents the right line P = 0 and a cubic curve. 


( 1 ) 

( 2 ) 


1819. (Proposed by C. Taylor, M.A.) — From two fi.xed points on a given conic 
pairs of tangents are drawn to a variable confoeal conic, and with the fixed points 
as foci a conic ia described passing through any one of the four points of intersection. 
Show that its tangent or normal at that point passes through a fixed point. 


Solution of the above Problems by Proeessou Cayley. 

1. It is easy to see that drawing through the points A, G a circle, and through 
B, J) 0 , circle, such that the radii of the two circles are proportional to the lengths 
AO, BJD, then that the requii’ed locus is that of the intersections of tho two variable 
circles. 

Take ilC'=2^, il/0 perpendicular to it at its middle point ilf, and =p\ a, b the 
coordinates of M, and \ the inclination of p to the axis of ; then 

coordinates of 0 are a + cos X, 6 + p sin X, 

coordinates of A, G are « + i sin A, b + I cos X, 

and hence the equation of a circle, centre 0 and passing through A, G, is 
(x ~ a-p cosXy + (y ~b -p sin xy = + p” ; 
or, what is the same thing, 

(a- — a)- + (y — J )- - P = 2p [(« - a) eos X + (y — b) sin X]. 
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If 2m, g, c, d, ^ refer in like manner to the points B, D, then the equation of a 
circle, ceniro say Q, and ])assiiig through jB, i), is 

{x — c)^ + (y ^ dy — = 2q [(x — c) cos + (y d) sin ; 

and the condition as to the radii is + that is, p- : 

ov p : <7 — ± / ; m. And we thus have for the equation of the required locus 

„ -H (y ~ ^ ^ i. + (y - dy - 

— a) cos X + (y — &ysin ^ m {x — c) cos p-\-(l/ — d ) sin p ’ 

viz. the locus is composed of two cubics, which are at once seen to be circular cubics. 
One of those will however belong (at least for some positions of the four points) to 

the case of the subtended angles being equal, the other to that of the subtended 

angles being supplementary; and we may say that the required locus is a circular 
cubic. 

2. If two of the points coincide, suppose G, D at 2^; thou, taking T as the 
origin, we may write 

a — i sin X, h — — I cos X, 

c = — m sin p, d— m cos p, 



n 


and tho e(iuation becomes 

^ yy _|_ X — y cos X) _ i + y^ + '2m (x sin p — y cos p) 

cos X + y sin X in xcosp-hynmp 

viz. this is 

(«?'•* “h if) [m (x cos p 'f- y sin /z.) T i cos X + y sin X)] — 2Zm ((a; sin X - y cos X) (x cos ^ H- y sin p) 

± (x sin p — y cos p) (x cos X + y sin X)} = 0. 

Taking the lower signs, tho term in ( } is (t'c® 4* y^) sin (X — /x), and the equation is 

{x^ -h if) {in (x cos y. + y sin p) + 1 (x cos X + y sin X) — 2lm sin (X — p)\ = 0, 

viz. this is x^^y^ = 0, and a line which is readily seen to bo the line AB \ and in 
fact from any point whatever of this Hue tho points A, T and the i)ointg B, T 
subtend sup^plementary angles. 

C. VII. 


76 
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Taking the upper signs, the ecpiation is 


4 (o) cos /i 4 ^ sin fi) — I (w cos \ 4 ?y sin X)] 

- 2??/^ sill (X 4 /i) — o)y cos (X 4 yi<)) - 0, 


which is the locus for equal angles, a ciicular cubic as in the case of tlie four distinct 
points. 


3, The question is counectecl with Question 1819, which is given above. In fact, 

taking A, B for tlie fixed points on the given conic, and P for the intersection of 

any two of the tangents, if in the conic (foci A, B) which passes through P, the 
tangent or normal at P passes through a fixed point P, then it is clear that at P 

the points A, T and 5, T subtend equal angles, and consequently the locus of P 

should be a circular cubic as above. The theorem will therefore be proved if it bo 
shown that the locus of P considered as the intersection of tangents from A^ B io 
the variable confocal conic is in fact the foregoing circular cubic, I remark that the 
fixed point T is in fact the intersection of the tangents AT, BT to the given conic 
at tlie points A, B respectively. 


4, Consider the points A, B, (which we may in the first instance Lake to be 
arbitrary points, but we shall afterwards suppose them to bo situate on the conic 

/h‘2 

— 4 ^ — 1,) and from each of them draw a pair of tangents to the confocal conic 

'jy'J 

Take (a’o, y^) for the coordinates of A, and (c^'^, y^) for those of P; 
then the equation of the pair of tangents from A is 


( 



iU I 

)W + irb^+h 



JMt. 
h^ + 



what is the same thing, 

{leyo- nyjY {ai-x^y 
(a* 4 4 /i) 0^ 4 b'^ 4 /t * 

that is 

(wijo - cc^yf - 4 h) (x - XqY - {a^ 4 h) (y - “ 0, 

or as this may also be written 


(xi/, ~ x^xjY - IP (.■» - {y - - h [(« - + (y - y,)--*] ; 

and similarly for the tangents from B we have 

(«y, - x,yY - ¥ (» - XiY - a? {y - y ,)- = h [(«i; - + (y - ; 

in wliich equations the points (a',, ^o), (‘Ci, J/i) are in fact any two points whatever. 


5. Eliminating h, we have as the locus of the intoi’sectiou of the tangents 

- lOoVY - («■• - 0/ - ?/ ,)'’ ^ (fc yi - x^yY -iPjx- x,Y - a? (y - y^ Y 
(x - <Co)“ + (y - ijoY (x - <B,)» + (y - yiY ’ 
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which is apparently a qimrtic curve; but it is obvious A jmori thafc the locus includes 
as part of itself the line AB which joins the two given points. In fact, there is in 
tlie series of con focal conics one conic which touches the line in question, and since 
for this conic one of the tangents from A and also one of the tangents from B is 
the lino AB, we see that every j^oint of the line AB belongs to tho required locus. 
The locus is thus made up of the line in question and of the cubic curve. 

6. To effect the reduction it will be convenient to write aco, by in tho place of 

cOy y, {cuVfSi 6ya> ill place of a?!, ^j,) and thus consider the equation, under 

the form 

{(€ - {i\Y ^ {(^ - d- - Vif 

(anjo - -Oj- y,y -{o)- oj^y - (y -- y,)" * 

it is to be shown that this equation represents tho line -£ == 0, and a cubic curve. 

Writing for a moment }/o = !/’\'Voi and — a; + |i, 2/i — y + the equation 

becomes 

{^Vo - y|o)- ~ V (^'^1 - yf 1 )'' f r -- vi^ ' 

and hence, multiplying out, the equation is at oucc seen to contain the factor 
|^o'7i“^]^o (which is in fact the determinant Just mentioned), and when divested oi' 
this factor the equation is 

[(^- - 1) (fo^i + ^17/,) - 2cTy^o^J = 6" [{f “ 1) - ^^1/VoVil 

Writing horein for 7;o, fi, 'th values, and consequently 

(a*o + (Vi) 4- a^'o^iy 

== 2iry - (yo + 2 /i) - y + cg,) q- (o,y^ -h o^y^y 
and arranging the terms, tlie equation is found to bo 

(aV + by) [- OJ (yi + yo) - y (/Ci + (v^)] q- (aV + by) (Woyi q- ^,yo) 2^^^/ [a® ( 1 -f o)(,(Vi) - 6^1 + yoy ,)] 

q- (a^ - b^) [OJ Q/i q* y^) H- y -h 4* .^Wo)] - 0, 

which is the required cubic curve. 

7. Restoring the original coordinates, or writing - , y , — , &c, in place of co, y, % &c., 

0/ u etj- 

WO have 

(•'»’ + if) [- « (yj + yo) + y (a^'i + «’»)] + ~ if) (a^o2/i + - 2®r/ {a^ - ¥ - yoyd 

+ («= - h^) [oo (y, + y«) + 2/ (csi + ®o) - ('Ml + 'Biy*)] = 0, 
which is a circular cubic tho locus of tho intersections of the tangents from the 
arbitrary points (a?o, yji (^n J/i) 1^1^® series of confocal conics ^ ^ 

origin of the coordinates is at the centre of the conics. 


76—2 
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8, Supposing that the points (.To. ^o). Vi) arc on the conic “3 + ^ = l> 

W6 have consequently + equations of the tangents at these 

points respectively are — "I* ^ hence, writing for shortness 

a-ya — yu ^==«?i-/Coi — — ^ve find os==^ — -\ coordinates of 

the point of intersection ?, of the two tangents; and in order to transform to this 

point as origin, we must in place of a?, y write x— — , V'^-^ respectively. Or what 

is more convenient, we may in the equation at the end of (6), in which it is to be 

OL Q 

now assiuiied that a"o°4‘yo^=l, yi^ = 1, write 2/"~” V* rostoro 

X 'll X OL Q w 

the original coordinates by writing &c., for Xy y, a?o, &c,, and ^ for 

a, B> 7j these quantities throughout signifying a = yo-yi) /3 = tTi-a:o, 7 = ^^o2/i“*^‘i2/o* 
I however obtained the equation referred to the point T as origin by a different 
process, as follows: 

9. Starting from the equation at the commencement of (6), I found that the 

points {Xf^y 2/o)) Ot-i, y\) being on the conic + = the equation could be transformed 

Cv w 

into the form 


/ ^ ^Vlb ^ 1 Y 4- 1 Y 


(x - Xof + (y - yoT {(0 - + (y - y,y ’ 

an equation which (not, as the original one, for all values of (xq, yo), (x\y yO, but) for 

values of (a'o, yo), («?n yd such that ^ + breaks up into the lino AB 

and a cubic curve. 


10. To simplify the transformation, write as befoi-o aXy by, ax^y &c., for Xy y, Xq, &c. 
We have thus to consider the equation 

a^{x--x,y-hb^y- y,y ^ {x--x,y^b^ (y -y,y 

(«'’ix?o + yyo-*l)' ’’ {xx, + yy^^'}y 

where fl?o'^ + yo^=l, h yi^ = 1, and which equation, I say, breaks up into tho line i — 0, 
and into a cubic. 

Write for shortness a = yo-y,, /3==^i — .To, 7 ==iroy, — a’lyo, so that the equation of 
the last- mentioned line is ra P ^y -f y = 0, Then it may bo verified that, in virtue of 
the relations between {x^y y^y (xu y,), we have identically 

(x — Xq) p yyi 1) P (&• — Xi) (wxq P yyo 1) ~ (cuo P iSy P 7 ) ( 7 ^ P o), 

cty 

(rtj — fl?o) (^^1 + yyi 1) - (fl? “ a‘j) («o P yyo 1) = /3«?^ - oixy B\ 
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and, similarly, 

iy - yo) + yyi - 1) + (y - y.) (.m-o + yij, - 1) = {ax + + 7) (7^ + ;S), 

iy - Vo) + yyi - 1) - (y - yO + yyo - 1) = /Sa-y - ay^ + 7® + «, 

11. The equation in question may be written a?P -\-b'‘Q — Q, where 

P = (ffi - x^y (a;a?i + yy, - 1)’ - {x - (aw, + yyo - !)■“, 

Q = (2/ - yo)” (««i + yyi - 1)'“ - (y - y^f (®i«o + yyo - 1)^ 

values which are given by means of the formulaa just obtained ; there is a common 
factor aa’+/8y + 7 which is to be thrown out; and we have also, as is at once 

verified, these equal factor’s may be thrown out. Wo thus 

obtain the cubic equation 

(7a; + a) (ySa;’ — axy — 7y — /3) + 5^ (yy + /?) {Bxy — cty“ + ya; + «} = 0. 

oi S 

This is simplified by writing x — for x, y — for y. It thus becomes 

y y 

a^x [(ya- - a) (0x - ay) - yhj] + by [(yy - /9) (^x - ay) + y’-x] = 0 ; 
or, what is the same thing, 

a“a‘ [yx {^x - ay) - a^x + (a’ - y^) y] + by [yy {^x - ay) - (/9^ - y'=) «; + aySy] = 0 ; 

that is 

y {it?x^ + iy) {^x — ay) + u*“ [— a^x" + (a'’ — 7’) jcy] + [- (/ 3 ^ — 7“) xy + ajSy’] = 0. 

12. Eestoring ^ for x, Xo, «„ and ^ for y, yo, yii writing 

consequently ^ place of «, ;8, y, if a, /3, 7 are still used to denote « = yo-yi, 

/3 = a, - .«o, y = <»oyi ~ ®iyo, the equation becomes 

y (a?^ + y^) [i“/3a) — a^ay] + [— h^a^a? + {a?c? — y®) a;y] + £>“ [— -- y’’) xy + tt'’aj8y’] = 0, 

whore now, as originally, equation, refeiTGcl to 

the point T as origin, of the locus of tho point P considered as tho intersection 
of tangents from -4, 5 to the variable confocal conic; and it ib consequently tho 
equation which would be obtained as indicated in (8). Tho locus is thus a circular 
cubic; tho equation is identical in form with that obtained (2) for tlio locus of tho 
point at which A, T and J5, T subtend equal angles, and the complete identification 
of the two equations may bo effected without difficulty, 

13. I may remark that M, Ohasles has given {Gomptes Rendns, tom. 58, February, 
1864) the theorem that the locus of the intersections of the tangents drawn from a 
fixed conic to the conics of a sysLom (/a, v) is a curve of tho order 3z/. The confocal 
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conics^ qua conics touching four fixed lines, are a system (0, 1); hence, taking for the 
fixed conic the two points A, B, we liave, as a very particular case, the foregoing 
theorem, that the locus of the intersections of the tangents drawn fronj two fixed 
points to a variable con focal conic is a cubic curve. 


[VoL XI. p. 49.] 

Note on Question 2740. Bij Professor Cayley. 


The envelope of the curve 

A cos 2tf+J5sm Ceos Jsin 0-1- ^ = 0, 


(where A, i?, C, D, E are any functions of the coordinates, and 0 is a variable 
parameter,) is obtained in tlie particular case E^O (Salmon’s Higher Plane Curves^ 
p. 116), and the same process is applicable in the general case where E is not = 0. 
From tlie great variety of the problems which depend upon the determination of such 
an envelope, the result is an important one, and ought to be familiarly knoion to 
students of analytical geometry. We have only to write ^ - cos 0 + 1 sin 0, the trigo- 
nometrical functions are then given as rational functions of z, and the equation is 
converted into a qiiartic equation in z\ the result is therefore obtained by equating 
to zero the discriminant of a quartie function. The equation, in fact, becomes 


that is 






+ i?=0, 




or, multiplying by 12 to avoid fractions, this is 


(a, 6, c, ,d, e\z, 1)< = 0, 

where 

a = 12(^l-5!:), h = ^{0-I)i), e = 4^. 

e = 12(4 + 2?i), rf = 3(C'4-2)!.'); 

and substituting in 

iae - 4M + 3c=)* - 2'?' {ace - cuP - iPe + 2bcd - c»)’ = 0, 
tlie equation divides by 1728, and the final result is 
{ 12 - 3 {0^ + !)■) + 

- [IIA {G- - + o45(7i) - [72 -J- J30 + 9 {0^ +.!>)] IS + = 0. 

It is to be noticed, that in developing the equation according to the powers of E, 
the teiins in E^ each disappear, so that the highest power is the degree in 
the cooidinatos, or order of the curve, is on this account sometimes lower than it 
would otherwise have been. 
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[Vol, XII., July to December, 1869, p. 69.] 

2920. (Proposed by Professor Cayley.)— Imagine a tetrahedron BB'CC in which 
the opposite sides BB\ GO' arc at right angles to each other and to the line joining 
their middle points ilZ, iV; and in which moreover +TfB^ - 0, (or, what is 

the same thing, the sides GB, GB\ G'B, G'F are each = 0 ; the tetrahedron is of 
course imaginary ; vix. the lines GG\ BF and points M, N may he real ; but the 
distances MB ^ MB' and NG—j\^G' may bo one real and the other imaginary, or 
both imaginary, but they cannot bo both real) the points B, F and 0, Q' are said to be 
'' skew antipoints.” Then it is required to prove that 

1, A given system of skew autipoints may be taken to be the nodes (conical 
points) of a tetranodal cubic surface, passing through the circle at infinity, and which 
is in fact a Parabolic Cy elide. 

2, l^ho equation of the surface may be expressed in the form 

ic (.If "h ^3) (a? + y) 4- {so -t /3) -P (ai H- y) ~ 9« 

3, The section through either of the lines (?/ = 0, rt;+7 = 0) and (^ = 0, a;+/8 = 0) 

is made up of this line and a circle; the two sj^stems of circles being the curves of 

curvature of the surface; it is required to verify this d 2^oderio7*i; viz, by means of 

the equation of the surface to transform the differential equation of the curves of 

curvature in such manner that the transformed equation shall have the integrals 

ij = -f 7 ), 2 = G' (iV^l3y 


In the following Oon tents, the Problems are referred to each by its No and the 


Proposer’s 

name, and 

the Subject is briefly indicated. An 

asterisk shows that 

110 hOlutlOll 

was given, 

n791 

A lino — 

Oayley 

— shows that there is no No. 

Qiiartic and three Cubics , 


i>A(.i: 

5AG 



Conic cleflnocl by five Conditions 

. . . . . 

ib. 

*i«1867 


Ternary Cubic Form . 


ru8 

*1730 

i) 

Relation between roots of Cubic Equation .... 

ib. 

1834 

» 

Points on Cubic Curve 

. 

DPJ 

• 

a 

Conic dofinecl by five Conditions . 

. 

nno 

1876 

Ball 

Roots of Qiuirtic Equation . 

. 

fibl 

— 

Oayley 

Conic defined by five Conditions 

. ... 4 

552 

1890 

1 } 

Conic through three Points and with 

douijlo Con t net 

551 

*1554 

it 

Ellipse and Circles of maximum and 

miniimiin Cuv^ultur<J . 

555 

1931 


Nodal Cubic .... 

» . . « . 

ib. 

1990 

Sylvester 

Cartesian Curves and Cubic Curve 


556 

1949 

Oayley 

Cuspidal Cubic .... 

. 

561 
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'»I872 

Cayley 

Intorsectiott of two Surfaces 





PAGE 

563 

1969 

Sylvester 

Cayley 

Spliorical Prokloiii 

Foci and A^ntifoci 





ib. 

507 

lOTO 

II 


Ooiiics of double Contact 





5G8 

2110 

31 


Locus of Foci .... 





lb. 

2250 

31 


Foci of Conic .... 





571 

1991 

II 


Plane determined by Point and three 

Lines 




ib, 

1993 

Ootterill 

Envelope depending on two Circles 





573 

2270 

Gaylc}^ 


Picirciilar Qiiarlic 





575 

2309 

II 


Partitions ..... 





576 

228G 

Laverty 

Sy^stein of Equations . 





578 

2331 

Cayley 


System of Equations 





681 

2321 

II 


Conic and four Points 





ib. 

2371 

>1 


Eaadom Points within Triangle . 





ib. 

1990 

Croftoii 

CWtesian Curves .... 





582 

1911 

Cayley 


Four Points and Conic of Centres 





ib. 

^2371 

>) 


Fandom Points .... 





585 

246(5 

iliirphy 

Four Points in Plane or Space . 





ib. 

2472 

Cayley 


Four Points and Conic 





587 

2471 

Woolliouse 

Theorem of Integration 





588 

2530 

Cayley 


Tricuspidal Quarbic 





589 

2553 

n 


Quartic Surface and Sphere . 





ib, 

2573 

ji 


Envelope of Circle 





591 

2493 

33 


ConstiTiction of Conic . 





592 

2451 

31 


Antipoints 





593 

2590 

Ouyiey 


Sections of Quartic Surface . 





ib. 

2609 

>1 


Three Conics 





595 

2743 

J-onkins 

Factorials 





597 

2756 

Griiiiths. 

Series of Triangleb 





699 

2737 

2718 

Cayley 


Locus m solido .... 





ib. 

2757 

1819 

Taylor , 


Locus m . 

■ 

• 

‘ 

• 

GOO 

2740 

Cayley 


Envelope of Plane Curve 





600 

^2920 

II 


Tetrahedron and Cubic Surface . 

. . 

. 

, 


GOT 
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NOTES AND KEFEBENCES, 


445, 4r51, 4r)4<* We have liho two papers by K, Bohn, ” Die Flachcn vierfcor Orclnung 
hinsichllich ihror Knoloupunlcio und ihror Gestalicn,'’ Preisschr, dev F. J. zxi 

Leipzig (Loip/jg, LHHfi, pp. 1—58), and same title Math Ami, t. xxix, (1887), pp. 81—97. 
I have not boon able to cxainino the conclusions arrived at in those papers with as 
much care as would have boon desirable, 

I call to mind tliat for a ^’-noclal quartic surface the tangent cone from any node 

is a Hoxtic cone with (/i?— I) nodal lines, breaking up it may be into cones of lower 

orders — soo table p, 206 : and that wo distinguish the quartic surfaces according to 
the forms of the soxtie cones corresponding to the h nodes respectively. It will bo 
recollociod that (6) denotes a soxtio cone, (6i) a sextic cone with one nodal line, 
(5i, J) a soxtic cone breaking up into a qiiintic cone with one nodal line and a plane; 
and so in other cases. 

T\\qvq is a sort of break in tlio theory; in fact when the number of nodes ia 
not greater than 7 those may bo any given points whatever, and taking the 7 points 
at plonsuro wo have surfaces with 8 nodes, and 9 nodes, but not with any greater 
number of nodes, vij 5 . for a surface with 10 or more nodes, it is not permissible to 

tako 7 of those as i)()ints at pleasure, so that the theory of the surfaces with 10 

or moro nodes is so to speak separated off from that of the surfaces with a smaller 
numbor of nodes, For tlm caso of 10 nodes wo have the symmetroid 10(3, 3) and 
other forms, for II nodoH Mo\m fiiuls 3 or ?4 forma; for 12 nodes ho has four forms, 
viz. my 3 forms and a fouvtli form 12^^; for 13 nodes lie has two forms, 13;, agreeing 
with my J3a, and which replaces iny non-existent form 13^; for 14 nodes, 16 nodes 
and 10 nodes ho has in each caso a single form, agreeing with my results. Without 
endeavouring to complete the theory, J write down a table as follows: 


No. of 
Nodes 


li’onn of Oonofl 

Bemfvrks 

16 


le (i, 1, 1, 1, i, 1) 


16 


13 (2, 1, 1, 1. 1) 


14 


8{3„ 1, 1, l) + 6(2, 2, 1, 1) 


13 ■ 

13^ = 13„ 

3(4,, 1, l)-i 1(3, 1, 1, l) + 9(3„ 2, 1) 



13„ 

1(2, 2, 2) + 12 (4,, 1, 1) 

13rt replaces my non-existent 
13p, =13(2, 2, 2) 

12 

12, = 12, 

12 (4„ 2) 

i 

» 1 

12„=12^ 

2(6„ 1) + 6(3„ 3,) + 4(3, 2. 1) 



C. VIT. 


77 
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Table continued. 


No. of 
Nodea 

1 

Form of Cones 

Remarks 

12 1 

n 

n 

12,= 12y 

12rt 

ll»=lla 

13 (4„ 1, 1) 

3 (4a, 1, l) + 8(6a, 1) + 3(42, 2) 

1 (^lo) + 19 (2i> ^l) 

12(, = 12y is a peculiarly simple 
and elegant form i the equa- 
tion is — xyzu) — 0, wliere 
A is a quadric function of 
the coordinates. 

n 


8(6„)+ 3(4„ 2) 



11. 

6(6„ l) + 6(6„) 


10 

9 

lla 

? 

10 (.3, 3) 

The quartic surface is here the 
symnietroid. 

8 




7 




6 




B 


5(6d 


4 


4(6,) 


3 


3(6,) 


2 


2(6i) 


1 


1(6) 



Thfi suffixes a, b, a, d refer to Rohu’s forms, the suffixes a, /3, y to my forms. The 

form lla is given in the first but not in the second of Eohn’s two memoirs, aud I am 

not sure as to the intended character of the sextic cones. I have not attempted to 
fill up the third (jolunin of the table for the Nos. of nodes 9, 8, 7, 6, as there may 

be particular cases which I have not considered. For the Nos. 6, 4, 3, 2, 1, the cone 

is a sextic cone with at most 4 nodal lines, and consequently in each case a proper 
sextic cone not breaking up into cones of inferior orders, 
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